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NM HAT M. Mor cared had, many © 


IX T 2 years ago, intended to publiſh a Trea- 
KIKK 7!/e on this ſubject, appears from a 
letter, dated April 19, 1729, 70 his honoured 
friend MARTIN FOLKEs, Ei. now Prei- 
dent of the Royal Society x. And we find, in 
one of his manuſcripts, the plan of ſuch à 
Work, agreeing, almoſt in every article, with 
the contents of this Volume. 

Had the celebrated Author Iived to pub 2 
Bis own Work, his name would, alone, have 
been Sufficient to recommend it to the notice of 
the Public: but that Taſte having, by his 
lamented premature death, devolved to the 

gentlemen whom he left entruſted with his 
Papers, the Reader may reaſonably expect ſome 
account of the materials of which it conſiſts, 
and of the care that has been taken in collect- 
ing and diſpoſing them, {6 as beſs FI 


* Phil. Tranſ. No 498. 
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the Author's intention, and fill 1 the Plan 
he had de efigned. | 
He ſeems, in compoſing this Td iſe, to 
have had theſe three objects in view. 


1. To give the general Principles and Rules 

of the Science, in the ſhorteſt, and, at the ſame 
Time, the moſt clear and comprehenſive manner 
that was poſſible. Agreeable to this, though 

every Rule is properly exemplified, yet he does 

not launch out into what we may call, a Tau- 
tology of examples. He rejetts ſome applica= 
tions of Algebra, that are commonly to be met 
with in other writers ; becauſe the number of 
ſuch applications is endleſs : and, however uſe- 
ful they may be in Practice, they cannot, by 
the rules of good method, have place in un 
elementary Treatiſe. He has likewiſe omitted 
the Algebraical ſolution of particular Geo- 
* metrical problems, as requiring the knowledge 
' of the Elements of Geometry; from which 

thoſe of Algebra ought to be kept, as they 
really are, entirely diftintt ; reſerving to him- 
ſelf to treat of the mutual relation of the two 
Sciences in his Third Part, and, more gene- 
rally ftill, in the Appendix. He might think 
too, that ſuch an application was the leſs ne- 


ceſſary, that Sir ISAAC N EWTON's excellent 
> | Collection 
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Collection 97 Examples is in every body's hands, 
and that there are few Mathematical writers, 
100 do noi Jurniſb numbers of the e ſame kind. 


| 5 Sir IA Ae NE wron's "abs: in his 
Arithmetica Univerſalis, concerning the Re- 
ſolutions of the higher equations, and the Affec- 
trons of their roots, being, for the moſt part, 
delivered without any demonſtration, Mr. 
MacLAURIN had defigned, that his Trea- 
.tiſe ſhould ſerve as a Commentary on that 
Wark. For we here find all thoſe difficult 
| paſſages i in Sir ISAac's Book, which have ſo - 
long perplexed the Students of Algebra, clearly 
explained and demonſtrated. How much ſuch 
a Commentary was wanted, we may learn 
from the words of a late eminent Author x. 
« The ableſt Mathematicians of the laſt age 
* //ays he} did not diſdain to write Notes 
«© on the Geometry of Des CaRTEs; and 
* ſurely Sir IsaacNEwrToN's Arithmetick 
c no leſs deſerves that honour. To excite 
* ſome one of the many ſkilful Hands that 
„ our times afford to undertake this Work, 
* and to ſhew the neceſſity of it, I give 
* this Specimen, in an explication of two 


Leh raveſande, in Præfat. ad Specimen Comment. in 
Arith. Univerſ, | | 
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3 * of the Arithmetica Univerſalis ; 
which, however, are not the moſt diffi- 
ce cult in that Book.” 

What this learned Profe 72 þ 8 
wiſhed for, we at laſt ſee executed; not ſepa- 
rately, nor in the looſe diſagreeable form which 
 fuch Commentaries generally take, but in a 
manner equally natural and convenient ; every 
Demonſtration being aptly inſerted into the 
Body of the Work, as a neceſſary and inſepa- 
rable Member ; an Advantage which, with 
ſome others, obvious enough to an attentive 

Reader, will, it is hoped, diſtinguiſh this Per- 
formance from every other, of the As that 
| Gas hitherto 2 peared. 


3. After baving fully explained the Na- 
ture of Equations, and the Methods of finding 
their Roots, either in finite expreſſions, when it 
can be done, or in infinite converging ſeries ; 
it remained only to confider the Relation of 
Equations involving {ws variable quantities, 
and of Geometrical Lines to each other; the 
Doctrine of the Loci; and the Conſtruction 
of Equations. Theſe make the ſubje# of the 
Third Part. 

Vir. The finding of Diwiſors, and the evolution of 
Bixemial Sunds. Sev $ 59—72. Part II. S 127. Fart J. 
8 Upon 
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Upon this Plan Mr. MACLAURIN con- 
- poſed a ſyſtem of Algebra, ſoon efter his being 
choſen Profeſſor of Mathematicks in the Uni- 
verfity of Edinburgh; which he, thenceforth, 
made uſe of in his ordinary Courſe of Lectures, 
and was occaſionally improving to the Perfec- 
tion he intended it ſhould have, before he com- 
mitted it to the Preſs. And the beſt Copies of 

his M. anuſeript having been tranſmitted to the 
Publiſher, it was eaſy, by comparing them, to 
eftabliſh a correct and genuine Text, There 
were, beſides, ſeveral detached Papers, ſome i 
_ which were quite finiſhed, and wanted only to 
be inſerted in their proper places, In a few 
others, the Demonſtrations were ſo conciſely 
- expreſſed, and couched in Algebraical charac- 
ters, that it was neceſſar to write them out at 
more length, to make them of a piece with the 
reſt. And this is the only liberty the Publiſher 
Bas allowed himfelf to take ; excepting a few 
inconſiderablè additions, that ſeemed neceſſary to 
render the Book more complete within itſelf, 
and to ſave the trouble of conſulting others 
who have written on the ſame Subject. 

The Rules concerning the Impoſſible roots 
of Equations, our Author had very fully confi- 
_ dered, as appears from his Manuſcript papers: 
but as he had no where reduced any thing on 

2 Subject to a better form, than what was 
long 
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Tong ago publiſhed in the Philoſophical Tranf- 
actions, N* 394, and 408, we thought it beſt 
to take the ſubſtance of Chap. 11. Part II. 


From thence ; eſpecially as the latter of theſe 
Papers furniſhes a demonſtration of the origi- 
nal Rule, which pre-ſuppoſes only what the 


Reader has been taught in a preceding Chapter. 
The Paper that is ſubjoined, on the Sums 
of the Powers of the Roots of an Equation, 
is taken from a Letter of the Author (8 Jul. 
1743) to the Right Honourable the Earl 


\ STANHOPE ; Communicated to the Publiſher, 
with ſome things added by his Lordſhip, which 


were wanting to.finiſh the Demonſtration. 

Of. theſe Materials, carefully collected and 
put in order, the following Elementary Trea- 
tile 7s compoſed ; which we have choſen rather 
to give in a Volume that is within the reach 
of every Student, than in one more pompous, 
which might be leſs generally uſeful. And 
wwe hope, from the pains it has coſt us, its ble= 
miſbes are not many, nor ſuch as a candid in- 
telligent Reader may not forgroe. 

The Latin Appendix * isa proper Sequel, and 
a high Improvement, of what had been demon- 


ſtrated in Part III. concerning the Relation of 


Curve lines and Equations; ; a Subject which 


A tranſlation of which i is now given to this edition, by 


the Rev. Mr. Lawſon. 
5 | | our 
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our Author had been early and intimately ac 
quainted with; witneſs his Geometria Orga- 
nica, printed in 1719, when he was not full 
twenty-one years of age, and which, though 
ſo juvenile a work, gamed him, at once, that 
diſtinguiſhed Rank among Mathematicians, 
which be” Themeefrth bell with great luftre. 
Yet he frankly owns, he was led to many of the 
Propoſitions in this Appendix, from a Theo- 
rem of Mr. Cors, communicated to him, 
without any demonſtration, by the Reverend 
and Learned Dr. SMiTH, Maſter of Trinity 
College, Cambridge. How he has profited 
- of that Hint, the Learned will judge: Thus 
much we can venture to ſay, that he himſelf 
Jet ſome value upon this Performance ; hav- 
ing. we are told, employed ſome of the lateſt 
hours he could give to ſuch Studies, in reviſing 
it for the Preſs; to bequeath it as his laft 
Legacy to the Sciences and to the Publich. 

The gentlemen to whom Mr. MACLAURIN 
leſt the care of his Papers, are MARTIN 
FoLKEs, Ey. Pre/ident of the Royal Society; 
AN DREwW MITCHEL, Eh. and the Reve- 
rend Mr. Hill, Chaplain to his Grace the 
Archbiſhop of Canterbury ; with - whom he 
bad lived in a moſt intimate friendſhip. And 
by their direfion this Treatiſe is publiſhed. 
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Defnitions and Ulluſtrations. 


| $ e is a general method 
"= S of computation by certain ſigns 
and ſy mbols which have been 

a e for this purpoſe, and 
W convenient. It is called an UNIVERSAL 
ARITHMETICK, and proceeds by operations 
and rules ſimilar to thoſe in common arithme- 
tick, founded upon the ſame principles. This, 
| however, is no argument againſt its uſefulneſs 
or e ; lince arithmetick i is not to be the 
leſs 
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leſs valued that it is common, and is allowed to 
be one of the moſt clear and evident of the 


ſciences. But as a number of ſymbols are ad- 


mitted into this ſcience, being neceſſary for 
giving it that extent and generality which is 


its greateſt excellence; the import of thoſe 


ſymbols is to be clearly ſtated, that no obſcu- 
rity or error may ariſe from the frequent uſe 
and complication of them. 

§ 2. In GroukErRv, lines are repreſented 
by a line, triangles by a triangle, and other 
figures by a figure of the ſame kind; but, in 
ALGEBRA, quantities are repreſented by the 
ſame letters of the alphabet; and various ſigns 
have been imagined for repreſenting their af- 


fections, relations, and dependencies, In Geo- 


metry the repreſentations are more natural, in 
Algebra more- arbitrary : the former are like 
the firſt attempts towards the expreſſion of ob- 


jects, which was by drawing their refemblan- 


ces; the latter correſpond more to the preſent 
uſe of languages and writing. Thus the evi- 
dence of Geometry is ſometimes more ſimple 
and obvious; but the uſe of Algebra more ex- 
tenſive, and often more ready: eſpecially ſince 


the mathematical ſciences have acquired ſo 


vaſt an extent, and have been: ers roy to fo 
many enquiries, | 
$ 3- In thoſe ſciences, it is not barely magni- 


tude that is the e of ne but 
ther 
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there are many affections and properties of quan- 
tities, and operations to be performed upon 
them, that are neceſſarily to be conſidered. In 
eſtimating the ratio or proportion of quanti- 
ties, magnitude only is conſidered (Elem. 5. 
Def. 3-) But the nature and properties of 
figures depend on the poſition of the lines that 
bound them, as well as on their magnitude. In 
treating of motion, the direction of motion as 
well as its velocity; and the direction of powers 
that generate or deſtroy motion, as well as 
their forces, muſt be regarded. In Oprics, 
the poſition, brightneſs, and diſtinctneſs of 
images, are of no leſs importance than their 
bigneſs; and the like is to be ſaid of other 
ſciences. It is neceſſary therefore that other ſym- 
bols be admitted into Algebra beſide the let- 
ters and numbers which repreſent the magni- 
tude of quantities. 

$ 4. The relation of equality is expreſſed by 
the ſign =; thus to expreſs that the quantity 
repreſented by a is equal to that which is repre- 
ſented by 5, we write a = 4, But if we would 
expreſs that à is greater than 5, we write a= 6; 
and if we would expreſs algebraically that à is 
Jeſs than 3, we write 4 2. 

$ 5. QuanTITyY is what is made up of parts, 
or is capable of being greater or leſs, It is in- 
creaſed by Addition, and diminiſhed by Subtrac- 


tion; which are therefore the two primary ope- 
E rations 


ee ˙ 004-5 9% 48 " PRE SUI, apy ge 
Egon * * * 788 + 6 ger een Q — 4 


4 ATI EZAT TSI of Pert I. 
rations that relate to quantity. Hence it is, that 
any quantity may be ſuppoſed to enter into al- 
gebraic computations two different ways which 
have contrary effects; either as an increment or as 
a decrement; that is, as a quantity to be added 
or as a quantity to be ſubtracted. The ſign + 
plus) is the mark of Addition, and the ſign — 


minus) of Subtraction. Thus the quantity be- 


ing repreſented by a, ＋ a imports that à is to be 
added, or repreſents an increment; but — 4 
imports that à is to be ſubtracted, and repreſents 


a decrement. When ſeveral ſuch quantities are 


Joined, the ſigns ſerve to ſhew which are to be 
added, and which are to be ſubtracted. Thus 
+ a+ & denotes the quantity that ariſes when & 
and 6 are both conſidered as increments, and 
therefore expreſſes the ſum of à and . But 
+ a—6 denotes the quantity that ariſes when 


from the quantity a the quantity 4 is ſubtracted; 


and expreſſes the exceſs of a above 3. When 
a is greater than 5, then 4-5 is itſelf an in- 
crement ; when 2 =, then a- go; and 
when a is leſs than , then 4 — is itſelf a de- 
crement. * 5 | 
$6. As addition and ſubtraction are oppo- 
fite, or an increment is oppoſite to a decre- 
ment, there is an analogous oppoſition between 


the affeftions of quantities that are conſidered 


in the mathematical ſciences. As between ex- 


ceſs and defect; between the value of effects 
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or money due to a man, and money due by 
him; a line drawn towards the right, and a line 
drawn to the left; gravity and levity; eleva- 
tion above the horizon, and depreſſion below 
it. When two quantities equal in reſpect of 
magnitude, but of thoſe oppoſite kinds, are 
joined together, and conceived to take place in 
the ſame ſubject, they deſtroy each other's ef- 
fect, and their amount is ig. Thus 100 J. 
due to a man and 1004. due by him balance 
each other, and in eſtimating his ſtock may be 
both neglected. Power is ſuſtained by an equal 
power acting on the ſame body with a contrary 
direction, and neither have effect. When two 
unequal quantities of thoſe oppoſite qualities 
are joined in the ſame ſubject, the greater pre- 
voails by their difference. And when a greater 
quantity is taken from a leſſer of the ſame 
kind, the remainder becomes of the oppoſite 
kind. Thus if we add the lines AB and BD to- 
gether, their 


n 45.——— 
but if we are eee — 
to ſubtract A B D 
BD from AB, 


then BC=BD is to be taken the contrary way 
towards A, and the remainder is AC; which, 

when BD, or BC exceeds AB, becomes a line 
on the other ſide of A. When two powers or 
forces are to be added together, their ſum acts 
| B 2 upon 


——— — 2 — 
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upon the body: but when we are to ſubtract 


one of them from the other, we conceive that 
which is to be ſubtracted to be a power with an 
oppoſite direction: and if it be greater than the 
other, it will prevail by the difference. This 


change of quality however only takes place 


where the quantity 1s of ſuch a nature as to ad- 
mit of ſuch a contrariety or oppoſition. We 
know nothing analogous to it in quantity 
abſtractly conſidered; and cannot ſubtract a 
greater quantity of matter from a leſſer, or a 
greater quantity of light from a leſſer. And 
the application of this doctrine to any art or 
ſcience is to be derived from the known prin- 
ciples of the ſcience. 

$ 7. A quantity that is to be added is like- 
wiſe called a po/itive quantity; and a quantity 
to be ſubtracted 1s ſaid to be negative: they are 


equally real, but oppoſite to each other, ſo as 


to take away each other's effect, in any opera- 
tion, when they are equal as to quantity. Thus 
3-3 So, and o—a=0, But though + 2 
and —à are equal as to quantity, we do not 
ſuppoſe in Algebra that Ta.; becauſe 
to infer equality in this ſcience, they muſt not 
only be equal as to quantity, but of the ſame 
quality, that in every operation the one may 
have the ſame effect as the other. A decrement 
may be equal to an increment, but it has in all 
operations a — effect; a motion down- 

| wards 
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wards may be equal to a motion upwards, and 
the depreſſion of a ſtar below'the horizon may 
be equal to the elevation of a ſtar above it; 
but thoſe poſitions are oppoſite, and the diſtance 
. of the ſtars is greater than if one of them was 
at the horizon ſo as to have no elevation above 
it, or depreſſion below it. It is on account of 
this contrariety that a negative quantity is ſaid 
to be leſs than nothing, becauſe it is oppoſite to 
the poſitive, and diminiſhes it when joined to it, 
whereas the addition of o has no effect. But 
2 negative is to be conſidered no leſs as a real 
quantity than the poſitive. Quantities that have 
no ſign prefixed to them are underſtood to be 
poſitive. 

$ 8. The number prefixed to a letter is call- 
ed the numeral coeficient, and ſhews how often 
the quantity repreſented by the letter is to be 
taken. Thus 24 imports that the quantity re- 
preſented by à is to be taken twice; 3a that it 
is to be taken thrice; and ſo on. When no 
number is prefixed, unit is underſtood to be the 
coefficient, Thus 1 is the coefficient of 2 or 
of 5. 

Quantities are ſaid to be like or ſimilar, that 
are repreſented by the ſame letter or letters 
equally repeated. Thus + 3a and — 5 are 
like; but a and 3, or à and aa are unlike. 

A quantity is ſaid to conſiſt of as many 


| Ferms as there are parts joined by the ſigns ＋ 
#3 +l 
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or —; thus ab conſiſts of two terms, and is 
called a binomial; a+ b+c conſiſts of three 
terms, and is called a trinomial. Theſe are 
called compound quantities: a ſimple quantity, 
conſiſts of one term only, as +a, or + a6, or 


babe. 1 : 
The other ſymbols and definitions neceſſary 


in Algebra ſhall be epa in their proper 
Naces. 


E..... 
G . 
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$9. Ask I. To add quantities that are 
5 O like and have like ſigns. | 


Rule. Add together the coefficients, to their ſum 
prefix the common ſig, and ſubjoin e common 
leiter or letters. 


EXAMPLES, 


To —— 5 to — 65 to a+. & 
Add +4 add —2b add 34 ＋ 86 


— 49: — 


Sum 494 Sum 85 Sum 44 ＋ 65 


Chap. 2. ALGEBRA YF 
| 4 To. 34 — 4x ; 
Add 54 — 8 


Sum 84 — 12x 


Caſe II. To add quantities that are like but 
| have unlike ſigns. 


Rule. Subtraf the le er e from the 
greater, prefix the fign of the greater to the 
_ remainder, and ſubjoin the common letter or 


letters. 


EXA MPLE 8. 
To —44 by.” Salt) 
Add +72 ; — 35 + 8c 
ee, ERP 
To 42 ＋6*— 55 ＋＋8 24 — 25 


Add —ga—4x+4y9—3 — 24 ＋ 25 


Sum — 44a + 2X — y+5 & 0 


This rule is eaſily deduced from the nature 
of poſitive and negative quantities. | 

If there are more than two quantities to be 
added together, firſt add the poſitive together 
into one ſum, and then the negative (by Caſe I.) 
Then add theſe two ſums together (by Caſe II.) 


B 4 E X- 


» 
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"EXAMPLE. 


e 
— 74 
++ 104 
m—_ 1 2 


Sum of the poſitive «++. +184 
Sun of the negative 19 


Sum of all. s „ „ 3 : 4 


: Caſe III. To add quantities that are unlike. 


Rule, Set them all down one after another, with 
their ſigns and coefficients prefixed. 


EXAMPLES. 


To +24 + 3a 
Sum 24436 b 3—4 


To ga+4b+3c 
Add —4#—43+3F 


Sum eee 


CHAP, 
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CHAP. III. 
Of SUBTRACTION. 


8 10. Eneral rule. Change the figns of the 

quantity to be ſubtracted into their 

contrary figns, and then add it ſo changed to the 
quantity from which it was to be ſubtracted (by 
the rules of the laſt chapter): the ſum ariſing by 
this addition is the remainder, For, to ſubtract 
any quantity, either poſitive or negative, is the 


lame as to add the oppoſite kind. 


EXAMPLES. 


From + 52 84 — 73 
Subtract 4 34 | 34 ＋ 45 


Remaind. 54 — 3a, or 24 54 — 116 


From 22 — 3 ＋55— 6 
Subtract 6a 4 4x4- 5 y+ 4 


Remind, = nw 48=—JH. 0-10: 


It is evident, that to ſubtra& or take away 
3 decrement is the ſame as adding an equal in- 
crement. If we take away —b from 4—3, 
there remains @; and if we add E to a—b, 
the ſum is likewiſe a, In general, the ſub- 
traction of a negative quantity is 1 to 
adding its poſitiye value. 


Vo —— C — 
_ 
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SAY tv: 


Of MULTIPLICATION. 


511. N Multiplication TH general rule for 


the ſign is, That when the figns of 


 #be factors are like (i. e. both +, or both —,) 


#be fign of the product is ＋; but when the figns 


of the W are unlike, the ſign of the . 
16—. 5 


Caſe I. When any . quantity, +a, is 
multiplied: by any poſitive number, 
Aa, the meaning is, That ＋ is to 
be taken as many times as there 
are units in ; and the product is 
evidently 74, | 


Cafe II. When a is multiplied by , then 


—2 is to be taken as often as there 
are units in ꝝ, and the product muſt 
be - a. | 


Caſe III. Multiplication by a poſitive number 
| iümplies a repeated addition: but 
multiplication by a negative im- 

plies a repeated ſubtraction. And 

when | 2 is to be multiplied by 

—7, the meaning is, that ＋- is 

to 8 ſubtracted as often as there 

are 
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are units in : therefore the pro- 
duct is * being — 4. 


Caſe IV. When - a is to be multiplied by —, 
then —8@ is to be ſubtracted as of- 

ten as there are units in 2; but (by 

$ 10.) to ſubtract — 4 is equiva- 

lent to adding 4, conſequently the 

product is Tua. | | 


The IId and IVth caſes may be illuſtrated. 
in the following manner. 
By the definitions, +a—4a=0; therefore, 
if we multiply 4-4 by u, the product muſt 
vaniſh or be o, becauſe the factor 4-2 1s o. 
The firſt term of the product is + 2a (by 
Caſe I.) Therefore the ſecond term of the pro- 
duct muſt be — na, which deſtroys TA; fo 
that the whole product muſt be I 
=0, Therefore —@ multiplied by +z Wen 
— 7 7, 

In like manner, if we multiply Sa by 
, the firſt term of the product being — za, 
the latter term of the product muſt be 2a, 
becauſe the two together muſt deſtroy each o- 
ther, or their amount be o, ſince one of the 
factors (viz. 4 - a) is o. Therefore — 2 mul- 
tiplied by —z muſt give + 2a. 

In this general doctrine the multiplicator is 
always conſidered as a number, A quantity of 

any 
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any kind may be multiplied by a number: but 
a pound is not to be multiplied by a pound, 
or a debt by a debt, or a line by a line. We 
mall afterwards conſider the analogy there is 
betwixt rectangles in Geometry and a product 


of two factors. 
§ 12. If the quantities to be multiplied are 


Imple quantities, find the fign of the product by 


the laſt rule; after it place the product of the co- 
efficients, and then ſet down all the tetters after 


ave another as in one ward. 


— 


EXAMPLES. 


Mult. a [ —23 | Gx 
„„ e — 54 
Prod. -þab —8ab | — 304 
Mult. — 8 * ; | + Jab : 
—  ORO_ 
Prod. Þ 32ax „ gaabe 


& 13. To multiply compound quantities, you 
muſt multiply every part of the multiplicand by 
all the parts of the multiplier taken one after an- 
other, and then collef all the produtis into one 
um: that ſum ſhall be the produt? required. 


E Xu 


10 


EXAMPLES. 
Mult, a+ b | 24a 33 2 
By a+ 5 44+ 5b 
e | 
aaþ ab 1 844—1 245 | 
Fred. * + 2 ⁰ 2 | +1oab—15bb 
Sum | FAR: 2ab + bb. 844— 246—1 555 
Mult, 242 —45 wa ** i 
By 24 ＋ 463 * 
444— 846 —— 
N ne. L ae 6bb Saxx—aan 
Sum : 444 0 —160² XKNN a. 0—gas 
Mult. ab 1 
By a— 
| en 
. * —aab—abb—333 
| Sam aas 0 . . 055 


IJ 14. Products that ariſe from the multipli- 
cation of two, three, or more quantities, as 
abc, are ſaid to be of two, three, or more di- 
menſions; and thoſe quantities are called factors 


Or roots. 


If 
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Tf all the factors are equal, then theſe pro- 
ducts are called powers ; as aa or aaa are pow- 
ers of a, Powers are expreſſed ſometimes by 
Placing above the root to the right-hand a 
figure expreſſing the number of — that 


produce them. 22 7 


1 =o Power of thee a 
aa 2. a root a, and Na 


Aan 3d 18 ſhortly a3 
aaaa Jr expreſſed ** 5 
aaaaa 5th) thus, Ca⸗ 


$ 15. Theſe figures which expreſs the num- 
ber of factors that produce powers are called 
their indices or exponents; thus 2 is the index of 
. And powers of the ſame root are multiplied 
by adding their exponents. Thus 4 X 4 = 2 45 


X = a, a Xa= 4. 


§ 16. Sometimes it is uſeful not actüally to 
multiply compound quantities, but to ſet them 


down with the ſign of multiplication (x) be- 


tween them, drawing a line over each of the 


compound factors. Thus A = ex- 


preſſed the 3 of 46 Dons by 


4—6. 


CHAP; 


CHASE. T7 
Of Divis1oN 


3 17. HE fame rule for the ſigns is to be 
obſerved in Diviſion as in Multi- 

plication ; that is, If the figns of the dividend 
2 diviſor are like, the fign of the quotient muſt 
be + ; if they are unlike, the fign of the quotient 
muſt be—, This will be eaſily deduced from 
the rule in Multiplication, if you conſider 
that the quotient muſt be ſuch a quantity as 


multiplied by the diviſor ſhall give che divi- 
dend. 


$ 18. The General rats in Diviſion i is, is 
place the dividend above a ſmall line, and the di- 
viſor under it, expunging any letters that may be 
found in all the quantities of the dividend and di- 
v1i/or, and dividing the coefficients of all the terms 
by any common meaſure. Thus when you divide 
i0ab + igac by 20ad, expunging à out of all 
the terms, and dividing all the coefficients ” 


$5, the quotient is ZE, and 


5 ab + 88 28 


4 zab) 300% — 5449 ( 1 2 


——ů—— — — 
. — —— IRE I TIS IRS. 6. >< mr 
" * 


28 ATRTATISE of Part I. 
40a) 8ab + bac (L 

. 

And 2bc) gabe (* 


$ 19. Powers. of the ſame root are divided by 


ſubtracting their exponents as they are multiplied 


by adding them. Thus if you divide 4“ by 4˙, 
the quotient is 4 or 4. And é divided by 
# gives bh or & and al divided * 4˙b¹ 
gives ab? for the quotient, 


& 20. * the quantity to be divided is com- 
pound, then you muſt range its parts according 
to the dimenſions of ſome one of its letters, as in the 
following example. In the dividend a*+ 2ab + , 
they are ranged according to the dimenſions of 
a, the quantity a* where 4 is of two dinfen- 
ſions being placed firſt, 2ab where it is of one 
dimenſion next, and #*, where à is not at all, 
being placed laſt. The diviſor a b, muſt be ranged 
acrording to the dimenſions of the ſame letters; then 
vou are to divide the firſt term of the dividend by 


the firſt term of the diviſor, and to ſet down the 


quotient, which, in this example, is a ; then mul- 
tiply this quotient by the whole diviſor, and ſub- 
tract the producs from the dividend, and the re- 


mainder ſhall give a new dividend, which in this 


* is ab + &, 
4 ＋4 5 
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a ＋ S) + 2ab + (4a ＋- 
4 + ab 


OY 
ab + b®- 


8 98 


Divide the firſt term of this new dividend by the 
firſt term of the diviſor and ſet down the quotient 
(which in this example is ) with its proper fign. 
Then multiply the whole diviſor by this part of the 
quotient, and ſubtra the product from the new 
dividend; and if there is no remainder, the diviſion 
is finiſhed : If there is a remainder, you are to 
proceed after the ſame manner till no remainder 
is left; or till it appear that there will be always 
ſome remainder, 


Some examples will illuſtrate this operation. 
EXAMPLE I. 


a+) Gf —Þ (a—b 
a*Þab 


r 
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EXAMPLE Il. 


a—b)a68—300b+30bb—bbb(00—200+b) 
aaa — aab 


5 ee ee 
— 24e, ,,,,,j | 


IS. 
 abb—bbb. 


EXAMPLE III. 


a—b)aaa—bbb EP bb 
| 424 — 4 


2 
aab—abb 


N fy 
abbh—bbb 


O O 


2 
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EXAMPLE IV. 
34-6) 64444 96 (a 8a+16 


6aaaa—12440 


12444 — 96 
12444 — 244 


1408-96 
EGO TI 


ho 96 
484 — 96 


O Q 


$ 21. It often happens that the operation 
may be continued without end, and then you 
have an infinite Series for the quotient ; and by 
comparing the firſt three or four terms you may 
find what law the terms obſerve : by which means, 
without, any more diviſion, you may continue the 
quotient as far as you pleaſe, Thus, in dividing 
1 by 1 —a, you find the quotient to be 14 
+ aa + aaa + aaaa + &c; which Series can 
be continued as far as you pleaſe by adding the 
powers of 2. 


C2 The 
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The operation is thus: 
1—49 1 I +6446+ 006 Se. 
1 — 2 
＋2 
+ a—aa 
—— aa 
i ere 


＋444 


Ta ad⁴A - 4440 


＋44⁴ã Sec. 


Another Example. 
a +x)JaaÞxx (— += L — &c, 


aa+ax 
— Xx + xx 
— Ix — XX 
b2xx 
2 x 
+ 2% + — 
an 25 8 
22 — 27 
| a 4* 
bo 1 
a 
Se. 


In 


\ 
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In this laſt example the ſigns are alternately 
+ and , the coefficient is conſtantly 2, after 
the firſt two terms, and the letters are the pow- 
ers of x and a; ſo that the quotient may be 
continued as far as your pleaſe without any more 
diviſion. 


But i in Diviſion, after you come to a remain- 
der of one term, as 2xx in the laſt example, 
it is commonly ſet down with the diviſor under 
it, after the other terms, and theſe together 
give the quotient, Thus, the ere in the 


laſt example is found to be a—x+ = And 
bb + ab divided by? — a gives for 5 Ga 


2ab 
bÞ = 


Note, The ſign + placed between any two 
quantities, expreſſes the quotient. of the former 
divided by the latter. Thus a YA & is 
the quotient of a +4 divided by a — x. 


C9 .CHAP, 
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% 


CHAP. VI. 


OE. F RA'CT I o N s. 


5 $ 22. 'N the laſt Chapter i It was aid rex ha 
quotient of any quantity 4 divided by 
þ is expreſſed by Peg a above a ſmall line and 


b under it, thus, = Fo T heſe quotients are alſo 


called Fracłions; and the dividend or quantity 
placed above the line is called the Numerator 
of the fraction, and the diviſor or quantity 
placed under the line is called the Denominator. 


T hus preſs the quotient of 2 divided- by 


43 and 2 is the numerator and 3 the denomi- 
nator of the fraction. 

I 23. Jf the numerator of a fradtim is eqn! 
to the denominator, "— the fraction is equal to 


unity. Vi bus — and - are equal to unit. if the 


numerator is PE 3 the denominator, then 
the fraction is greater than unit. In both theſe 
caſes, the fraction is called improper. But if 
the numerator is leſs than the denominator, then 
the fraction is leſs than unit, and is called proper. 


'Thus 4 is an improper fraction; but 4 and 


2 
7 are proper fractions. A mixt quantity is that 
10 | whereof 
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whereof one part is an integer and the other a 


fraction. As 3'4 and 53, and a +> 


PROBLEM I. 
$ 24. To reduce @ MIXT quantity to an lu- 
PROPER FRACTION. | 


Rule, Multiply the part that is an integer by the 
denominator of the fraftional part; and io the 
produt? add the numerator ; under their ſum 
Place the former denominator. 


Thus 23 reduced to an improper fraction, 


4 b 
gives 2; 424 T2 2 = ; and @a — x + 


PROBLEM II. 


& 25. To reduce an IMPROPER fraction to a 
_ MIXT QUANTITY, 


Rule. Divide the numerator of the fraftion by 
the denominator, and the quotient ſhall give the 
integral part; the remainder ſet over the deno- 
minator ſhall be the fractional part. 


== a ax+2xx 

Thus 3) m2; 5 3 

5 has 44+ F a+x 
** aa xx 2 K * 
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PROBLEM III. 


$ 26. To reduce fractions of different denomi- 
nations to the fractions of equal value that _ 
have the fame denominator. 


Rule. Multiply each numerator, ſeparately taken, 
into all the denominators but its own, and the 
products ſhall give the new numerators. Shen 
multiply all the denominators into one another, 
and the product 185 give the common denomi- 
nator. 


Thus the bractlons- =, 7. are felpedlively 


5 
acd Bi cb: ; 
l to theſe fractions .— T7 Te $7” which 


have the ſame denominator 5cd, And the frac- 
tions 7 =, 2, are reſpetively 7 18 to theſe 


5. 
40 45 48 
60 50 60 


PROBLEM IV. 
$ 27. To ADD and SUBTRACT Fractions. 


Rule. Reduce them to 4 common denominator, 
and add or ſubtra# the numerators, the ſum or 
difference ſet over the common denominator, is 
'#be * or remainder required. | 


Thus 
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— 2 ebe. d 
Thus — 94 772 72 . 
1 
5 VVV 
—1 U. ang Os 
. 4 3 7 12 e 
E 
VVV 
x „ Ix — 2x __ x 
J OO Says wy 


PROBLEM V. 
$ 28. To MULTIPLY Fractions. 


Rule. Multiply their numerators one into another 
te obtain the numerator of the product; and 
their denominators multiplied into one another 


ſhall give the denominator of the produdt. 


Thus 7 * . 55 x 4 Sand 


If a mixt quantity is to be multiplied, firſt 
reduce i it to the form of a fraction (by Prob. I.) 
And if an integer is to be multiplied by a 
fraction, you may reduce it to the form of a 
fraction by placing unit under it. 


= EXAMPLES. 


3 xI=Ixi dn; gx2=2 
IT 57 . * „ 
| i 


E Soo, | NA bo Ex Gn babe, a 
3 &*: lf a 


a*b +abx 464 be 
as * 


PR 0 BLE N VI. 
§ 29. To DIVIDE Fraftions. 


Rule. Multiply the numerator of the dividend 
by the denominator of the diviſor, their product 
ſpall give the numerator of the quotient. Then 
multiply the denominator of the dividend by the 


numerator of the diviſor, and their product ſhall 
give the denominator, 


Thus £)2 (2; 30 (2 3) 3 (5. 


a+b . eee 7p 
"iN | a—b a (= "a+ FA 


* 1 


& 30. Theſe laſt four Rules are eaſily demon- 
ſtrated from the definition of a NS. : 


1. It is obvious that the fractions BS 5 


are reſpectively equal to 7275 775 as dice 


if you divide adf by 5 d % the quotient will be 
the ſame as of à divided by 3; and c divid- 
ed by 4% gives the fame quotient as c divided 
by d; and ed divided by F the ſame quo- 
tient as e divided by V. 

| 2. Fractions reduced to the ſame denomina- 


tion are added by adding their numerators and 
ſub- 


— 
- R — * * 
w» g — * J * x —_ 7 
— B — Put nn ————— — 89922 
*% _ FA Zr eras ng n . 
— — 5 


ER 7 Vonog 16 on, —— —— er WT ns oe 


S 
4 
- 5 
T7 
$55 
* 3 


s 
* 

12 
1 
0 17 

bs © 


A Tf 25. 
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54 

| 
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ſubſcribing the common denominator. I ſay 


7 tak == —— For call 7 = m, and 


nu, and it will be 4 mb, c n b, and 


b ＋ o e, and 1 ＋ ===; that 


c 
5 
N 


15, 7 ++ _— l After the ſame manner, 


QA — 


3. La X-(=mXn)=75; for bm a, 


dn = c; and d mn Sac, and n 4 = =; that 
oe 

bd” 

#5 T 2 

4 I ay 7 divided by 7 or , gives — 3 


is, 7 * 4 2 


for mb = a, and mbd = ad; nd = c, and 


| | mbd ad : . 
abd _ therefore 7 — 7 that IS, 
71 


PROBLEM VII. 
I 31. To „nd the greateſt common Meaſure of 
two numbers; that is, the greateſt number that 
can divide them both without a remainder. 


Rule. Firſt divide the greater number by the 
leſſer, and if there is no remainder the leſſer 
number is the greateſt. common diviſor required. 


If 
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F there is a remainder, divide your laſt diviſor 
by it; and thus proceed continually dividing the 
laſt diviſor by its remainder, till there is no re- 
mainder left, and then the laſt diviſor is the 
greateſt common Meaſure required. 


\ 


Thus the greateſt common meaſure of 45 
and 63 is 9; and the greateſt common meaſure 
of 256 and 48 is 16. 


450 63 C0 489 256 (5 
45 240 
18) 45 (2 16) 48 (3 
36 5 48 
9) 18 (2 O 
18 N 
2 


8 32. Much after the ſame manner the great- 
eſt common meaſure of algebraic quantities is 
diſcovered ; only the remainders that ariſe in the 
operation are to be divided by their fimple diviſors, 
and the quantities are always to be ranged accord- 
ing to the dimenſions of the ſame letter. 


Thus to find the greateſt common meaſure 
of a* — and a — 223 +; 
4.— . 4. — 2456 ＋ (1 


* 
17 
1 
1 
11 
. 
17 
1 
4; 
i 
1 
T3. + 
9 
8 
1 
1 
LA 
T9 
Te 
ze 
- "2 
1. 
3 
14 
Soo 
1 { 
$35 
5 
„ 
1 
148 
4-4 
, 4 
11 
16% 
7 
z 4 * 
1 
1 
. 
11 
9 . 
"uh 
4% 
$ 
7 
xt 
1 
5 
181 
44 
N 
1 
. 
1 
d 
e 
£s 
be 
1 5 
0 
-» 
119 
+ - © 
1 
1 ö 
. 
1 
12 
* 


5 
j 0 | — — . N . 
14 — 24b+2 6 Remainder, 


3 


which 
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which divided by — 25 is reduced to 
4 — 5) 4 — 1 (4 ＋ 


2 2 
p a. — 


8 


Therefore 4 - 6 is the greateſt common 
meaſure required. 


The ground of this operation is, That any 
quantity that meaſures the diviſor and the re- 
mainder (if there is any) muſt alſo meaſure the 
dividend; becauſe the dividend is equal to the 
ſum of the diviſor multiplied into the quotient, 
and of the remainder added together“. Thus 
in the laſt example, 4 — 5 meaſures the diviſor 
4 — 34, and the remainder — 24 b＋2 “]; it 
mult therefore likewiſe meaſure their ſum a* — 
2a B＋ . You mult obſerve in this operation 
to make that the dividend which has the higheſt 
powers of the letter, according to which the 
quantities are ranged. 


PROBLEM VIII. 
§ 33. To reduce any Fraction to its loweſt terms. 


Rule. Find the greateſt common meaſure of the 
numerator and denominator ; divide them by that 
common meaſure and place the quotients in their 
room, and you ſhall have a fraction equivalent 


© See Chap. XIV. 
20 
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ſure is unit, are ſaid to be prime to one another. 


merator by the given denominator, and divide the 


of the fraction required, 
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fo the given Loom expreſſed in the leaft 
terms. 


e bes = x = aa—572ab © 22 
3a+ 34 ag? = þ* . 
112 — 1155 = . 
425 — b*a 2 „ ee a* + 37 


SENT 3+ 0 FETs > ke 


When unit 1s the greateſt common meaſure 
of the numbers and quantities, then the 1 


is already in its loweſt terms. Thus 3 _ can 


not be reduced lower. 


And numbers whoſe greateſt common mea- 


$ 34. If it is required to reduce a given frac- 
tion to a fraction equal to it that ſhall have a 
given denominator, you muſt maltiply the nu- 


produtt by the former denominator, the quotient 
ſet over the given denominator is the fraction 

Ns, | 9 5 of He 5 
required, Thus 7 being given, and it being 
required to ad it to an equal fraction whoſe 


denominator ſhall be c; find the quotient of 
ac divided by 5, and it ſhall be the numerater 


- 


If 
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If a Vulgar fraction is to be reduced to a 
decimal (that is, a fraction whoſe denominator 
is 10, or any of its powers) annex as many 
cyphers as you pleaſe to the numerator, and then 
divide it by the denominator, the quotient ſhall 
give a decimal _ to the Vulgar fraction pro- 


poſed. 
Thus FE .66666 Se; == 63 


7 = 2857 142 Ce. 


& 35. Theſe fractions are added and ſub- 
tracted like whole numbers; only care muſt 
be taken to /et ſimilar places above one another, 
as units above units, and tenths above tenths, 
Se. They are multiplied and divided as inte- 
ger numbers; only there muſt be as many decimal 
places in the product as in both the multiplicand 
and multiplier ; ; and in the quotient as many as 
there are in the dividend more than in the diviſor, 
And in diviſion the quotient may be continued 
to any degree of exactneſs you pleaſe, by add- 
ing cyphers to the dividend, The ground of 
theſe operations is eaſily underſtood from the 
general rules for adding, multiplying, and di- 
viding fractions. 


CHAP. 
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CHAP. NL 
Of the IxvoLuTION of Quantities. 


§ 36. T HE products ariſing from the con- 

tinual multiplication of the ſame 
quantity were called (in Chap. IV) the powers 
of that quantity. Thus a, 4“, @, a, &c, are 
the powers of a; and 4, «* y @& b, ab, &c, 
are the powers of 46. In the ſame Chapter, 
the rule for the multiplication of powers of the 
ſame quantity is to Add the exponents and 
make their ſum the exponent of the product.“ 
Thus 4 X 4. = @&; and 439 x 4b. = as bi. 
In Chap. V you have the rule for dividing 
powers of the ſame quantity, which is, © To 
ſubtract the exponents and make the difference 
the exponent of the quotient.” 


6 
a 
Thus 4 = ; and 


| 1 2 


4 
„ 


8 37. 1f you divide a leſſer power by a greater, 
the exponent of the 120 muſt, by this Rule, 
ze negative. T hus — = 4&5 = a>, But 

= = — . ow = is expreſſed alſo by 
* with a negative exponent. 
4 It 
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It is alſo obvious that - = 41-1 = a, 
but 7 1, and therefore 4 = 1. After 


. 
the ſame manner —=E—=0 


0 
1 PROS: a Prana — 3 1 — 3223 fa 


e ? aaa 


5 : 
&—* ; ſo that the quantities a, 1, = 


, &c, may be expreſſed thus, a“, a, a=", 


a”, a=, a—=*, &c. Thoſe are called the 
negative powers of a which have negative ex- 
ponents; on they are at the ſame time 2 tive 


powers of — — or a. 


8 38. 8 e (as well as poſitive ) are 
multiplied by adding, and divided by ſubtrafting 
their exponents. Thus the product of a=* (or 


=) multiplied by a=? (or =) TIER 
(or ) ; alſo a X.af A #t.= a” (or 


=) and 42 X 4 4 = . And, in gene- 


ral, any pofitive power of a multiplied by a nega- 
tive power of a of an equal exponent, gives UNIT 
for the product; for the poſitive and n 
| deſtroy each other, and the product gives 4, 
which is equal to unit. 

DD Like - 


= =>; therefore — = =? : And, in gene- 


ral, © any quantity lee; in the denominator 


MH 
- 2550 
"= 
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8 „F | ED | 
Likewiſe z = 4"5+* = a= = ; and 
s a BE 2 +2 


2— | 
8 += 4. Butalſo, — 


of a fraction may be tranſpoſed to the nume- 
rator, E the ſign of its e be changed. 22 


Thus = —_ = = 4a", and - —= 4. 


§ 39. The . an expreſſes any power 
of @ in general; the exponent () being unde- 


termined; and a expreſſes or a negative 


power of a of an equal exponent: and a” 4 
„ 11 ther product; a ex- 
preſſes any other power of a; an X a” = 4 . 
is the product of the powers an and a”, and 
a- js their quotient. 


$ 40. To raiſe any ſimple quantity to its ſe- 
cond, third, or fourth power, is to add its ex- 
ponent twice, thrice, or four times to itſelf; 
therefore the ſecond power of any quantity is 
had by doubling its exponent, and the third by 
trebling its exponent; and, in general, the 
power expreſſed by m of any quantity is bad by 
multiplying the exponent by m, as is obvious from 
the multiplication of powers. Thus the ſecond 
power or ſquare of @ is * = a; its third 
4 er 
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ower or cube is a * = @; and the mth power 
of a is an x1 an. Alſo, the ſquare of 4 is 
a x4 ＋ 4&*; the cube of 4“ is a3 * = a ; and 
the mth power of a is a#*”, The ſquare of 
abc is a* Þ &, the cube is 48, the mth power 


PP 


8 41. The raiſing of quantities to any power 
is called Involution; and any ſimple quantity is 
involved by multiplying the exponent by that of the 
| power required, as in the preceding Examples. 

The coefficient muſt alſo be raiſed to the ſame. 
power by continual multiplication of itſelf by 
itſelf, as often as unit is contained in the expo- 
nent of the power required, Thus the cube of 
3ab is 3& 3X 3X &# = 270%? 

As to the Signs, When the quantity to be in- 
vol ved is poſitive, it is obvious that all its powers 
muſt be poſitive. And when the quantity to be 
involved is negative, yet all its powers whoſe ex= 
ponents are even numbers muſs be poſitive, for any 
number of multiplications of a negative, if the 
number is even, gives a poſitive ; ſince — X — 
= +, therefore — Xx — X — X — = + X + 
= +; and — X —X — X — x — x — 
+ X + X + = +. 

The power then only can be negative when 
its exponent is an odd number, though the 
quantity to be involved be negative. The pow- 
ers of —g are — 2, + , — , + a, — 45, 


D 2 Se. 


5 
a 3 N — 8 2 
. 2 = = 4 
ES = £4: 3 + 32 
+ S 8 2 8 x at 28 
J 8 O 05 = 8 + « 
* 8 8 2 8 TX ab+F 
2 ep, A= O * X a 2ab + 
© = D >, Q a® = the 8 
. 8 5 5 Y Xo 7 Square bY 
- 8 8 1 52 5 2 a+ 7 4 b or 20 "PEW 
& 9 5 8 2 5 2 8 2 20 + > 2 
8 85 8. 2 S a + a 3ab* + 3 
RS 1 F=C 
N E a = = 2 =D > 271 ab + 39" ube or a 
| = a 2 O + * a+ 4 a*b 75 3 7 Power. 
TREES 4 + . EE 3a b 5 
E = J S) 4a*b WP + * 
O 3 U BS + + 4ab* + 
©O & 8848 8 8 Eg EE 6 a* b* + ; * = Bi 
0 ; * i 2 7 ph 2 ; 
Ep Sn 23 TEES quadrate . 
TOM — & >= = T1 04a*b* + . 7 or 4th P 
2 55 4 825 IT 1040 + anb* + ower. 
bent 1 TT, 
1 2 a3 5 
1 75 5457 = 5th Power 
20 a* 5 10 a*b* + 775 . 
+ 15a 5abs 
5a b* + 6 + 36 
46 + 
** 
6th P 
Pas 
» &c 
# 
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$ 43. If the powers of 2 - are required, 
they will be found the ſame as the preceding, 
only the terms in which the exponent of * is 
an odd number will be found negative; “ be- 
cauſe an odd number of multiplications of a 
negative produces a negative.” Thus the cube 
of a — þ will be found to be 4 — 3a*b + 
Jab —bB. + where the 2d and 4th terms are 
negative, the exponent of þ being an odd num- 
ber in theſe terms. In general, * the terms 
of any power of a-—6 are poſitive and ne- 
gative 17 turns. 

§ 44. It is to be obſerved, that © in the firſt 
term of any power of a , the quantity @ 
has the exponent of the power required, that 
in the following terms, the exponent of à de- 
creaſe gradually by the ſame difference, (viz. 
unit) and that in the Jaſt terms it 1s never 
found. The powers of “ are in the contrary 
order; it is not found in the firſt term, but its 
exponent in the ſecond term is unit, in the third 
term its exponent is 2; and thus its exponent 
increaſes, till in the laſt term it becomes equal 
to the exponent of the power required.“ 

As the exponents of à thus decreaſe, and at 
the ſame time thoſe of 4 increaſe, „the ſum 
of their exponents is always the ſame, and is 
equal to the exponent of the power ae 
Thus in the 6th power of @ ＋ 5, viz. 4 + 
64*6 + 15 4¹⁰ + 2046 + 154 * + 64 86, 
1 the : 
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the exponents of @ decreaſe in this order, 
6, 5, 4, 3, 2, 1, o; and thoſe of 5 increaſe 
in the contrary order, o, 1, 2, 3, 4, 5, 6. 
And the ſum of their exponents i in any term 1s 
always 6. 


I 45. To find the coefficient of any term, 
the coefficient of the preceding term being 
known; you are to * divide the coefficient of 
the preceding term by the exponent of þ in the 


given term, and to multiply the quotient by 


the exponent of @ in the ſame term, increaſed 
by unit.” Thus to find the coefficients of the 
terms of the 6th power of @ + 8, you find the 
terms are 

46, 4, off, &Þ, 4 , ab; B, 


and you know the coefficient of the firſt term is 


unit; therefore, according to the rule, the coef- 


ficient of the ad term will be = x 5 +1 = 6; 
that of the 3d term will de > x 4 ＋ 1 3 * 5 


= 15; that of the Ath term will be 3 * 371 


= 5X 4 = 20; and thoſe of the following will 
be 15, 6, 1, agreeable to the preceding Table. 
$ 46. In general, if a+ + is to be raiſed to 


any power mm, the terms, without their coeffici- 


ents, will be, a“, an—1 5, am- h, a3 55, an=4 54, 


an, &c, continued till the exponent of 3 


becomes equal to m. OY 
5 The 
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The coefficients of the reſpective terms, ac- 


cording to the laſt rule, will be 
—1 mn— 1 n —2 In—1 


. | Mm 
1, . m5 . N X ne 
N ÜN 1 
3 4 2 1 


mM = 4 


„c, continued until you have one co- 


efficient more than there are units in m. 
It follows therefore by theie laſt e that 


_ X an—24* 


a+ w_ ex 


m — 1 


+ mX = Xx 2 „„ 


X ==} x anf which is the 


8 Sen Theorem for raiſing a quantity conſiſting 
of two terms to any power m. 

§ 47. If a quantity conſiſting of three, or 
more terms 1s to be involved, “ you may diſ- 
tinguiſh it into two parts, conſidering it as a 
| binomial, and raiſe it to any power by the pre- 
ceding rules; and then by the ſame rules you 
may ſubſtitute inſtead of the powers of theſe 
compound parts their values.” 


Thus YC =a+b+c=a +8 + 
2 Xa b+t = + 2ab + © + 1 
20e + . 

Ad rf * n 
+3®Xa+b+O0=@+ga# ＋＋ 34. ＋ 


+34 ＋ Gabe + 3c + 34 + 396 + 63. 
54 In 


n 
n 


8 r — 
£ — . + — FR bs 4 PR — — 
U ED Se oe nee Ke a — tera nb eta — 

— e Nn 2 


— DIES * 
N e me ns 8 > le 


3 
— 


is required. 
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In thefe examples, a + þ + c is conſidered 
as compoſed of the compound part a + þ and 


the ſimple part c; and then the powers of 
a + 6 are formed by the preceding rules, and 


ſubſtituted for a + = > and 4 +, 


N — 


CHA P. VIII. 
of EvoLUTION. 


$ 48. HE reverſe of Involution, or the 
7 reſolving of powers into their roots, 
is called Evolution. The roots of ſingle quan- 
tities are eaſily extracted by arviding their expo- 


nents by the number that denominates the F000 re- 


quired. Thus the ſquare root of 4 is * = @h1 


and the ſquare root ay a*}*& is . The 


cube root of ab is a3 65 = ab; and the cube 
root of W is x*y*2*, The ground of this 
rule is obvious from the rule for Involution. 
The powers of any root are found by multi- 


plying its exponent by the index that denomi- 


nates the power; and therefore, when any 
power is given, the root muſt be found by di- 
viding the exponent of the given power by the 


number that denominates the kind of root that 
» © 7. 


$ 49: 
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$ 49. It appears from what was ſaid of Invo- 


lution, that © any power that has a poſitive ſign 
may have either a poſitive or negative root, if the 
root is denominated by any even number.” Thus 
the ſquare root of + a* may be + 4 or —a, 
becauſe + a * ＋ 4 or —@a Xx —8 gives + 4 
for the product. 

But if a power have a negative ſign, © 10 
root of it denominated by an even number can be 
aſſigned,” ſince there 1s no quantity that multi- 
plied into itſelf an even number of times can 
give a negative product. Thus the {quare root 
of — 4 cannot be aſſigned, and 1s what we 

call an © 7mpoſſible or imaginary quantity. 7 
' "But if the root to be cxrratted. is denoinic 
nated by an odd number, then ſhall the ſign of 
the root be the ſame as the ſign of the given num- 
ber whoſe root is required. Thus the cube root 
of — 4 is — a, and the cube root of — 4 
is — 46. . 

$ 50. If the number that denominates the 
root required is a diviſor of the exponent of 
the given power, then ſhall the root be only a 
cc lower power of the ſame quantity,” As the 
cube root of a" is , the number 3 that deno- 
minates the cube root being a diviſor of 12. 

But if the number that denominates what 
ſort of root is required is not a diviſor of the 
exponent of the given power, * then the root 
required ſhall have a fraction for its exponent.” 
Thus 


. r Po EE — on _ 4 
> EXPRES Aint. . . . .. —— N 
* 5 < 5 + > 7 7 A MA, 4 3 — 2 2 7 7 
2 — . * . 1 ES 3 — — — — 
I 


— 
* 


— 
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1h 
* 
1 
Ut 
+4 
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PV” 4 4 5 '3 8 pope 3 8 
Thus the ſquare root of a is a7; the cube root 


„ 8 
of a* is a7, and the ſquare root of à itſelf is 4 
Theſe powers that have fractional exponents 


are called “ Imperfetft powers or ſurds; and are 


otherwiſe expreſſed by placing the given power 
within the radical ſign MY, and placing above 


the radical ſign the . that me 


what kind of root is aquired. T hus af Si 


1 V; and Bing Var. In numbers the 
ſquare root of 2 is expreſſed by V2, and the 


cube root of 4 by 4. 


§ 51. Theſe imperfeR powers or r ſurds are 
* multiplied and divided, as other powers, by 
adding and JAP BONE me ny. Thus 


2 5 2 2 
a =0* =; aT X a® = a7 * 88 


„ od JA 
Is * Ven 17 d 1 
q 2 5 an 8 3 a — a — 2 „ 


They are involved likewiſe and evolved after 


the ſame manner as uns powers. Thus the 


; "TH | 
ſquare of a* is 4. ** ©; the cube of 45 is 
2 


- ; 


3 2 
a * Sas. The prong: root of a? is &X* = = , 


the cube root of a* is a*. But we ſhall have 
occaſion to treat more fully of Surds hereafter. 
$ 52. The ſquare root of any compound 


it, as 4 + 235 + 3˙ is diſcovered after 
this 


nn 


thi: manner. Firſt, take care to diſpoſe the 
terms according to the dimenſions of the alphabet, 
as in diviſion ; then find the ſquare root of the firſt 
term aa, which gives a for the firſt member of the 
root. Then ſubtract its ſquare from the propoſed 
quantity, and divide the frſt term of the remainder 
(244 + #*) by the double of that member, viz. 
2a, and the quotient h is the ſecond member of the 
root. Add this ſecond member to the double of 
the firſt, and multiply their ſum (2 a + 5) by the 
ſecond member b, and ſubtratt the product (aab 
+ 5˙: from the foreſaid remainder (2ab + ©) 
and if nothing remains, then the ſquare root is 
obtained;” and in this example it is found to 
be a 4 3. 9. 


; + 
The manner of operation is thus, 


4 ＋ 245 ＋ 2 (a ＋ 5 
6 * 


24 43 2ab ＋ 3 
5 * 2425 + 5* 


O O 


But if there had been a remainder, you muſt 
have divided it by the double of the ſum of the 
two parts already found, and the quotient would 
have given the third member of the root. 

Thus if the quantity propoſed had been a* + 
2ab+ 2ac +6 + 2bc + 4, after proceeding 
as above you would have found the remainder 

: 2ac 
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240 + 25 + , which divided by 24 ＋ 25 
gives c to be annexed to 2 + 5 as the 3d mem- 
ber of the root. Then adding e to 2a + 24 
and multiplying their ſum 24 + 24 ＋ c by c, 
ſubtract the product 24 c + 2bc + “ from'the 
foreſaid remainder; and ſince nothing now re- 
mains, you conclude that 4 + 5 +c 1s the 
ſquare root required. | 


| The operation 1s thus 5 5 
4 + 2⸗ + 200+ abe + (L Ie 


2X — H- 4 & 1424 
Xx — Ia) —ax + 124 


— 


| a* 
2a+8\2ab +'2ac +8 + 2be + c. 
Xx 672ad + b* 
2a+ 26 + 1 2ac + 2bc+ Oo 
X c/ 2ac + 2bc + of 
DB 8 0 
bf Another Example. 
1 ** —ax ＋ 444 (X — 42 
| [ & * 800 . 
j 


. 
4 


uu EE ——— 


AZ 


2 


. 


The ſquare root of any number is found out 
after the ſame manner. If it is a number under 
100, its neareſt ſquare root is found by the fol- 
lowing Table; by which alſo its cube root is 

found 
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found if it be under 1000, and its biquadrate 
if it be under 10000. 


TThe Root] I 21 31 4 DE 

Square 14. N. 16025 i . 2 
14e 5" Te 1 827 64/125] 216 216| 343] 512] 729 
FBiquad. _ 11681 256162511296 2401 


But if it is a number above 100, then its 
ſquare root will conſiſt of two or more figures, 
which muſt be found 115 different operations by 
the following ay 
3 M L E. 

985 3. 5 Place a point above the number chat is 


in the place of units, paſs the place of tens, and 


place again a point over that of bundreds, and go 
on towards the left hand, placing a point over every 


2d figure; and by theſe points the number will be 


diſtinguiſhed into as many parts as there are figures 
in the root, Then find the ſquare root of the firſt 
part, and it wwill give the firſt figure of the root ; 
ſubtract its ſquare from that part, and annex the 
ſecond part of the given number to the remainder. 
Then divide this new number (neglefing its laſt 
figure ) by the double of the firſt figure of the root, 
annex the quotient to that double, and multiply the 
number thence ariſing by the ſaid quotient, and if 
the product is leſs than your dividend, or equal to 
it, that quotient ſhall be the ſecond figure of the 
root. But if the product is greater than the di- 
vidend, you muſt take a 1 number for the ſecond 
figure 
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Agure of the root than that quotient. Much after 
the ſame manner may the other figures of the 
quotient be found, if there are more points than 


two places over the given number. 
To find the ſquare root of 998 56, 1 firſt 


point it thus 998 56, then I find the ſquare 
root of to be 3, which therefore is the firſt 
figure of the root; I ſubtract g, the ſquare of 3, 
from 9, and to the remainder I annex the ſecond 
part 98, and divide (neglecting the laſt figure 
8) by the double of 3, or 6, and I place the 
quotient after 6, and then multiply 61 by 1, 
and ſubtract the product 61 from 98. Then to 
the remainder (37) I annex the laſt part of the 
propoſed number (56) and dividing 3756 (ne- 
glecting the laſt figure 6) by the double of 31, 
that is by 62, I place the quotient. after, and 
multiplying 626 by the quotient 6, I find the 
product to be 37 56, which ſubtracted from the 
dividend and leaving no remainder, the exact 
root muſt be 316. | 
Ex AM L E 8. 
99856 (316 
9 
+ \ 98. 
6 * 
79 37 3756 . 

MM 

ny og 
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27396756 ( 5234 +; 2617 53 (0 
2 | 7 
102) 239 4 e 
* 2 204 X 3 129 
1043) 3599 ] 207 
X37 129% ; 4 
0 1 
| —.— 
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5 54. In general, to extract any root out of 
any given quantity, * Firſt range that quantity 
according to the dimenſions of its letters, and ex-_ 
tract the ſaid root out of the firſt term, and that 
ſhall be the firſt member of the root required. 
Then raiſe this root to a dimenſion lower by unit 
than the number that denominates the root re- 
quired, and multiply the power that ariſes by that 
number itſelf; divide the ſecond term of the given 
quantity by the product, and the quotient ſhall 
give the ſecond member of the root required.” 

Thus to extract the root of the 5th power out 
of af + 5 + 1063 5 + 104 Þ + gat + FF, 
J find that the root of the 5th power out of a. 
gives a, Which I raiſe to the 4th power, and mul- 
tiplying by 5, the product is 54; then divid- 
ing the ſecond term of the given quantity 545 
"7 54*, I find & to be the ſecond member; and 

raiſing 
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raiſing 2 + 6 to the 5th power and ſubtracting 


it, there being no remainder, I conclude that 
a + b is the root required. If the root has three 


members, the third is found after the ſame 


manner from the firſt two conſidered as one 
member, as the ſecond member was found from 
the firſt; which may be eaſily underſtood from 
what was ſaid of extracting the ſquare root. 

§ 55- In extracting roots it will often happen 
that the exact root cannot be found in finite 
terms ; thus the ſquare root of a* + * is found 
to be 


g \ - , 


* 


hap. | 89 abe 8 ; a + Ge. | 


-p he operation is thus: 
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Chaps. "ALGEBRA gt 
Alfter the ſame manner, the cube root of 
4 + * will be 2 to be 


ad On | 22 ＋ 243 pp a Se. 
| $46..< The general Theorem which we gave 
for the {nvolution of binomials will ſerve alſo. 
for their Evolution; becauſe to extract any 
root of a given quantity is the ſame thing as 
to raiſe that quantity to a power whoſe ex- 
ponent is a fraction that has unity for its 
numerator, and the number that expreſſes 
what kind of root is to be extracted for its 
denominator. Thus, to extract the ſquare 
root of a +8, is to raiſe a+5 to has Jp whoſe 
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exponent is : wer fince +0 1 
2. n * 2 415 + % el 


e * 2 2, 5 will find 
F = of +iXa EE ie 


einen 2 Þ &c = at r 
3 as t Ma 


—— * | — e. And are this manner 
BF 164 


a See e. 8 n 
| * . 6 : 
pL * 24 daz de t 3 5 


Me | pe. 

8 57. The roots of TORE are to be ex- 

rrafted-a thoſe of algebraic quantities. Place 
4 * 


1 


1 
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aà point over the units; and then place points over 

every third, fourth or fifth figure. towards the 
left hand, according as it is the root of the cube, | 
of the 4th or 5th power that is required; and i; 
there be any decimals annexed to the number, point | 
them after the fame manner, proceeding from the 
place of units towards the: right hand. Hy this 
Means. 'Fhe num bor will be divided into ſo many 
periods a there are fi gures in the root required. 
Then enquire which is the greateſt cube, Biqua- 
drate, or 5th power in the firſt period, and the root 
of that power will give the firft figure of the root 
required.” Subtratt the' greateſt cube, biquadrate, 
or gib power from the firſt period, and to the re- 
mainder annex*the firſt figure of your fecond period, 
which ſhall give your dividend. 

Nai ife the firſt figure already found' to a power 
leſs by unit than the power whoſe root is ſougbt, 
that is, to the 2d, 3d, or 4th power, according 
as it is the cube root, the root of the 4th, or the 

root of the p th power that is required, and mul- 
tiply that power by the index of the cube, 4th, or 
5th power, and divide the dividend by this produt?, 
Jo ſhall the quotient be the Jun figure of the root 
required. | 

Raiſe the part already f of the root, to the 

. power whoſe root is required, and if that power 
be found leſs than the two firſt periods of the given 
number, the ſecond figure of the root is right. But 
if it be found greater, you muſt diminiſh the ſecond 

figure of the roof till that power be found equal te. 
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Chap. 8. ALGE BRA. 53 
or leſs than thoſe periods of the given number. 
Subtratt it, and to the remainder annex the next 

period; and proceed till you have gone through the 
whole given number, finding the 3d figure by 
means of the two firſt, as you found the ſecond by 
the firſt; and afterwards finding the 4th figure 

i there be a 4th period F5 after the ſame manner 


from the three firſt. 
Thus to find the cube root of 1 38 243 point 


it 23824; find the greateſt cube in 13, viz. 8, 
whoſe cube root 2 1s the firſt figure of the root 
required. Subtract 8 from 13, and to the re- 
mainder 5 annex 8 the firſt figure of the ſecond 
period; divide 58 by triple the ſquare of 2, 
vx. 12, and the quotient is 4, which is the ſe- 
cond figure of the root required, ſince the cube 
of 24 gives 13824, the number propoſed. 
After the ſame manner the cube root of 
13312053 is found to be 237. | 


b ga es CY 1 WB 

OPERATION. 

13824 (24 
Subtr. =2X2X2 

3 4 — =-12 ) 58 a 4 

nods A Subtract 13824 = 24 * 24 X 24 
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{if 


s X 4 

Ss £5. C 55% 427 ; 2 
8 Rem. o 
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3x 23 23=1587) 11450 (7 


mg 


13312053 (237 
ra ht ati 


_—_— —— 


12753 (4 or) 3 | 
Subtract 12167 23 * 23 X 23 


Subtract 1331 ws 8 * 237 X 297) * 937 


Remain | . 4 


£ 
, . 


In extracting of roots, after you have gone 
through the number propoſed, if there is a re- 
mainder, you may continue the operation by 
adding periods of cyphers to that remainder, 


and find the true root in „ to 10 * 


48 of exactneſs. 


CHAP. EK. 


of PROPORTION. 


Y 58. HEN quantities of the ſame kind 
| are compared, it may be conſi- 
dered either how much the one is greater than 


the other, and what is their differente; or, it 


may be conſidered how many times the one is 


contained in the other; or, more generally, 
f what 
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what is their quotient, The firſt relation of 
quantities is expreſſed by their Arithmetical ra- 
tio; the ſecond by their Geometrical ratio. That 
term whoſe ratio is enquired into is called the 
antecedent, and that with which it is e 
is called the conſequent. | 
$ 59. When of four quantities the difference 
betwixt the firſt and ſecond is equal to the dif- 
ference betwixt the third and fourth, thoſe 
quantities are called Arithmetical proportionals ; 
as the numbers 3, 7, 12, 16. And the quan- 
tities, a, a + 5, e, e + 5. But quantities form 
a ſeries in arithmetical proportion, when they 

* increaſe or decreaſe by the ſame conſtant differ- 

| ence.” As theſe, a, a +4, a + 2b, 4 + 33, 

4 ＋ 43, &c; x, x—b, x— 2b, &c; or the 
numbers, 1, 2, 3, 4, 5, Sc; and IO, 7, 42 1 
— 2, — 5, — 38, Se. 

$ 60. In four quantities arithmetically pro- 
portional, “the ſum of the extremes-is equal to the 
lum of the mean terms. Thus 2, 4 +8, e, e b, 
are arithmetical proportionals, and the ſum of 
the extremes (4 + e +5) is equal to the ſum 
of the mean terms (a + e). Hence, to 
find the fourth quantity arithmetically propor- 
tional to any three given quantities; «Add 
the ſecond and third, and from their ſum ſub- 
tract the firſt term, the remainder ſhall give the 
fourth arithmetical proportional required.” 


E 3 Ss $ 61. 
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861. In a ſeries of arithmetical proportion- 
als, © the ſum of the firſt and laſt term is equal ta 
the fum of any two terms equally di ant from the 
extremes.” If the firſt terms are 4, @ + bz 
a + 26, &c, and the laſt term x, the laſt term 
but one will be x — 4, the laſt but two x — 24, 
the laſt but three x 35, &c. So that the firſt 
half of the terms, having thoſe that are equally 
diſtant from the laſt term ſet ge them, will 


ſtand thus; 


a, a ＋ b, a + 26, Te a ＋ 43, cee. 
*, * — b, x — 26, * 353 * 45, 


8 dA ts. 


a *, a+ x; 2 TP, 2 ＋ , 2 T , 450. 
And it is plain that if each term be added to 
the term above it, the ſum will be @ 4- equal 
to the ſum of the firſt term # and the laſt term 
ax. From which it is plain, that he Jum of 
all the terms of an arithmetical progreſſion is equal 
zo the ſum of the firſt and laſt taken half as often 
85 there are terms,” that is, the fum of an arith- 
metical progreſſion is equal to the ſum of the 
Firſt and laſt terms multiplied by half the num- 
'ber of terms. Thus in the preceding ſeries, if 
1 be the number of pie, the ſum of all __ 


terms will be a Fx X =» 5 


8 62. The common difference of the terms 
being b, and 4 nor being found in the firſt 
term, it is plain that cc its coefficient in any 

1 | derm 
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term will be equal to the number of terms that 
precede that term.” Therefore in the laſt term 

x you muſt have x 5, ſo that x muſt be 
equal toa+z—1x * 5. And the ſum of all 


7 =_ the terms being 4 T F , it ani alſo be 5 


„ IS 8888 


zo e DEE . Thus 
for example, the ſeries 1 | 2 + p +4 +5 Se. 
continued to a hundred, muſt be equal to 
2 * 100+ — 8 — 5050. 

8 63. If a ſeries have (o) nothing for its firſt 
term, then © its ſum ſhall be equal to half the 
product of the laſt term multiplied by the number 
of terms.” For then, @ being = o, the _ 


of the terms, which f is in general a 2+ x * 2 = 


4 


| will i in this caſe be * = From which it is evi- 


dent, that < the ſum of any number of arith- 

metical proportionals beginning from nothing, 

is equal to half the ſum of as many terms equal 

to the greateſt term,” - 
Thus 0+1+2+3+4+5+6+7+84+9= 

otetototortg hot go tg. 9X9 "Fo 
2 IO 
$ 64. If of four quantities the quotient of 


the firſt and ſecond be Sear to the quotient of 
the third and n. $ en thoſe quantities are 
ſaid 
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ſaid to be in Geometrical proportion. Such are 
the numbers 2, 6, 4, 12; and the quantities 
4, ar, b, br; which are a after this 
manner; 1 | 

2 : 3 42 112. 

a: ar: : ;: Ir. 


And you read them by Grin As 21s to 6, J 


is 4 to 123 or as a is to ar, ſo is b to br. 
In four quantities geometrically proporti- 
onal, © the product of the extremes is equal to the 


produtt of the middle terms.” Thus a x br > = 
ar * 5b. And, if it is required to find a fourth N of 


proportional to any three given quantities, 
cc multiply the ſecond by the third, and divide the 
produtt by the firſt, the quotient ſhall give the 
Fourth proportional required. Thus, to find a 
fourth proportional to a, ar, and b, I multiply 
ar by 5, and divide the product ar by the 


firſt term a, the quotient br | is s the fourth Pro- 


portional required. 


865. In calculations it ſometimes requires a 
little care to place the terms in due order; for 


which you may obſerve the following Rule. 

« Firſt ſet down the quantity that is of the 
fame kind with tbe quantity fought, then conſider, 
| from the nature of the queſtion, whether that which 
is given is greater or leſs than that which is 


_ ſought ; if it is greater, then place the greateſt of _ 


the other two quantities an the left hand ; but if 
it is leſs, place the leaft of the other two quantities 
en the tft hand, and the other on the right.” 

Then 


\ 
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Then ſhall the terms be in due order; and you 
are to proceed according to the rule, multi- 


plying- the ſecond by the third, and EM 
their LR by the firſt. 


EXAMPLE. 


Tf 3o men do any Piece of work in 12 days, 
how many men foall do it in 18 days? > 


Becauſe it is a number of men that is ſought, 
firſt ſet down 30, the number of men that is 
: given : : T eaſily ſee that the number that is given 
is greater than the number that is ſought, 

therefore I place 18 on the left hand, and 12 
on the right; and find a fourth proportional to 


| 30 X 12 
18, 30, I2, Viz, 18 S 20. 


$ 66. When a ſeries of quantities increaſe by 
one common multiplicator, or decreaſe by one 
common diviſor, they are fad to be in Ceo- 
metrical proportion continued. | 

As a, ar, ar“, ar, art, ar, &c; 

e 

The common multiplier or diviſor is . 
their common ratio. | 

In ſuch a ſeries, * the product of the firſt ond 
laſt is always equal to the product of the ſecond 

and laſt but one, or to the product of any two 
terms equally remote from the extremes.” In the 
ſeries a, ar, ar, ar”, &c, if y be the laſt term, 

| then. 


or a, 


* 


EmorxL= ar x2 
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then ſhall the four laſt terms of the ſeries be 


7. 2 5 25 33 now it is plain that a ar found x 
* 

& 67. © 'T he ſum of a ſeries of geometrical 
proportionals wanting the. firſt term, is equal to 


the ſum of all but the laſt term multiplied by the 


common ratio. 


For ar Car + an &c, + 5 += ＋ 2 2 ＋ 


—_ "I th uh 


N er A ar &c, J "WT TIP 


| Therefore if be the : the ſum of the ſeries, 5 — @ 
will be equal to 75 * 7, rhat is — 4 


, 


7121 


ir =—97, or r- r-, 3 = 


S 68. Since the exponent of reis always in- 


creaſing from the ſecond term, if the number 


of terms be u, in the laſt term its exponent will 
be 1 I. Therefore y = ar"; and yr = 


2-4 = = ar"; and 5 = A) = 22. 80 


11 


that having the firſt term of the tes the num- 


ber of the terms, and the common ratio, you 


may eaſily find the ſum of all the terms. 


If it is ae ſeties whoſe ſum is to be 
Wund, as of y + = = +5 + 5 &c, þ ar | 
gr Ter ＋ a, and * number of the terms be 


ef TG See the Rules WE following Chapter. 
e | ſup- 
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ſuppoſed infinite, then ſhall a, the laſt term, be 
equal to nothing, 1 becauſe u, and conſe- 


quently is infinite, a = = o. The ſum 


of ſuch a ſeries 5 = — ; which 1 is a finite . 


though the number of the terms be infinite. 
IK 2 


Thus ITT TL Lc r 


— \ 


and 15+ 27 ir T Sc . 


eee 


A 


Of EQUATIONS rhat involve only 
one unknown Quantity, | 
N equation is © g propoſition aſſerting 


69. 

g 141 He equality of two quantities. It 
is expreſſed moſt commonly by ſetting down 
the quantities, and placing the ſign (= ) be- 
tween them. 

An equation gives the value of a quantity, 
when that quantity is alone on one ſide of the 
equation: and that value is known, if all thoſe 
that are on the other ſide are known. Thus if 


I find that x = = 5, I have a known va- 


lue of x, Theſe are the laſt concluſions we are 
g N t 
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to ſeek in queſtions to be reſolved ; and if there 
be only one unknown quantity in a given equa- 
tion, and only one dimenſion of it, ſuch a value 
may always be found by the following Rules. 


RULE MF 


$ 70. © Any quantity may be tranſpoſed from one 
Ade of the equation to the other, if You change 
its fign.” 
For to take away a quantity from one ſide, 
e to place it with a contrary ſign on the other 
Gde, is to ſubtract it from both ſides; and it 
is certain, that * when from equal quantities 
you ſubtract the ſame quantity, the remainders 
muſt be equal. | | 
By this Rule, when the known and unknown 
quantities are mixed in an equation, you may 
ſeparate them by bringing all the unknown to 
one ſide, and the known to the other ſide of the 
equation; as in the following Examples. 
_. Suppoſe 5 * + 50 =4x + 56% é » 
By tranſpoſit. 5* 4* = 56 — 50, or & = 6. 
And if 2K TA & +8, 
then 2x * —a, or x = {= 


R UL E II. 


3 71. . „ Any guantity by which the unknown 
_ quantity is maltiplied may be taken away, i if 
you divide all the other a on both fi des 


"of the * A 12 
l N For 
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For that is to divide both ſides of the equa- 
tion by the ſame quantity; and when you divide 
cqual quantities by the ſame quantity, the TB 
tients muſt be — Thus, | 


Af ax , 
85 75 | gy 3 then n a 
n 


: And if 35 + 12 = = 275 
by Rule I, 3* =27 — 12 = 15, | 
- and by Rule * 3 5. 
. Alſo if o ax . 254 2 = Zee, | 
bp Rule 1, ax = 3&0 — 23a, 


and by Rule 2, x A — 25. 


U E ill. 


$72 3. = 7 the unknown quantity is divided by 
any quantity, that quantity may be taken away 
if you multiply all the other. members of tbe 


E 2 it. 5 Thus, | 
| then all 3 * = N 55. 


- then N + 20 = 50, 
and by Rule I,» X 50 — 20 = 30. | 
If 


3 


64 A Tarn n 


17 4 55 24 = 224+ 2 As 


- fehen/ YO =6x + 19, 
by Rule I, 72 — 18 = 6 A, or 54 = 2m 


and by Rule 2, * A = 27. 


By this Rule an Genion, whereof any part is 
a fraction, may be reduced to an equation that 
Hall be expreſſe ed by integers. "If there are 
more fractions than dne in the given equation, 
you may, by reducing them to 8/ common. de- 
nominator, and then multiplying all the other 
terms by HAN ah OW * the calcu- 
_—_ . 1 | 


. -K< 2 ＋ nb 7, 


then e x 7. 


dy this Rule 3x + 5u= 352106, 
and by Rule 1 and a, 4 . = * 


K U IE IW. bn z . 
§ 73. cc If that member of the eaten that f in- 
volves the unknown quantity be a ſurd root, 
then the equation is. to be reduced to another 

that ſhall be free from any ſurd, by bringing 
that member firſt to ſtand atone. upon one ſide of 

. the equation, aud then taking away the radical 
fign from it, and raiſing the other fide of rhe 


. to. the power denominated by the ſurd. 
| Thus 


Thus ift pp pre 16 = 12, 
then 4x ＋ 16 = 1449 
and 4 = = 144 — 16 = 128, 


— 


442 * =. — = 32. 


If v FF — = _ a, 
* = + c 


and 4 = d. 2de Te, 


ee eee 
„ and «„ - 


I + 
"7 — 


— 


Ik ee I a, N 3 
then 4 — bx = &, 
2 
5 and N = 


—_— 6 


"Me © 


RULE v. 


8 74. If that fi de of the equation that con- 

tains the unknown quantity be a complete ſquare, : 
cube, or other power ; then extract the ſquare 

root, cube root, or the root of that power, 

from both ſides of the equation, and thus the 

equation Holl be reduced to one of à lower 

degree.” 


* 


If + 6x þ 9 20, 
then x + 3 = + 205 
and x = "ov. og 

; If 


656 4 reranues v : Part 1, 


If of r =#, 
2 ny be then's | + | I mm 


/ 5 


* 5 

1 8 
and x = — . 

x * + RES. 49 = — 127, 


then x T == a”: 
and x n * 18. 


RULE vi. 


8 Te, XC of proportion may be converted into an 
equation, aſſerting the produf? of the extreme 
terms equal to the produt# of the mean terms; 
or any one of the extremes equal to the produt?. 
of the means divided by the other extreme.” 


Li tt n, | | 
then ta * g . 34 12. . and x= 4. 


Or if 20 - * *: :: 3, 
they 60 ere hene ware. andes. 


3 
OY + 


RULE: VII. 


876. «If any quantity be found. on both W des of | 
the equation with the : ſame ſign prefixt, it may 
be taken away from bolb: Alſo, if all the 
quantities in the. e equation are multiplied or 

divided 


. 
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divided by the ſame quantity, it may be fruch 
out f them all.” T ms 


Ws if;-+=4a+7 . 3 6 ,. and a = 2 
| 855 


If gar I gab S dac.. 3u＋ 5g. and x 
1 . a 816. andg=4, 


RULE VII. 


5 47,3 Infead of any quantity in an e, you 
may ſubſtitute another equal to it, 


Thus, if 3x +y = 3 


| and — 93 
e 
chen 33 +9 = 44 . „ 6 


If 3 ＋ 55 = 120, 
and y = 5x 
then 15x + 5x Ca 20x) = 120, 


120 
and * 30 = 6. 


The further improvement of this Rule ſhall | 
de taught in the following chapter. 


2 


F CHAP, 
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CHAP. XI. 


Of the Solutions of Queſtions that 
Produce ſimple Equations. . 


\IMPLE equations are thoſe ce wherein 
the unknown quantity is only of one di- 
menſion: In the ſolution of which e are to 
obſerve the following directions, 


DIRECTION 'L 


8 78. After forming a diftin® idea of the quef+ 
tion propoſed, the unknown quantities are to be 
expreſſed by letters, and the particulars to be 
tranſlated from the common language into the 
algebraic manner of expreſſing them, that is, 

into ſuch equations as foall -expreſs the rela- 


Hons or properties Ones are - of ſuch quan- 


- Ow. 


Thus, if the ſum of two quantities muſt be 60, 
that condition is expreſſed thus, x + y = 60. 
If their difference muſt be 24, that condition 


W 
| It their product muſt be 1640, then xy = 1640. 


If their quotient muſt be 6, then Ia 6. 
If their proportion is as 3 to 2, then x: :: 32, 


or 2« 393 becauſe the product of the ex- 
tremes 
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tremes is wud to the product of the mean 


DIRECTION II 

& 79. After an equation is formed, if you 

have one unknown quantity only, then, by the 
Rules of the preceding Chapter, bring it to ſtand 
alone on one fide, ſo as to have only known 

quantities on the other fide: ” thus ou ſhall 

s 4 Never 115 value. 


EXAMPLE. 


A perſon being aſked what was his ag, 
| ſwered that 3 of his age multiplied by Ar of his 
age gives a produtt equal to 2 age. Qu. what 
vas his age? - 


It appears lan che queſtion, that if you call 
his age x, then mall > © <= x, 


4 I2 
thik &* — 4 „ 
48 
and by Rule Yo +. 10 = 48, 
and by Rule 75. . . 3x = 48, 


whence by Rule 2, . . * 


DIRECTION UI. 

5 80. F there are two unknown quantities, 

then. there muſt be two equations arifing from 

the conditions of the queſtion: Suppoſe the quan- 

 Pities x and y; find @ value of x or Y, from. 
8 - each 
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each of the equations, and then by putting theſe 
| two values equal to each other, there will ariſe 
a new equation involving one unknown quan- 


tity ; which muſt be reduced 2 the Rules of the 
former Chapter. 


EXAMPLE I. 
| Let the ſum of two quantities be 5, and their 
difference d. Let s and d be given, and let it bs 


required to find the quantities themſelves. Sup- 


| Poſe them to be x and 95 Rs by the ſuppo · 
tion, | 


„ 


hence} 7 833 
N * =d +y 
mes -I= fog 


EXAMPLE U. 


| Tet it be required to find two numbers whoſe 
55 ſum i is , and their proportion as a to b | tt the 
numbers be * and Jr then xo 


445 


\, 
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EXAMPLE III. 

A privateer running at the rate of 10 miles an 
bour, diſcovers a ſhip 18 miles off making way at 
the rate of $ miles an hour: It is demanded how 
many miles the foip c. can run before ſhe be over- 
taten? 


Let the number of miles the ſhip can run 
before ſhe be overtaken be called x; and the 
number of miles the privateer muſt run before 
ſhe come up with the ps be 9; then ſhall 
(by Supp.) ....9 g + 18....andx:y::8:10. 


whence 10* . . * ends 6 
LT Eqs: Whence 


8 
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Whence y —18 ==, andy =90...x=y—18 
Sa; 

To find the time, tt if 3 miles; give 1 hour; 
72 miles will give 9 hours. Thus, 8: 1:: 72:9. 
EXAMPLE IV. 
| Suppoſe the diſtance between London and Edin- 
burgh 10 be 360 miles, and that a courier ſets out 
From Edinburgh running. at the rate of 10 miles 
an hour ; another ſets out at the fame time from 
London, and runs 8 miles an hour. It is re- 
quired to know where they will meet ? Suppoſe 
the courier that ſets out from Edinburgh runs » 
omg and the other 9 miles before * meet; 

then „ 


we ted 


* 360 5 = = 200. 
ENI MPLE. 5 Aa 
Th 20 Wo” di iſcourſng of their revenues, 1605 


4, n wy bim 4 peſt be has of 25 1. a 
Dear, 


\ 
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year, their revenues would be equal; Fays B, if A 
would give him a place he holds of 221. per an- 
num; ibe revenue of B would be double that of A. 
Qu. their revenues ? 
Loet the revenue of A. be called x *, that of B, ; 
y; then, 


* +25= J— 25 
| by ſupp. Jy + 22.=-2% — 44 


y= * +25 + 258 + 50 
Y = 2x 44 22 f 2x — 66 
2x — 66 = *# +50 

x 66 + 50 = 116 

b 2 © 2h rr ery ug 


EXAMPL E VI. 
A gentleman diſtributing money among 1 Poor 
people, found be wanted 108. to be able to give 58. 
10 each; therefore he gives each 48. only, and 
finds that he has 58. left. Qu. 1 be her of 
ſhillings and poor people? | 
Call the number of the- poor v. and he num- 
ber of ſhillings y; then,” 


by ſupp. 17 . 9 * 


9 2 GH 1 
„ = A 
5 * — 10 4 + * 
Sx — 4x = . 
s By 
2 Ax ＋ 5 = 65. 
„ Ex- 


74 
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EXAMPLE VII. | 
Two merchants were copartners; the ſum of their 
Bock was zool. One of their flocks continued in 
company 11 months; but the other drew out his 
fuck in 9 months; when they made up their. ac- 
counts they divided the gain equally, Qu. What 
was each man's ock? Suppoſe the ſtock of the 
firſt to be x, and the ſtock an the other to be y; 
_— — 


by fupp. 7 > 


| 2 8 = * 


N . 
W 3 | 


$== Wha Oe N 7 5 38. 


1 VIII. 8 
There are tuo numbers whoſe, um is the 6th . 
ob of their product, and the greater is to the leſſer 
as' 3 tu 2. Qu. What ure 2 numbers? Call | 
them & and y; then, 


= 6.6 = 
ſupp. | i — 6 WY 


183 2 129 = n, 
e 5 = oo | 
yx 2464 =6y - * et | 
561 Xu = * „ 7 = 2 10 
* * = 2 3 | 
. DIREC- 


DIRECTION IV. 


$81. © When in one of the given equations, the 
unknown quantity is of one dimenſion, and in 
the other of a higher dimenſion ; you muſt find 
4 valuè of the unknown quantity from that 
' equation where it is of one dimenſion, and then 
raiſe that value to the power of the unknown 
quantity in the other equation ; and by com- 
paring it, ſo involved, with the value you de- 
duce from that other equation, you ſhall obtain 
| gn. equation that will have only one unknown 
quantity, and its powers.” 

That is, when you have two equations of 
different dimenſions, if you cannot reduce the 
higher to the ſame dimenſion with the lower, 
you muſt raiſe the lower to che ſame dimenſion 
with the higher. | | 


EXAMPLE * 


The ſum of 2200 quantities, and the difference of 
their ſquares, being given, to find the quantities, 
Suppoſe them to be x andy, their ſum.s, and the 
difference of their ſquares 4. Then, 


15 * 08 | | 
„ „ 
= NJ =4S 
Bs = —25y + 5 e 


= 4A ＋ * | ix = au FSI is: 


4 + . =f—25y T* 
4 = f —25y, whence * 


56 4 rasa ar. 


12 EXAMPLE. . . 


Tes tbe proportion of Ro numbers 5 the ſum 

of their ſquares be given, and let it he required to 

Nd the numbers themſelves. Suppoſe t their pro- 

portion to be the ſame as that of @ to B, and 
let the ſum of their ſquares, be fa that i ** let 


whence Cc _— — Wo f 4%, 12 4 
eee 
#. 


EXAMPLE XI. 


Lt the proportion of ro numbers be that of 
4 ld B, and the difference of their cubes be d. 
Qu. What are the numbers? Then 


b E eee a 


Gf xd 5 2 


DIRECTION Vs 


$. 82. $e: If there are three unknown quantities, 

« there muſt be three equations. in order to deter- 
mine them, by comparing which you may, in 
all caſes, find two. .equations involving only 

to unknown quantities; and then, by Direc- 

tion 3. from theſe two yu may deduce an 
equation involving only one unknown quantity 

' wwhich may be 1 ” oy _ 10 tbe * 
eee 9 E | : 


From three equations 13 any three 
anner quantities, x, y, and , to deduce two 
equations 


** "a 
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equations involving only two unknown quan- 
tities, the following Rule will always ſerve. 


. . 

t Find three values of x from the three given 
equations ; then, by comparing the firſt and ſe- 
cond value, you will find an equation involving 
only y and 2; again, by comparing the firſt and 
third, you will find another equation involving 
only y and 2; and laſtly, thoſe equations are 
to be reſolved by Direction 3. | 


EXAMPLE XII. 


| Suppoſe 1 
x+ 3+ 22 12 
x + 25 + 32 20 
io VE IP — 
. 


* 


y 112 — — | 27 iſt 7 
XJ 20—239—32t 2d 4 
co Ws | e 
8 1 123 > 
S by 4 3 30 


— —e— 
| Li * 


x 


38 = 18 — 2 2 
Theſe" two laſt nde involve vals 3 had | 
z, and are to be e, by Direction 3, as 
: 2 „ a 


O 


„F 
* 


= » 
1 * 
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. 
1 ＋ 22 8 | 


eee Tl A 
I2= 3 +42. 
_  8—22.. iſt value 
* 12 —42.. 2d value 


8 — 22 = 12 — 42 
22.= 12-4 4 

and 2 = 2 | 
„ 
„(= 12 —y—2) 6. 


8 83. This method is general, and will ex- 
tend to all equations that involve three un- 
known quantities: but there are often eaſier 
and ſhorter methods to deduce, an equation 

involving one unknown quantity only; which 
will be beſt learned by practice, . 


EXAMPLE XIII. 


* ＋ 5 222 26 
Suppoſing qx —y =4 


X— 2 2 6 


—< 


by addition zx = 36 
* = == 12 
127 


N E Xe 
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= 3 


'b EXAMPLE XIV. 

. x ＋ 5 2 4 
Suppolingy x +2. = 

r 


* 4 — 95 
n 
1 ＋ 5 C:; 


22=b + c—& 
1 b + c—a 


ho 
c 


l l — 


4 = 
5 _c+a—b 
7 e i Lb 


5 eee 


$ $4. It IS 8 from the 30 and 58 
Directions, in what manner you are to work if 
there are four, or more, unknown quantities, 
and four, or more, equations given. By com- 
paring the given equations, you may always at 
length diſcover an equation involving only one 
unknown quantity; which, if it is a ſimple 
equation, may always be reſolved by the Rules 
of the laſt Chapter. We may conclude then, 
that When there are as many ſimple equa- 
tions given as quantities required, theſe quan- 
tities may be diſcovered by the application of 
the "pes Rules.” 


— 
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8 85. If indeed there are more quantities 
required than equations given, then the queſ— 
tion is not limited to determinate quantities; 
but is capable of an infinite number of ſolu- 
tions.” And, © If there are more equations 
given than there are quantities required, it may 
be impoſſible to find the quantities that will 
anſwer the conditions of the queſtion ; ” be- 
cauſe ſome of theſe cqnditions N be incon- 
ſiſtent with others. 


TTC 
e -B. . XIF 


Containing ſome General Theoreme 
for the exterminating unknown 
Quantities in given Equations. 


N the following 7 heorems, we call thoſe co- 
efficients of the c /ame order that are pre- 
fixt to the ſame unknown quantiries in the dif- 
ferent equations. Thus, in Theor. 2, a, d, g, 
are of the ſame order, being the coefficients of 
x 2 al co , e, H, are of the ſame order, being 
the coefficients of y: and thoſe are of the ſame 
order that affect no unknown quantity. 
But thoſe are called © oppoſite” coefficients 
that are taken each from a different equation, 
and 


——ä— — — — > Ae 
— — — * — 


= 
— —— — 


. ̃ĩ˙ —ꝛ Wt” YA. FOOT O_—_ 


3 
— x v2w wares 


— 


. ho pp nb oe . 
— — OS." 
re + 


_ —— 


- from the ad; 8 * 


5 therefore 2 28 and d- dy = 75 . 
f 5 * acy- dba =af ed 


— ae 
o 
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and from a different order of coefficients: As, 


a, e, and d, 6, in the firſt Theorem; and 


a, e, k, in the Wend; alſo 45 b, F; and 
d, 5, &, 58 


THEOREM I. 
§ 86. 986080608 that two equations are given, 


involving two unknown quantities, as 


Fax + by =c 
we Ph + ex =f 


then ſhall * = oft TOR 
Where the numerator is the difference of the 
products of the oppoſite eoefficients in the or- 
ders in which y is not found, and the dena- 
minator is the difference of the products of the 


oppoſite coefficients taken from the orders 
that involve the two unknown quantities, 


For from the firſt equation, it is mo that 
as = -.. and æ = = 


2 


_ opp. 3* + By — 


. PPTP b Ot os CN 
PE oO pp oo. > 
es 


2 
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41 eee 
5 + 75 = 160 


5 * 80 3 X 100 2 1 5 
1 


* * 


EXAMPLE II. 


Eax + 85 90 
3 4 27 160 


— 


2 _ b40—270"_ 370 _ _. | 
= 4 X—=2—23x8 © —8—24 _—— 11 $6 


THEOREM II. 


8 97. Suppoſe how that there are thfee un- 
known quantities and three equations, then call 
the unknown quantities x, y, and 3. 


5 Fax + by + cz = m 
Th 


dx ＋ ey + fs = u 
gx + by + kz =p. 


ae . + gn em 

Then ſhall © 25 2 — abf + Abc — 5577 + = . 
Where the numerator conſiſts of all the dif- 
ferent products that can be made of three oppo- 
ſite coefficients taken from the orders in which 
⁊ is not found; and the denominator conſiſts of 


all the auen that can be made of the three 
1 oppoſite 


— 


——— —— — 2323 2 Ve PL — 2 — = 
— — — . . * - — 
—— — — — — - < =" — . — — 
* — —A > — "Es 


— 


— r 
. Ras 
— —E—b—ä— — , _— — — —— — 


a 
e 


4 
1 
14 
. 
14 
[+ 
4 0 
4 
1 1 
. 
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oppoſite coefficients taken from the orders that 
involve the three unknown quantities. For, 
from the laſt it appears, that 
an—afz—dm+ det 
4 ae—db ö 
4-4 12 — gn + gez 
3 2 adm gb. = 
en — afs — dm + d af — akz— gm + get 4 
ae — db ah — gb 4 
an—afz—am ＋ 4 dAcx & 25—g0 X an—af2 + 
gbam—gbdez =ap —gm—akZz+geRzX ae. 
db x ap — 4E + gbam —gbacs. 

Take gbdm — gbdetz from both ſides, and 
divide by a, ſo ſhall 
an— am —afz = Ic X b—gbn 77>" = 
ap—gm—akz+gczXe—dbp+ dbtkz. 
Tranſpoſe and divide, ſo ſhall you find 
aeh — ahn + dhm = dbp + gen — gem | 
9 dhe — TED "The 
values of x and y art found after the ſame man- 
ner, and have the ſame denominator, Ex. gr. 

— afp — atn dn — dep + gen —gfm 
4 ack —abf+ d hc A + gbf— gee” 

If any term is wanting in any of the three 
given equations, the values of à and y will be 
found more ſimple. Suppoſe, for example, that 
Fand & are equal to nothing, then the term fz 
will vaniſh in the ſecond equation, and &z in the 


1 ö abc —gec 


-, and that 


; therefore 


2 


gen - dep 


e ox 9 


I 


r nn het en; . 2 
3 - Nos 8 2 F 
© 1 of 8 — 


E * LS, a . ry 
8 2 EEE 
F . a . DER oo 
2222 LIES 
2 r * „ — N 


— I N IL * C Ca, 
ISR 8 8 - 3 
ME ns 


xr 
"oO ont 


4 5A = 5 5 2 
FT 
* wh = 7 3 2 8 eb 8 * 
„ 6 SIR 
n 20 © 5 
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If four eee are given, involving four 


1 Nan, after the ſame manner, by taking all the 


products that can be made of four oppoſite 

coefficients, and always prefixing contrary ſigns 
to thoſe that involve the products of two oppo- 
ſite e e 


chbcbob Kerbe rere fork darkchet e c rache 
Of Quadratic EQUATIONS. 


$ 838. TN the ſolution of any queſtion where 

you have got an equation that in- 
volves one unknown quantity, but involves at 
the ſame time the ſquare of that quantity, and 
the product of it multiplied by ſome known 
quantity, then you have what is called a Qua- 
dratic equation ; which may be reſolved by the 


following 

= UH © 

1. 7. ranſport all the terms that involve the un- 
known quantity to one fide, and the known terms 

to the other ſide of the equation. 

2. If the ſquare of the unknown quantity is mul- 
tiplied by any coefficient, you are to divide all 
the terms by that coefficient, that the gefficient 

0 2 of 
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e the ſquare of the unknown raue may be 
unit. 

Z. Add to both fi Jes the ſquare of half the coe f- 
ficient prefixed to the unknown quantity itſelf, 

and the fide of the equation that involves the 

unknown quantity will ' then be a complete 
ſquare. 

4. Extract the ſquare root from both ſides of the 
equation ; which you will find, on one fide, al- 
ways to be the unknown quantity with balf 
the foreſaid coefficient joined to it; ſo that 
by tranſpoſing this half you may obtain the va- 
lue of the unknown quantity proſe i in known 
ferms.” Thus, 


Suppoſe y* A 4 . 
Add the ſquare of — * 
to both ſides | 4 


Excrat the root y + 2 — 4 . . 


Tranſpoſe a 27 2 ma * * 5 — 5 


8 89. The W root of any quantity, as 
+ aa, may be + 4, or — a; and hence, „All 
_ quadratic equations admit of two ſolutions.” 


In * Tar . after finding that * * 
ey $75 _ g I 5 it may be inferred that | 


: +2= — < or to —; ſince 


— 


chf ig. AL OR BRA. 8 
— 3 77 * © gives 4. 5 


well as + + b + + 2 NE 15 
are therefore two value of y; hs one gives 


= ＋ + - my 2 the other 


a® 


„FF.. 
+ Fi * ES F Eb 


8 90. Since the ſquares of all quantities are 
poſitive, it is plain that « The ſquare root of a 
negative. quantity is imaginary, and cannot be 
aſſigned. Therefore there are ſome quadratic 
equations that cannot have any ſolution. For 
example, 


Suppoſe y*—ay + 4 e 
then y* "DU Fry 34; 


17 
add to boch. 22 3454 += — 
extract the h * bt => = 
and y== + : 


whence the two values 7 'y muſt be i imaginary or 
impoſſible, becauſe the root of — = cannot 


_ poſſibly be aſſigned. 
But of this we ſhall treat more fully i in the _ 


Second Part. £7 
G3 Suppoſe 
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Suppoſe that the quadratic equation e 
to be reſolved is 5 — ay = 8 
5 then * —03 5 . 


If the ſquare root of 5 += cannot be extracted 
exactly, you muſt, in order to determine the 
value of By nearly approximate to the value of 
* 3 +5 , by the Rules i in Chap. 8. The fol- 


| Wing 'exumples will illuſtrate the Bulle. fo 
GE equations, | 


EXAMPLE 1. 5 


Ts fad that number, which if you 755 "a 

8, tbe, produd ſhall be equal 10 the Jquare of the 
Same number, having 12 added to it, 
| Call the number y; then 

II 2% 

tranſp. 7 — 85 =— 12, 
Add the ſq. of 4, — 8) +16=— 12+ 16 Z=4z 
YT the root, y — 4 = * 2, 


tranſpoſe, 1.5453 = #0 or 4. 


ce 


FE X+ 
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- EXAMPLE II. 

To find a number ſuch that if you ſubtract it 
from 10, and multiply the remainder by the num- 


ber itſelf, the product ſhall give 21. 
Call ity; Wen- -- - - 


10 .—yXy= 21, 
that is, 10% — yy = 213; 
tranſpoſe, y*— 105 = — 21. | 
add the ſq. of 100 +25 =— 21 $25=4, 
extrethedq; root, y— 5 = + VT PA emo 25 
andy = 5 * — 2 27, 04s: 


E X AN PE-1E--HI: 5 
The ſum of two quantities is a, their Noe b. 
Qu. What are the quantities? 
? * +) 4. .. then æ = amy, 


. 
9 0 
therefore a _y = > 
: and ay — 2 33 
tranſp. 57 n 
add T . — 8 ac 
„ 
andy = 2 4 V 2 
| e 1 
1( 4 9 == V=3 ＋＋ 2. 


EXAMPLE IV. 
755. ſum of two quantities is a, and tht ſum of 
their JOE 3. Qu.. the quantities? 
x ＋ 5 24. . then x =#—3, 
USL EF ont S —Y, 
invol. f=&# — 299 * 
whence 4 — 245 + y* =þ —-5*; 
tranſp. 7 — 47, 


Suppoſe 


LE 


and 5— a* 


ro Rn ONE . $a Ee Was " 6 ref . r eee e 2 8 
nn 4 * 5 SSD * 8 8 n 8 6 : -*% 1 . N = . 
BR SN Eee nn ee LE > en n U ͤ . eas 
5 WW ; 4 od JE. FS ARG: Sol 8 . poo Wee = cons FF n 
K _— * ST oo $5 1 p > I 3 2 Ty «7 <= a l 

75 JJ c nn OD 
0 \ = oe Fd Ne”, — ? 7 k _ l \ 

a 4 8 3 = X y nr 3 A ay 


divi 0 * — 2 => — 7 3 
| ro edit No * 3—4˙ an || 2b —at 
add © _ * — + —=—-= 
PE PEST TIES.” 4 
3 26 — a* a 
extr. . y — 2 2 * — and y = = 
2b—a e 722 
Or thong == 26 andy =25 — 
; CE AS» 3 * * 


EXAMPLE V. 


A company dining together in au inn, is their 
Hill amounted to 175 ſhillings ; two of them were 
not allowed to pay, and the reſt found that their 
ſhares amounted to 10s. a man more than if all 
bad paid. Qu. How many were in company ? 
Suppoſe their number x; then if all had paid, 


each man's ſhare wopld have -been . ſeeing 


1 — 2 is the number of thoſe that pay. Ic i is 
5 by the queſtion, | 


175 
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2 * 0, MP 


x — 2 | 
and 175X% — 175% + 350 S loox — 20x; 
that is, 10* — 20x = 350, 
and — 2x = 353 
add 1. — 2 1 2 =35 ＋ 1 56 
extr. SW Di ers, 
neee e 
It is obvious that the poſitive value 7 gives 
the ſolution of the queſtion; the negative va- 
lue — 5 being, in the preſent caſe, uſeleſs, 


- - a> . » 5 
n n xo 
r 3 rr 
8 5 5 
„ 1 K 7 : "ws, 


EXAMPLE _ VI, 


There are three aumberi'th continual geometrical 
proportion; the ſum of the firſt and ſecond is 10, 
and the difference of the Jane; and 3d is 24. 
Qu. the numbers? 


Let the firſt be , and the ſecond will be 
10 — x, and the third 34 — x; therefore, 
NLO - :: 10 — *: 3 
and 34* — * = 100 — 20x + x* 
tranſp. (54x = 100 + 2%, ; 
and divid. 1 * — 27x = — 50, _ 05 


add LN . .. . N27 2 = Dy 3 


. 
r . 3 
TTT 


r 


ena . —L = + y 222 7 = +22, 


and , or = 23 — 2g, or 2. 
— 5 80 
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So the three continued proportionals are 
2:8: 32, or 


LYON! woe” wh: 338 "TI 9 


\ 


8 91. „A equation 2 this n e 2 2 TY 
where the greateſt index of the unknown quan- 
tity y is double to the index of y in the other 
term, may be reduced to a quadratie:z*+az=4, 

by putting K, and conſequently. 9%” = g 
And this quadratic reſolyed as above, gives 


E 
15 . 
d 7 


And wing => = 7 4 5 


ds * V. 


EXAMPLE L 


7 be product of tive. quantities is a, and the Ss 
* of their Squares 5. Qu. the quantities ? 


xy =4 ors S A = 
yy = — £090 I. — * 
** Ps bt =b oy, 


| whence b —y 1 5 


Supp. 


mult. by = by — 9 = | 
tranſp. y I 3 4g 
Put now = .. and conequent A., 
and it is 


; 2 — 
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2* — 5 e 


| 3 8 
a0 5 4. — e 
122 3 "1 
e _ ED ©; 4. | 


and z = = —= Ee; and, n WE 


EXAMPLE II. 


7 0 P30 a aber from the cube of which 7 you 
ubtratt ig, and multiply the remainder by that 
cube, the Product ſhall be 2 16. 


Call the number required „ and then, by 
the . 


— — — 


* — 19 * = =: 216, 
&* — 19 2 216. 
Put . Kl.. = x, and it will be 


6 
2 „ ar. 


4 
whence 2 = To = 27, or = — 8, 
But x di wherefore x S + 3,0r — 2. 


* 
— n N 7 
RES - CORSET, \ p 6 . 
2 3 r 8 2 0 AY ** 8 
f A 1 s You 2 7 FO ods, r n . 
r : % c JEET fb 
8 8 = - TY F 5 * = * 3 r 30 Wa. 
77 _—_— * r r hr 2 2 
* "amr i WG ER SHS 7 ͤ Wo Bc Gena ep 
CO SOME 2 8 e 


E X- 


__ 
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/ 


E X A M P L E III. 
75 o find the value of 1 jor "g 4 that * — 


7. = . 0 
gy” Put 1 * = 2, 0 * * a 
then 2. — 72 ws 


FOOTE 


7 
0 2 


" Hh 
7 


2 =8 | 
i prope = Z', and & = Vr. = eee = 4+ 


eee 


CH A P. XIV. 
Of SURDs. 


$ 92. IF a leſs quantity meaſures a greater ſo 
as to leave no remainder, as 24 mea- 
fron 10 4, being found in it five times, it is 
faid to be an aliquot part of it, and the greater 
is ſaid to be a multiple of the leſs. The leſs 
quantity in this caſe is the greateſt common mea- 
ſure of the two quantities; for as it meaſures the 
greater, ſo it alſo meaſures itſelf, and no quan- 
tity can meaſure it that is greater than itſelf. 
When a third quantity meaſures any two 
_ propoſed quantit es, as 24 meaſures 64 and 
| | 10 4, 


. ALESIS) n I: 3 3 . - * 8 3 * the, WE: 8 1 . 4 
a Toy Her en Ago TY 24:40 IG M4 D r e I oo 977 GY , . d i 
r 5 9 8 8 . ff * rr OD A EIN FFT PPT. RS SYS * 8 1 . 8 b 
rity 5 4 5 N * 9 
a on end rods" r EROS en out nia dE 2 r . n GIN PCC 
v * 4 ens = . 905 5 . 5 it : > SET * — - ' y . < * ba N * by: TORN N 4 MER pi > 2 * . Xo A * 2 8 ac > *W \ 2>= 8 CY I ne * "af 2 
2 r . E bet . 1 l 21 ö 2 f * * =_ REES > HERS nw Gard «4 n r K 2 Pun LO 
; 0 8 wy n * £ "7 8 1 5 4 ws Jas 4 AF ML 5 E 2 =>." > wa — — 
X <p nn PFF e *. 3 = r 2 R SAR : PE es Wo 7 | 
3 — ; Ds Re 8 9 5 N 8 2 5 bb. 2 2 5 SY = 8 . 3 . — n tg \ 
2 _ — — ä ag _ : N 8 2 3 2 ue 2 72 n * " IE ond N =, 8 8 7 3 ES WY 7 8 * 
* 5 n 2 n 202 1 q £7 © ® — * * . = G5. \ 
— 6 = AO _—y » . = © | "af "lied - = 
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10 4, it is ſaid to be a common meaſure of theſe 
qu uantities; and if no greater quantity meaſure 
them both, it is called cheit greateſt common 
meaſure. 1 

Thoſe quantities are ſaid to be commenſurable 
which have any common meaſure; but if there 
can be no quantity found that meaſures them 
both, they are ſaid to be incommenſurable; and 
if any one quantity be called rational, all others 
that have any common meaſure with it, are alſo 
called rational: But thoſe that have no com- 
mon meaſure with it, are called irrational 
quantities. 

§ 93. If any two quantities a and b have any 
common meaſure x, this quantity & ſhalt alſo 
meaſure their fum and difference a ꝙ h. Let 
x be found in @ as many times as unit is found 
in m, ſo that à = mx; and in 5, as many times 
as unit is found in », fo that }=xx; then 
ſhall à b=mx ꝙ nx = mn u X x; fo that x 
ſhall be found in 4 ꝙ 5, as often as unit is 
found in n. Now ſince n and are integer 
numbers, n F n muſt be an integer number or 
unit, and therefore x muſt meaſure a + b. 

994. It is alſo evident, that if x meaſure 
any number as a, it muſt meaſure any multiple 
of that number. If it be found in @ as many 
times as unit is found in m, ſo that a=mx; 
then it will be found in any multiple of 2, as 


ua, as many times as unit is found in mn; for 
2G =mux, 


9 95+ 
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8 954 If two quantities a and h̊ are propoſed, 
and & meaſure à by the units that are in ; (that 
is, be found in # as many times as unit iy found 
in m) and there be a” remainder c; and if x be 
fuppoſed to be a common meaſure of à and 
3, it ſhall be alſo a meaſure of c. For by the 
ſuppoſition 4 = mb + e, ſince it contains & as 


| many. times as there are units in , and there 


is c beſides remaining; therefore 4 — mb = c, 
Now x is ſuppoſed to meaſure à and &, and 


therefore it meaſures mb (Art. 94) and con- 


ſequently 4 — mb.(Art. 93). which is-equal 


to c. | 
If e meaſures 3 by the units in , and there be 


2 remainder d, ſo that Y uc +d, and O Luc = 4d; 


then ſhall x alſo meafure 4; becauſe it is ſup- 
poſed to meaſure h;, and it has been proved that 


it meaſures c, and conſequently nc, and þ— ut 


(by Art. ga) which is equal to d, Whence, as 
after ſubtracting 2 as often as poſſible from a, 
the remainder c is meaſured by x; and after 
ſubtracting c as often as poſſible from 5, the re- 
mainder 4 is alſo meaſured by x; fo, for the 
ſame reaſon, if you ſubtract 4 as often as poſ- 
ſible from c, the remainder (if there be any) 
muſt ſtill be meaſured by x: and if you pro- 
ceed, ſtill ſubtracting every remainder from the 


preceding remainder, till you find ſome re- 
mainder which ſubtracted from the preceding 


leaves no further remainder, but r mea- 
7 „ ae ured 


N 8 8 85 8 ö 8 
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fares it, this laſt remainder will ſtill be mea- 


 fured by x, any common meaſure of @ and 5;. 


$ 96. The laſt of theſe remainders, via, that 
which exactly meaſures the preceding remain- 
der, muſt be a common meaſure of 4 and þ 5 
fappofe that 4 was this laſt remainder, and that 
it meaſured e by the units in 7, then ſhall ea, 
ind we ſhall have theſe equations, 


; = mb + c, 
1 ne + 4. 
c= 1d. 


Now it is plain that ſince 4 meaſures c, it 
mut alſo meaſure c, and therefore muſt mea- 
ſure nc + d, or 5. And ſince it meaſures & and 


e, it muſt meaſure #4 + c, or az ſo that it muſt 


be a common meaſure of à and 5. But further, 
it muſt be their greateſt common meaſure; for 


every common meaſure of à and h muſt mea- 


ſure 4, by the laſt article; and the greateſt 
number that meaſures 4, is itſelf, which there- 
fore is the greateſt common meaſure of 4 
and 5. 

$ 97. But if, by continually ſubtracting every 
remainder from the preceding remainder, you 
can never find one that meaſures that which 


precedes it, exactly, no quantity can be found 


that will meaſure both à and 5; and therefore 


they will be incommenſurable to each other. 


For if there was any common meaſure of theſe 


Juantities, as æ, it would neceſſarily meaſure 


all 
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all the remainders c, 4, &c. For it would 
meaſute a m b, or c, and conſequently 2-1. 
or d; and ſo on. Now theſe remainders de- 
creaſe in ſuch a manner, that they will neceſſa- 
rily become at length leſs than x, or any aſſign- 
able quantity + for c muſt be leſs than 2a, be- 
cauſe c is leſs than i, and therefore leſs dan mb, 
| and conſequently leſs than Zc + £mb, or 74. In 

like manner 4 muſt be leſs than = 3, for di is leſs 
than c, and conſequently leſs than Z4+ Znc, or 
Zb. The third remainder, in the ſame manner; 
muſt be leſs than z c, which is itſelf leſs than Z 4. 
thus theſe remainders decreaſe ſo, that every 
one is lefs than the half of that which preceded 
it next but one. Now if from any quantity you 
take away more than its half, and from the 
remainder more than its half, and proceed in 
this manner, you will come at a remainder leſs 
(Euclid Lem. 1 Book 12) than any aſſignable 
quantity. It appears therefore that if the re- 
mainders c, d, &c, never end, they will become 
teſs than any aſſignable quantity, as x, which 
therefore cannot poſſibly meaſure them, and 
therefore cannot be a common meaſure of 4 
and 5. 

$ 98. In the ſame way, the g greateſt common 
meaſure of two numbers is diſcovered; Unit 
is a common meaſure of all integer numbers, 
and two numbers are ſaid to be prime to each 
other, when they have no greater common mea- 


ſure than unit; ſuch as 9g and 25. Such always 
| | are 
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are the leaſt numbers that can be aſſumed in 
any glven proportion; for if theſe had any 


common meaſure, then the quotients that would 
ariſe by dividing them by that common mea- 


ſure would be in the ſame proportion, and be- 


ing leſs than the numbers themſelves, theſe 
numbers would not be the leaſt in the ſame 
progres! ; againſt the ſuppoſition, 

$ 99. The leaſt numbers in any proportion 
always meaſure any other numbers that are in 
the ſame proportion. Suppoſe 2 and 5 to be 
the leaſt of all integer numbers in the ſame 
proportion, and that c and d are other numbers 
in that proportion, then will 4 meaſure C, and 
þ meaſure d. 8 

For if à and & are not aliquot parts of c and 
4, then they muſt contain the ſame number of 
the ſame kind of parts of c and 4, and therefore 
dividing @ into parts of c, and 5 into an equal 


number of like parts of 4, and calling one of 


the firſt n, and one of the latter ꝝ; then as 
is to u, ſo will the ſum of all the us be to the 
ſom of all the zs; that is, : 1:1 4: 53 

therefore 2 and þ will not be the leaſt in the ſang 
proportion ; againſt the ſuppolition, Therefore 
a and 4 muſt be aliquot parts of c and 4. Hence 
we ſee that numbers which are prime to each 


other are the leaſt in the ſame proportion ; for 


if there were others in the ſame proportion leſs 


than them, theſe would meaſure them by the 


H ' Jams 


— 
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ſame number, which therefore would be their 
common meaſure, againſt the ſuppoſition, for 
we ſuppoſed them to be prime to each other. 

$ 100. If two numbers à and 5 are prime to 
one another, and a third number c meaſures one 
of them a, it will be prime to the other 5. For 
if c and 5 were not prime to each other, they 
would have a common meaſure, which becauſe 
it would meaſure c, would alſo meaſure a, which 
is meaſured by c; therefore à and 4 would have 
a common meaſure, againſt the ſuppoſition. 

8 1or. If two numbers @ and & are prime to 
e, then ſhall their product 45 be alſo prime to c: 
For if you ſuppoſe them to have any common 
meaſure as d, and ſuppoſe that 4 meaſures ab 
by the units in e, ſo that de = ab, then ſhall 
d: a: : b: e. But ſince d meaſures c, and c is 
ſuppoſed to be prime to a, it follows (by Art. 

' 100) that 4 and a are prime to each other; and 
therefore (by Art. 99) d muſt meaſure 4; and 
yet ſince 4 is ſuppoſed to meaſure c, which is | 
prime to b, it follows that 4 is alſo prime to 5: 
that is, d is prime to a number which it mea- 
ſures, which is abſurd. | | 

$ 102. It follows from the laſt als that 
if a and c are prime to each other, then 4 will 
be prime to c: For by ſuppoſing that @ is equal 
to 5, then ab will be equal to @*; and conſe- 
quently 4 will be prime to c. In the ſame 
manner will be prime to 2. . 
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8 103. If two numbers 4 and 3, are both 
prime to two other c, d, then ſhal] the product 
ab be prime to the product cd; for (by Art. 
101) a+ will be prime to c and alſo to d, and 
therefore, by the 1 article, cd will be prime 
to ab. 

$ 104. From this it follows, that if 4 and c 
are prime to each other, then ſhall a* be prime 
do c, by ſuppoſing, in the laſt, that @ = b, and 
pine 4. It is alſo evident that ai will be prime 
to c, and in general any power of 4 to any 
power of c whatſoever, 

$ 105. Any two numbers, 4 and , being 
given, to find the leaſt numbers that are in the 

ſame proportion with them, divide them by their 
greateſt common meaſure x, and the quotients c and 
A4. ſball be the leaſt numbers in the ſame n 
with a and b. 

For if there could he any other numbers in 
that proportion leſs than c and 4, ſuppoſe them 
to be e and 7, and theſe, being in the ſame pro- 

portion as @ and , would meaſure them: And 
the number by which they would meaſure 
them, would be greater than x, becauſe e and F 
are ſuppaſed leſs than & and d, ſo that x would 
not be the greateſt common meaſure of @ and 
6; againſt the ſuppoſition. 

9 106. Let it be required to find the leaſt 
number that any two given numbers, as à and 
6, can meaſure. Firſt, if they are prime to each 

| H 2 other; 
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other, then their product ab is the leaſt number 
which, they can both meaſure. 

For if they could meaſure a leſs number than 
ab, as c, ſuppoſe that c is equal to ma, and to 
ab; and ſince c is leſs than 235, therefore ma 
will be leſs than a4, and n leſs than &; and 25 
being leſs than 24, it follows that » muſt be 
leſs than a; but ſince ma = nb, and conſe- 
quently a: :: : mn, and @ and bare prime to 
each other, it would follow that à would mea- 
ſure u, and + meaſure m; that is, a greater num- 
ber would meaſure a leſs, which is abſurd, ' 
But if the numbers à and þ are not prime to 

each other, and their greateſt common meaſure 
is x, which meaſures a by the units in , and 
meaſures'h by the units in , ſo that a mx, and 
2 =nx; then thall an (which. is equal to bm, 
becauſe a: G: : x: ux: : n: u, and there- 
fore ay = bm) be the leaſt number that a and 
can both meaſure. For if they could meaſure 
any number c leſs than za, fo that c g la I, 
then 4: b: n n: K :I; and becauſe x is 
ſuppoſed to be the greateſt common meaſure of 
' and 3, it follows that and are the leaſt of 
all numbers in the ſame proportion, and there- 
fore m meaſures k, and n meaſures /. But as c 
is ſuppoſed to be leſs than za, that is, Ia leſs 
than ua, therefore J is leſs than , ſo that a 

greater would meaſure a leſs, which is abſurd. 
Therefore 4 and þ cannot meaſure any number 
; leſs 
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leſs than na; which they both meaſure; be- 
cauſe ua = mb, 

It follows from this reaſoning, that if a and 
þ meaſure any quantity c, the leaſt quantity za, 
which is meaſured by à and 5, will alſo mea- 
ſure c. For if you ſuppoſe as before that c=1a, 
you will find that » muſt meaſure h and n 


muſt, meaſure la or c. 
F107. Let aexpreſs any integer number, and 


= any fraction reduced to its loweſt terms, ſo 
that n and x may be prime to each other, and 
conſequently an m alſo prime to 2, it will 
follow that an + in will be prime to *, and 


conſequently — — will be a fraction! in its leaſt 


terms, and can never be equal to an integer 
number. Therefore the ſquare of the mixt num- 


1 5 | | 
ber a + 7 is ſtill a mixt number, and never 


an integer. In the ſame manner the cube, bi- 
quadrate, or any power of a mixt number, is 
ſtill a mixt number, and never an integer. It 
follows from this, that he /quare root of an in- 
teger muſt be an integer or an incommenſurable. 
Suppoſe that the integer propoſed is 3, and 
that the ſquare root ori! 18 leſs than a + x, but 
greater than a, then it muſt be an incommen- 
ages for if it is a commenſurable, let it be 


6. +. =, where — u repreſents any fraction reduced 
H 3 Eo Coll 


e 
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; to its leaſt terms; it would follow that a + 


ſquared would give an integer number B, the 
contrary of which we have demonſtrated. 


& 108. It follows from the laſt article, that 
the ſqaare roots of all numbers but of 1, 4, 9, 
16, 25, 36, 49, 64, 81, 100, 121, 144, &c, 
(which are the ſquares of the integer numbers 
I, 2, 3, 43 55 65 7, 8, 9, IO, II, 12, &c,) are 
incommenſurables; after, the ſame manner, the 
' cube Toots of all numbers but bf the cubes of 
1, 2, 3, 4, 5, 6, 7, 8, 9, Ec, are incommenſur- 
ables and quantities that are to one another 
in the proportion of ſueh numbers, muſt alſo 
have their ſquare roots or cube roots incom- 
menſurable. | | 


$ 109, The roots of ſuch numbers, being 
incommenſurable, are expreſſed therefore by 
placing the proper radical ſign over them; thus, 
Ds, V3, Vs, Vb, V, VB, Vio, &c, expreſs 
numbers incommenſurable with unit. Theſe 
numbers, though they are incommenſurable 
themſelves with unit, are commen/urable in power 
with it, becauſe their powers are integers, that 
is, multiples of unit. They may alſo be com- 
 menſurable ſometimes with one another, as the 
4/8, and the Ya, becauſe they are to one an- 
other as 2 to 1: And when they have a com- 
mon meaſure, as V is the common meaſure 
e | bo 
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of both, then their ratio is reduced to an ex- 
preſſion in the leaſt terms, as that of commen- 
ſurable quantities, by dividing them by their 
greateſt common meaſure. This common mea- 
ſure is found as in commenſurable quantities, 
only the root of the common meaſure is to 


be made their common diviſor. Thus 2 


Vat = 25 and 2 = „ 


§ 110. A rational quantity may be reduced 
to the form of any given ſurd, by raiſing the 
quantity to the power that is denominated by 
the name of the ſurd, and then ſetting the 
radical ſign over it thus, a Ha. = Ha. = 
KL. a, and 4 Vi A4 
74256 = //1024 = V. 


5111. As ſurds may be conſidered as powers 
with fractional expenents, they are reduced to 
others of the ſame value that ſhall have the ſame 
radical fign, by reducing thoſe fractional expo- 
nents to fractions nn the ſame . and a 


common | denominator. Thus, Ja = a, and 
HIS FMS = ——, <= 2 ad there- 


fore Ja and / a, reduced to the ſame radical 
14 4 ſign, 


| 
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Ggn, become Var and VF. If you are to 
reduce Z/3 and a to 5 ſame denominator, 


conſider cg as equal to 35, the n as equal to 
255 whoſe indices reduced. to a common den 


minator, you have 35 = 35 and 27 = 27, and 
conſequently S3=Y = 27: anda = 
Va = ſo that the propoſed ſurds 73 ane 
* are reduced to other equal ſurds 27 and 
Vas RT a common radical ſign. 


2 112. Suxds of the ſame rational quantity are 
multiplied by adding their exponents, and divided 
2 fbi them. 


| Thusg/0X H a Xo* = „ 
. 2 | 
6 3/4 ar 5 L —— 2 
* e % WX#.'7 
ya a* as | 


mM 97! nnne 77 


— 


e; dhe x ch = e 1 728 30/2 


5 


X92 =#/2 = 32:3 95 S2. 


1/2 


§ 11 3. If the ſurds are of different rational 


quantities, as Ca, and N, and have the ſame 


ſign, * theſe rational quantities into one 
2 4 onotber, 


„ 
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another, or divide them by one another, and 


ſet the common radical ſign over their pro- 
du or . Thus Va. X i Ve, 


2e. 1 m 25 


If the ſurds have not the ſame radieal ſign, 


reduce them by thę 111th Art. to ſach as ſhall have 
the ſame radical ſign, jo proceed as before. Thus 


WVaxyYb=/a"b"; 2 Vea * 


VI. 17 the ſurds have any rational coeffi⸗ 
cients, their product or quotient muſt be pre- 
fixed. Thus, 2/3 x 54/6 = 10/18. 


8 114. The powers of ſurds are found as the 
powers of other quantities, by multiplying their 
exponents by the index of the power required. Thus 


Ye | 23 2 ; 
the ſquare of V is 2 = 27 d; the 
| | cube 


108 4A TREATIS 2 of Part I, 
cube of 3/5 = = 52 * = 55 =4/r25. Or you 


need only, in involving dure, raiſe the quan- 
rity under the radical fign io the power required, 
continuing the Jame radical fign ; unleſs the index 
of that power is equal to the name of the ſurd, 
or a multiple of it, and in that caſe the power of 
the ſurd becomes rational. Evolution is per- 
formed by dividing the fraction which is the ex- 
ponent of the ſurd by the name of the root re- 
quired. | 
Thus the ſquare root of Vos is Ha, eee. at, 


J 115. The ſurd N 07 and in like 
manner, if a power of any quantity of the ſame 
name with the ſurd divides the quantity under 
the radical ſign without a remainder, as here 
an divides aux, and 25 the ſquare of 5 divides 
75, the quantity under the ſign in V/75, with- 
out a remainder, then place the root of that 


power rationally before the ſign, and the quo- 
tient under the ſign, and thus the ſurd will be 


reduced to a more ſimple expreſſion, Thus 
Ins = $3; 9/48 = i 16 = 4/33 
81 =V/27 X 3 = 393: 


8 116. When ſurds by the laſt article are 
reduced to their leaſt expreſſions, if they have 


the ſame irrational part, they are added or ſub- 
„ | | tracted, 
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_ trated, by adding or Jubtraging their rational 
coefficients, and prefixing the ſum. or di ference 1 10 
the common irrational part. 


Thus g as = 5V/3+4V/3=9V/33 
V81+/24= s Ns ⁰ s 7/150 
AIS L- =2/6; or 7180 

— 54 = V 100 X 15 — V36,X 14 = 
109 f — 6VIE = AVI; VN TVA 
S Vr ＋ DV XV. 

$ 117. Compound ſurds are ſuch as conſiſt of 
two or more joined together. The ſimple ſurds 
are commenſurable in power, and by being mul- 
tiplied into themſelves give at length rational 
quantities; yet compound ſurds multiplied in- 
to themſelves commonly give ſtill irrational 
products. But when any compound ſurd is 
propoſed, there is another compound ſurd which 
multiplied into it gives a rational product. Thus 
va + vb multiplied by Va — V gives 
a — b, and the inveſtigation of that ſurd which 
multiplied into the propoſed ſurd will give a rati- 
onal product, is made eaſy by the — 
5 Theorems. | 


THEOREM I. Sg 

F 118, Generally, if you multiply 2 — þ= 
by a- + -u Bm 4 zu pin ＋ an 4 pom, 
&c, e till the terms be in number 


equal to = the product ſhall be a" — 4"; for 


* 
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. ＋ a ge + kao + ae. = wo. 12 
a, 0 


12 WE WI —ẽ 


* + 41 in + an an IT 2 &c, 
8 n e 3 en. * 3m þ3m & 7 


Nn — * * e . r * 8 R — - a 

* 6 
= * n % , £ * E of p * — hn 
* : 1 * , AS > 
2 Fg — b 

R p : 

my 2 g 4 A : 
T THEOREM. 
| SRD. 4. 33 ' . 


a4 „ an 35 + 8 55 Jam — 4 555 &c, 
multiplied by * + , gives a" f d, which 


is demonſtrated as the other. Here the ſign 


ol bo is poſitive when — is an odd number. 


2 $ 119. When any binomial ſurd is propoſed, 
{uppeſe the index of each number equal tom, and 


let n be the leaſt integer number that is meaſured 


by m, then ſball ar == + an an bn ＋ gn—3m Hau 
&c, give a compound ſurd, which multiplied into the 
propoſed ſurd am ꝙ bn, will give a rational product. 


Thus to find ** ſurd which multiplied by 
La -b, will give a rational quantity. Here 


m=., and the leaſt number which is mea- 


| ſured by 2, is unit; let » = 1, then ſhall 


an -m * 3 Im — an Zu Bam &c = @&=3: + 
NH + af N + 
A + VP, * e HM 110 FD 790 75 
gives a ls | 
To 
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To fd che fard which multiplied by e- 
75 4 = 4 + 27, gives a rational product. Here 
m=t and = 3, and an- — 4 am n T gn 35 
las &c, = 3 275 55 ale 3 Fl —3 
* 4 — a* 5¹ + af 45 wm = Dm 
FP + FP — SF. 


THEOREM III. 

3 120. Leta*+- FI be multiplied by ar—= + 
an 51 K 4. z. b T an 4 Þ ＋ Sec, and che 
produl ſhall e give an + 5 e muſt be 
taken the Saf Acker that Hall give — 2 Iſo an 
integer.' 

985 an — n 2 11 an—3n Fm gn —4n 5 


x a” L F | I. Kc. whe” 


* 3 7 — an — am £44 &c, 


2 
* 


= HE Wk —— % Kc, = oy 


— —_— 
ARIA 3 
* „12 


an * N L + 3 * 
The ſign of 5“ is poſitive only hes Z is 
an odd number, and the binomial Propoſed i is 
4 b. 
9 121. 
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§ 121. I, any binomial ſurd is propoſed 


whoſe two numbers have different indices, let 
theſe be m and I, and take z equal to the leaſt in- 


teger number that is meaſured by m and by + T ; 


and an X an 2m 5¹ + an 35 pal = ar—=4m þ31 &c, 
* ſhall give a compound ſurd, which multiplied 
by the propoſed a= & , ſhall give a rational 


Product. ThusV'a EF þ being given, ſuppoſe | 
1 i, Sund 72. therefore you have 
Z= 3, and - ＋ -n gl ＋ au zu Pr 4.4 
Bl + &c , + af f f GT + 3 
3 T2 π þ a 57 re 2 + 4. br ＋ 42 BT + 
b+f 1B +F=V#+& N . Ve 
* V +6b H & V V = va 
+ 4 X V + avax M bþ ab + bY aX 
 /b + þ x VP, which multiplied by the 94 — 
; | ' of | | ; 
, gives 2 =P 4 — . 


Il 122. By theſe Theorems any binomial | 
ſurd whatſoever being given, you may find A 
ſurd, which mulziplied by it ſhall give a rati- 


onal product. 


Suppoſe that a binomial ſurd was to be divid- 


ed 1 another, 84/40 +/12, byy/5s - V. 
the 


Chap. 14 AL GE BRA. | 113 


7270 ＋ 12 
5 
But it may be expreſſed in a more ſimple form 

by multiplying both numerator and denominator by © 
that ſurd which multiplied into the denominator 


gives a rational product. Thus . 2 


the quotient may be expreſſed by — 


| = 
v20 +12 » V5 ＋ 3 y/100 + 29 + 6 
5 — 3 J5+v3 NS. 
2 24219 = 3 + 2/15. 


$ 123. In general, when any quantity is di- 
vided by a binomial ſurd, as 4” , where m 
and / repreſent any fractions whatſoever, tate n 
the leaſt integer number that is meaſured by m and 


| 2 multiply both numerator and denominator by 


ann ＋ a n þ! þ ae zu hal &c, and the denomi- 

nator of the product will become rational, and * 
DO ok 

to a” — ; then divide all the members of the 

numerator by this rational quantity, and the quote 

ariſing will be that of the Propoſed quantity divided 

by the binomial ſurd, expreſſed in its leaſt terms, 


2 

Thus 75. 6 Vs TV 

v6 —Ymtys8 JJ 
VIV3. 4 N= 772 


,4/16 +2 +Y/4 4 720 * 29/2. + 21774 
716 © 1 272 ＋ 21 


— 
7 
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eee = 2/5+ Ho- Vio: 


Alſo; 5 — e ¹ 1 T3 N row 3s. 


ul | 
and a*— 7 = 8 — 9 2 — 5 
eee eee: | 
= 95 — 401 x V/3—4V5 * — 
. V's VVV 


$ 124. When the ſquare root of a ſurd is re- 
quired, it may be found nearly by extraing the 
root of a rational quantity that approximates to its 
value. Thus to find the ſquare root of 3+24/2, 
we firſt calculate /2 = 1,41421, and therefore 
3+ 21/2 =5,82842, whoſe root is found to be 
nearly 2, 41421: ſo that V3 + 2/2 is nearly 
2,414217, But fometimes we may be able to 
| expreſs the roots of ſurds exactly by other ſurds; 
as in this in this example the ſquare root of root of 3 + my 


 ki+V2,fri+FV2xi+vV2= 
292 +2= TRIES 


In order to know when at how this may be 
found, let us ſuppoſe that x + y is a binomial 
ſurd, whoſe ſquare will be x* + * + 2xy: If 
i v and y are quadratic ſurds, then x* + * will 
þ ho: rational, and 2*7 irrational; ſo that 2 


> ſhall 
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mall always be leſs than x* + 57, becauſe the 
difference is * + * — 2xy = „, which 
is always poſitive. Suppoſe that a propoſed 
ſurd conſiſting of a rational part a, and an irra- 
tional part B, coincides with this, then * + y* 
= 4, and xy = ZB: Therefore by what was 


ſaid of Equations, Tm 13th, 
* A * my 2 and therefore 


B* 


* 
* - — and x. — 4 + —= 0; 1 
6 4 I 


a Wat 
from whence we have & = 3 2 — and 
3 — — B* | . 

E 7 Therefore when a quantity 


partly rational 1 partly irrational is propoſed to 
have its root extracted, call the rational part a, 
the irrational B, and the ſquare of the greateſt 


: $ ED 1 2 . 
member of the root ſhall be .., ond the 


fquare of the leſſer part ſhall be = nt =E 
And as often as the ſquare root of a* — * can 
be extracted, the ſquare root of the propoſed 
| binomial ſurd may be expreſſeC itſelf as a bino- 
mial ſurd, For pee, if 3 + 2/2 is pro- 
poſed, then a = 3, B 2, anda*—n*=g 


. 


= 2, and 


—8 = I. Therefore x* = 


SET — — — 1. „ 2. 
I To 


\ 
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To find the ſquare root of 14 -, ſup- 


poſe a = 1, B -, ſo that 4 — p*= g, 

Pony . a —B* r nds — * 
== ES ; = — 2, take the root required 
is 1 + Ws 2. 


8 125. But, though æ and y are not quadratic 
ſurds or roots of integers, if they are the roots 
of like ſurds, as if they are equal to Vn N 
and Vn, where n and 7 are integers, then 
A mn +uXV2Z, and z; =Vmuz; A*—B*= 
| e ee ek 
re 3 * 2 — ae £ hate 


2 * 
= M, and «„ + y = Vn 2 ＋ :. 
The part 4 here eaſily diſtinguiſhes itſelf from 


B 25 its being greater. 


F 124 126. If x and y are 3 to 9 47 and 


Vn Vt, then * , wx CVT Ni 
2/mny zt. So that if 2 or 7 be not multiples 
one of the other, or of ſome number that mea- 
ſures them both by a ſquare W then will 
A itſelf be a binomial. 8 


I 127. Let x + 2 expreſs any trinomial 
ſurd, its ſquare * + y*+ 2*+ 2x3 + 2x 2+272 
may be ſuppoſed equal to 4 T as before. But 

rather 
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rather multiply any two radicals as 2 * by 2 *r, 
and divide by the third 2yz, which gives the 
quotient 2 x* rational, and double the ſquare of 
the ſurd x required, The ſame rule ſerves when 
there are four quantities, NTT. 
ZR ＋ 2x5+2cX2+292+2y5 +225, multiply 
2* by 2x5, and the product 4x*5y divided by 
25 gives 2x* a rational quotient, half the ſquare 
of 2x. In like manner 2xy X 252 = 40% R, 
which divided by 2x2 another member gives 
25%, a rational quote, the half of the ſquare of 2y. 
In the ſame manner æ and 5s may be found; and 
their ſum x + y + z +5, the ſquare root of the 
ſeptinomiaÞ x* + 9* + * + 57 + 2xy + 25 + 
* + 292 Þ+ 2% + 225, diſcovered, 

For example, to find the ſquare root of 
10+ V +40 + 60; I try 2 =, 
which I find to be /16 = 4, the half of the 
{quare root of the double of which, viz. 2 * 
8 SV, is one member of the ſquare root 


required ; next LED = = 6, the half of the 


ſquare root of the double of which is /3, 
another member of the root required ; laſtly, 
—— 60 = 10; which gives 5 for the 
third member of the root required: From 
which we conclude that the ſquare root of 10 + 
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and trying you find it ſucceeds, ſince multiplied 
by itſelf it gives the propoſed quadrinomial. 

8 128. For extracting the higher roots of a 
binomial, whoſe two members being ſquared 
are commenſurable members, there is the fol- 
lowing 


R U L E. 
e Tet the quantity be a K B, whereof a is 
the greater part, and c the exponent of the 


root required. . Seek the leaſt number in whoſe | 
power ne is divifible by Ag — BB, the quotient 


being Q. Compute . A 12 B * in the 
neareſt integer number, which ſuppoſæ to be r 


Divide av N by its greateſt rational divitor, 


wy 


and let the quotient be.s, and let 5 , in the 
$ 


neareſt integer number; be t; ſo ſhall the root 


+ WEE —n , 
2 5 root of 


A B can be extracted. 


required be 


EXAMPLE I. 
T bös to find the cube root of V 968 + 2 55 


we have 4 — B* = 343, whoſe diviſors are 
75 2 whence * 2 7, andQ = 1. Further, 
4A BX that is, V/g68 + 25 isalittle more 
* Arithm, Univerſal. p. 59. 5 

ne, | than 


ra oo 


than 355 whoſe neareſt cube root is 4. Where- 


fore 7 . Again, dividing Ss by its great- 


eſt rational diviſor, we have A wits — 222, and 


the radical part n τ＋ 4, ak. or 25 „in 
the neareſt integers, is 2 f. And laſtly, 


ts 2, V= 15 and e 
Whence 2/2 + 1 15s the root, whoſe cube, up- 


on trial, I find to be Vi + 25. 


EXAMPLE: II. 


To find the cube root of 68 —V 4374; we 


have A- . = 250, whoſe diviſors are 5, 5, 5, 2. 
ThencT ß 2 5 19, ant 0 = 4 and 


FRN ore ＋ VII a is nearly 
Dr; again, 4 or 6 VA 3 HN Vl, 


1 + = 7412 
„or 7 


is nearly 


that is, 5s = 1, and 
5 f. Therefore 756 = 4, PP — 8 — 


V6, and Vea=/4 =/2, whence the root 


to be tried is 1 4=v6 
V2 


EXAMPLE III. 


Suppoſe the fifth root of 294/6 ＋ 41 1 3 is 


demanded; a* 3 = 3, and = 3; C= 81, 
© * 


2 
— 
8 * 
N 
75 
7 
o 
wo 
» 
» 
* 
2 


4 
1 3 
2 
I 
al 

l 

Fr 

} 0 
20 
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r 


. 1A 24716 of Part J. 


SSV, 21, . Vs, FFI" nw 
V, and Viz iS. And therefore 


trial i is to be made with . 


In theſe operations, if 8 „ is a frace 

tion, or if its parts have a common diviſor, you 
are to extract the root of the numerator and de- 
#aminator, or of the factors ieparately, Thus 


to extract the cube root of 442 — 124 
this 3 to a common denominator i 


0 CS And the roots of the numerator 


and Going ſeparately found, give the 


root ==, And if you ſeek any root of 


V 3993 + V 17578: 25, divide its parts by the 
common diviſor V3, and the quotient being 


11 +125, 5, the root of the quantity propoſed 
will be found by taking the roots of ) and 
of 11 + V2; 125, and multiplying them into 


each other. 
$ 129. The ground of this Rule may be ex- 


plained from the following 


THEOREM, 


Let the ſum or difference of two quantities * 
and 9 be ra «(nd ta a power whoſe exponent is c, 
| ond 


and let the Iſt, 3d, 5th, 7th, &c, terms of that 
power, collected into one ſum, be called a, and 
the reſt of the terms, in the even places, call 3; 
the difference of the ſquares of a and B ſhall be 


equal to the difference of the ſquares 1 x and y_ 


raiſed to the ſame power c, 


For the terms in the c power of x + y (writ- 
ing for their coefficients, ee 1 
e, &c,) are 


*e + cxe— 15 ＋ dx 251 ＋ er. 35 + &c = AB, 


and the ſame power of x — y (changing the 
ſigns in the even places) is 
* cx. + dye —3y* — exe 35 | &c =A—B, 
and therefore x Tf & = =A+BXA—B 
A - B* (= F s +) x * = = =. 
. „ 

Let one, or both, of the quantities x, y, be 
a quadratic furd, that 1s, ler x + , the c root 
of the propoſed binomial a + B, belong to one 


of theſe forms, PVA. Vp +9, or Pc [2 


IVq. And it follows, 


1. If x +3 =p + IV, that, c being any 


whole number, a, the ſum of the odd terms, will 
be a rational number; and 3, the ſum of the 
terms in the even places, each of which involves 
an odd power of y will be a rational number 

multiplied into the quadratic ſurd V. 
2. Let c, the exponent of the root ſought, 
be an odd number, as we may always ſuppoſe 
I 4 it, 
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it, beoauſe if it is even, it may be halved by the 

extraction of the ſquare root, till it becomes 
odd; and let x +y Hp + q- Then a wilt 
involve the ſurd Vp, and B will be rational, 

3. But if both members of the root are irra- 
tional (x + y = k/p + I\/q) a and B are both 
Irrational, the one involving V. P, and he other 
the ſurd g. | 

And in. 1 theſe caſes, it is eaſily ſeen that 
when is greater than I, A will be greater 
than 3. 

$ 130. From this compoſition of the bino- 
mial A + B, we are led to its reſolution, as in 
the foregoing rule, by theſe ſteps. 


| I. 

When a is rational, and 4 — 1 is 3 ALY 
c power. | 

1. By the Theorem, 4 — B* = 3 PIP | 
rately ; and therefore extracting the c root of 
A — 35, it will be * -. Call this root . 

2. Extract in the neareſt integer, the c root 
of a + B, it will be (nearly) x + %. Which 
. 

3. Divide „ 9 (= ) by ＋ (Sr) the 
quotient is (nearly) x -, and the ſum of the 
diviſor and quotient is (more nearly) ax; that 
is, if an integer value of x is to be found, it will 


1 + — 9 5 
be 753 neareſt to —, 


- 9 


whence e — —.7, and therefore put- 


i 


7 
r += - 


ting 7 S the root fought x 4 „ r + 


VT —7; the ſame expreſſion as in the- rule, 
when Q = 1,s = 1, that is, when a. — * is- 
a perfect c power, and the greater member a is 
rational. 
I. 
When A is irrational, and = 1. 


x. 


By the ſame praceſs, * — (Sr), and 

VMI. But ſeeing a is ſuppoſed IFra- 
"i and c an odd number, x will be irrati- 
onal likewiſe; and they will both involve the 
ſame irreducible ſurd Vp, or s, which is found 
by dividing a by its greateſt rational diviſor, 
Write therefore for x or T, its value ? Xx 5, and 
4 ="13 N= 

III. 

If the e root of 4 — B cannot be taken, 
multiply A. — * by a number q, ſuch as that 
the product may be the (leaſt) perfect c power 


# (= A N =) And now (inſtead of 
a + 


5 


8 R rr 
4 1 — > 42” 


7 
* 
bi 
* 
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1 
g . 
= 1 
{ 
1 
q . 
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4 ＋ 3) extract the c root of AFB VT, 


which, found as above, will be z5s +Y/##f— ; 
and conſequently the c root of a + B will be 


is x WPF i. So . N by the c root of VL Q; 
ts + * 15 — 5 | 


that IS, — 8 
It is required in the rule that a perfe# c power 
(v) be found which ſhall be a multiple of A — * 
by the whole number d. To find this power, 
let the given number a* — be repreſented 
by the product 40 C d,; ; whoſe ſingle diviſors 
bee, , % ß , ; and 
the product of theſe diviſors raiſed to the power 
c, which is &b&* df, divided by an bt df will give 
the quotient a -* ee gr—1 fer = q a whole 
number, provided ſome index, as m or p, be 
not greater than c. If it is, rake, inſtead of the 
ſingle diviſor @ or &, & or , ab or 3, Cc, till 
there be no negative index in the quotient ; 
that is, till be a whole number. 


$1 31. We may add the following remarks, 

1. If the reſidual a — B is given, it is evi- 
dent from its geneſis by involution, that the 
ſame rule gives its root x -. ; 

2. The extracting the e root of a + 3, or of 
TE Vin the neareſt integer, neglect- 
ing the fractional part, will always give x + y 
ſuch, that the value of x which reſults in the 
operation ſhall not differ from 1 its true value by 
unity; 
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unity; that is, it aan be ne true integer va- 


/ 


lue ſought. 


For 7 being ſome proper 1 let x + +7. 


+ + f be the accurate value fam TE XV. 


and let the quotient of x* — y* divided by it be 
x — y = £, then the ſum of the diviſor and 


quotient being 2x = f , if our reckoning 
the fractional part could make a difference of 


unity in the value of x, it would follow that 
f—gorg —f = 2. Which is abſurd, gz as 


| well as /, being a proper fraction. 
3. If both A and B are irrational; or, if the 


leſſer of the two members is rational, no root 


denominated by an even number can be 


found. 
4. When the greater member is in 


and the exponent c is an even number, it is am- 
biguous whether the greater member of the root 
is rational or ſurd. And though a root in the 
form of Þ ls not found, yet a root in 
the form of Vp + 9, or, that failing, in the 
form EVD IV, may be obtained. 

If we look for a root & + 4, we are now 
to ſubtract x— from x+ y, and half the remain- 
der will give y (or ) the rational part. And to 
** — (Sn) adding , the ſum will be x.. 


2 SO. 
80 that y I, and x = +1; the 


. Expreſſions being the ſame as when cis odd, 
with 


x 
R 


= «4 TP" 1 
rt r 
* 2 LY . * PF * _—_ * * 1 
5 - 4. *..7 Ls he) - * 8 3232 2 — — TOY 1 = . 
P — gens N . 4 . dad ah Te ne - 
12 5 y Vers + r n — l* n — 2 k ws N 1 — * 7 > . 2 wy "Is — > <—- 
n ay | » 5 =_ — K 8 - 
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with the ſign of » changed. If this does not 

ſucceed, and a prime number ſtands under the 

radical ſign, no farther trial need be made. 
But if a compoſite number ſtands under the 


radical ſign, the root may poſſibly belong to 


SS 
wy 
— 


the form ky/p + /\/q; and that compoſite 
number being p Xx 4, ſince * — = u, and 
px, the numbers E, I, may be ſought for 


in the heareſt- integers, and trial made with 


VT IV, as in this 
EX AM PI. E. 


7 find the fourth root of 49849— 2895 V 224, 
The 4th root of a* — B. is 157 = * — =7, 


and the 4th root of a — 3, thit is, y—y =r= g 


nearly: and = = TY = 17 nearly, Whence 
. — =2 2248 = 13. But now the leaſt radical fac- 


tor in B being VW1I4=V7X 2, I put 13 (= x) 


SEN, and & in the neareſt integer = 5, 
Again * — x 2 175 -N 22 173 


that is, “ Xx 2 = 18, and {= 33 which gives 


the root ; — 34/2. 
In this manner the even roots may be ſought 


immediately. But to avoid ambiguity and 


needleſs trouble, jt is better firſt to depreſs them 
by extracting the ſquare root, as in. 124. 


= | A SUP. 
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A SUPPLEMENT 
10 THIS | 

F 132. HERE occur ſometimes, eſpecially 

in the reſolution of cubic equations 


by Cardan's Rule (Part II 5 79) binomials of 
this form a + BV'— 9, whoſe cube roots muſt 


be found, To theſe the foregoing rule cannot 


be applied throughout, becauſe of the imagi- 
nary factor / . Yet if the root is expreſ- 
' ſible in rational numbers, the firſt ſtep of that 
rule will often lead us to it in a ſhort way, not 
merely tentative, the trials being confined to 
known limits, - 


For it being, univerſally, = _ 2 > 
and, in the preſent caſe, Va* + B*g (= * —5* 
SPD + X q; if we divide the part under the 


radical ſign by its greateſt rational diviſor, the 


quote is the imaginary ſurd V— 4, and from 
Vai + 8g, ſubtracting p' the ſquare of ſome 
diviſor of a, the remainder is /* x g, a known 
multiple of the ſquare of / a diviſor of B. 


That 


FT 
© 
1 
1 
y | 
p | 
* 
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That þ and I are diviſars of a and 5 reſpec- 
tively, is evident; for cubing p + W—7 — 94, you 
find a = X# — 35q,B =1X 3p —Fq. 
And the ſigns of p and 7 muſt be ſuch as will 
give the products of p x p*— 3/*q, 1 x 3p* —Fq 
of the ſame ſigns as a and B reſpectively. 


i." de: WON 
To find the cube root of 81 + V — 2700 = 
$1 +$3590V — 


Here „ 2 30 45. 316 T J 

= 21 p + g. Subtracting therefore from 
21, the ſquare of (p) = 3, which is a diviſor of 
A, there remains ( Xq=)2X2X3. And ) 5 
2 is a diviſor of 30. Laſtly, a (Spxp*—3Pg) 
being poſitive, and the factor p* — 30 nega- 
tive, ↄ muſt have the negative ſign ; and for the 
like reafon 1 = + 2. So that the root is 3 


T 2V — 

It will 1 ſhewn in the Second Part of this 
Treatiſe that © every cube or other power has 

as many roots, real and imaginary, as there are 

units in the exponent of the power; particu- 

larly, that anizy itſelf has the cube roots 1, 


—1 . 2 Hf * . If therefore 


we . find the other "eb cube roots, in this 
| example, ſeeing z* = 2X 1, he ac * 1 


. 
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(z* repreſenting any cube whatever, and z any 
of its roots) we are to multiply — 3 +2 —3, 
the root already found, by = 1 + 1 W— 3, and and 
by 2-1 —3,and the products — 3. 2 3. 
and 2 + VZ will be the roots required. 
Or, becauſe the denominator of the imagi- 
nary roots of unity is 2, taking p = 2, one half 
of a diviſor of a, we have 21 —=2 = 7 =,7P 

* 5 = Pg, that is ] = 25 and p* — 3¹ as well. 
as 3Þ*—/*q being negative, both p and / muſt be 
negative, and the root is —=2—S/— 3, 3 Again 
take p = 2, and you ſhall find / = ; ſo the 
remaining root is 2 +4 V— 3, as aſs: 

We may here obſerve that the operation ought 
to be abridged, where it can be done, by divid- 
ing the given binomial by the greateſt cube 
that it contains; and finding the root of the 
quotient; which multiplied by the root of the 
cube by which you divided, will give the root 
required. Thus, in the foregoing Example, 
$1+V=2700= 27 x3 ＋ , and the 
roots of 3 + — being now, more eaſily, 
found to be — 1 + 2/—+, —3 —1 2, 
and 4 + 2 — 1. theſe multiplied by 3, the 
code reot of 27, gives the 1 roots required the 
ſame as above. 

« If the coefficient of the i imaginary mem- 
ber of the binomial has a contrary ſign, the 
roots will be the lame, with the ſigns of the 
1 imaginary ' 
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imaginary parts changed. Thus the cube 
roots of 81 — v— 2700 2700, or 81 = 50/=3, 
will be — 5 — 2V — * * EW 3, and 
2 =. And therefore d ITV 270 
81 — /— 2700 =:=-3K2 ='= , or = 
—IX2=— 3, or = 2 X 2 = 9, the imagi- 
nary parts vaniſhing by the contrariety of their 
ſigns. 
We may obſerve likewiſe, that ſuch roots; 


whether expreſſible in rational numbers, or 
not, may be found by evolving the binomial 


a + BV — q by the Theorem in pag. 41, and 
ſumming the alternate terms. As, in the fore- 


going example, 81 + 3023 7, or rather 


87) x 1 + 200 — —3 * „being expanded into a 
ſeries, the ſum of the odd terms will continually 
approach 10 4.5 = 25 and the ſum of the co- 
efficients of the even terms to , which is the 
coefficient of the imaginary part. But for a ge- 
neral and elegant ſolution, recourſe muſt be had 
to Mr. de Motvre's Appendix to Dr. Saunderſon 8 
Algebra, and the continuation. of it in PBilgſ. 
Tranſ. Ne 451. What has been explained above 
may ſerve, for the preſent, to give the Learner 
ſome notion of the compoſition and reſolution 
of thoſe cubes; that he need not hereafter be 
ſurpriſed to meet with expreſſions of real quan- 
tities eh involve imaginary roots. 
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Of the Geneſis and Reſolution of 
Eq r ONs of all Degrees; and 
of the different Affections of 

the Roors. 
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CRAT. 1 
Of the Geneſis and Reſolution of Equations 


in general; and the number of roots an 
equation of any degree may have. 


Se F TER the ſame manner as the 
Al higher powers are produced by 
| the multiplication of the lower 
powers of the ſame root; equations of ſupe- 
rior orders, are generated by the multiplication 
of equations of inferior orders involving the 
ſame unknown quantity. And an equation of 
K . any 
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any dimenſion may be conſidered as produced by the 
a#:ultiplication of as many ſimple equations as it 
has dimenſions ; or of any other equations what- 
foever, if the ſum of their dimenſions is equal to 
the dimenſion of that equation. Thus any cubic 
equation may be conceived as generated by 
the multiplication of 2hree ſimple equations, or 

of one quadratic and one ſimple equation. A 
biquadratic as generated by the multiplication 
of four ſimple equations, or of two quadratic 
equations; or laſtly, of one cubic and one ſimple 
eee 

§ 2. If the equations which you ſuppoſe mul- 
plied by one another are he ſame, then the 
equation generated will be nothing elſe but 
ſome power of thoſe equations, and the opera- 
tion is merely involution; of which we have 
treated already: and, when any ſuch equation 
is. given, the ſimple equation by whofe multi- 
plication it is produced is found by evolution, 
or the extraction of a root. | 
But, when the equations that are ſuppoſed to 
be multiplied by each other are different, then 
other equations than powers are generated ; 
which to reſolve into the ſimple equations 
whence they are generated, is a different ope- 
ration from evolution, and is what is called, 
the reſolution of equations. 
But as evolution is performed by obſerving 
and tracing back the ſteps of involution; fo to 
diſcover 
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diſcover the rules for the reſolution of equa- 
tions, we mult pens obſerve their genera- 


Zion. 


$ 3. Suppoſe the unknown quantity to be x, 
and its values in any ſimple equations to be 
a, b, c, d, &c; then thoſe ſimple equations, by 
bringing all the terms to one fide, become 
$—4=0,x—b=0, c So, &c. And the 
product of any two of theſe, as x —aXx—b=0, 
will give a quadratic equation, or an equation of 
two dimenſions. The product of any three of 
them, as x X — bX x —C= o, will give 
a cubic equation, or one of three dimenſions. 
The product of any four of them will give a 
biquadratic equation, or one of four dimenſions, 
ö And, 
in general, © In the equation produced, the higheſt 
dimehfion of the unknown quantity will be equal 
to the number of ſimple equations that « are mulli- 
plied hy each other.” 


$ 4. When any equation equivalent to this 
biquadratic x— a X x —b Xx—ccXx—d=0 
1s propoſed to be refolved, the whole difficulty 
conſiſts in finding the ſimple equations x — 7 


So, x - , X — £0, x —4 g , by whoſe 
multiplication it is produced; for each of theſe 
fimple equations gives one of the values of x, 
and one ſolution of the propoſed equation. For, 


K 2 Fs if 
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if any of the values of x deduced from thoſe 
ſimple equations be ſubſtituted in the propoſed 
equation, in place of x, then all the terms of 
that equation, will vaniſh, and the whole be 
found equal to nothing. Becauſe when it is 
ſuppoſed that x 4, or x=b, or x c, or x d, 
then the product x — —— 
does vaniſh, becauſe one of the factors is equal 
to nothing. There are therefore four ſuppoſi- 
tions that givex—aXx—dbXx—cXx—d=0 
according to the propoſed equation; that is, 
there are four roots of the propoſed equation. 
And after the ſame manner, * Any other equa- 
tion admits of as many ſolutions, as there are 
ſimple equations multiplied by one another that 
produce it, or © as many as there are units in 
the higheſt dimenſion of the unknown quantity 

in the propoſed equation.” 


het #. 


$ 5. But as there are no other quantities what- 
ſoever beſides theſe four (a, B, c, d,) that ſubſti- 
tuted in the product x — 2X #—=Þb c = A. 
in the place of x, will make the product vaniſh;. 
therefore, the equation X—@XX— Þ Xx —cX 
x — 4 =o, cannot poſſibly have more than theſe 
four roots, and cannot admit of more ſolutions 
than four. If you ſubſtitute in that product a 
quantity neither equal to a, nor 3, nor c, nor 
d, which ſuppoſe e, then ſince neither e — a, 
— 9, 3 nor e—d is equal to nothing; their 
product 


Chap, f. L0G EBRA.- 135 


product r N 6 7 cannot 
be equal to nothing, but muſt be ſome real 
product; and therefore there'is n ſuppoſition 
befide one of the aforeſaid four, that gives a Juſt 
value of x according to the propoſed equation. 
So that it can Ne no more than theſe four 
roots. And after the ſame manner it appears, 
that e No equation can have more roots than 
1150 contains dimenſi ons of the Known quan- 


tity.” 


8&6. To make all this till plainer by an ex- 
ample, in numbers; ſuppoſe the equation to be 
reſolved to be x* — 1087 + 35 —ö 5 OR + 24 
S o, and that you diſcover that this equation 
is the ſame with the product of x — 1X x — 2 
XxX 3 X x — 4, then you certainly infer that 
the four values of x are 1, 2, 35 4; ſeeing any 
of theſe numbers placed for x makes that pro- 
duct, and conſequently x* — 10 + 35 * — 
zo + 24, equal to nothing, according to the 
propoſed equation. And it is certain that there. 
can be no other values of x beſides theſe four : 
ſince when you ſubſtitute any other number 
for x in thoſe factors x — 1, x — 2, x» — 3, 
* — 4, none of the factors vaniſh, and there- 
fore their product cannot be equal to nothing 
according to the equation. 


$ 7. It may be uſeful ſometimes to conſider 
equations as generated from others of an infe- 
K 3 rior 
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rior ſort beſides ſimple ones. Thus a cubic. 
equation may be conceived as generated from 
the guadratic x. — px +9 = o, and the ſimple 
2 „ — 4 = ©, multiplied by each other; 

oſe product 

WES * 1 — 80 1 = © may expreſs any 
cubic equation whoſe roots are the quantity (a) 
the value of x in the ſimple equation, and the 
two roots of the quadratic equation, viz. 


LEE A ang 2 =49, 


as appears 


from Ge. 13. Part J. And, according as theſe 
roots are real or impoſſi ple, two of the roots of 
the cubic equation are real or impoſſi le. 
$8. In the doctrine of involution we ſhewed 
that the ſquare of any quantity, poſitive or 
negative, 1s always poſitive,” and therefore, 
« the ſquare root of a negative is impoſſible or 
imaginary.” For example, the V is either 
+ 4 or — a, but isi can neither be + 4 
nor — a, but muſt be imaginary. Hence is 
underſtood that «© a quadratic equation may 
have no impoſſible expreſſion in its coefficients, 
and yet when it is reſolved into the ſimple equa- 
tions that produce it, they may involve impoſ- 
ſible expreſſions. Thus the quadratic equation 
* + a = © has no impoſſible coefficient, but 
the ſimple equations from which it is produced, 
Viz. K 4 —# = o, and x — a o, 
both 
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both involve an imaginary quantity ; as the 
| ſquare — 4 is a real quantity, but its ſquare 
root is imaginary. After the fame manner a 
biquadratic equation, when reſolved, may give 
four ſimple equations, each of which may give 
an impoſſible value for the root: and the ſame 
may be ſaid of any equation that can be pro- 
duced from quadratic equations only; that is, 
whoſe dimenſions are of the even numbers. 


$ 9. But « a cubic equation (which cannot 
be generated from quadratic equations only, 
but requires one ſimple equation beſides to pro- 
duce it) if none of its coefficients are impoſſible, 
will have, at leaſt, one real root,”” the ſame with 
the root of the ſimple equation whence it is 
produced. The ſquare of an impoſſible quan- 
tity may be real, as the ſquare of - 4 is 
— 4*; but © the cube of an impoſſible quan- 
tity is ſtill impoſſible,” as it ſtill involves the 


ſquare root of a negative : %, /— & X 
VV # * = = r rd 
plainly imaginary. From which it appears, 
that though two ſimple equations involving 
impoſſible expreſſions, multiplied by one an- 
other, may give a product where no impoſſible 
expreſſion may appear; yet, * if three ſuch ſim- 
ple equations be multiplied by each other, the 
e expreſſion will not diſappear in their 

K 4 pro- 
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product.“ And hence it is plain, that though a 
quadratic equation whoſe coefficients are all 

real may have its two roots impoſſible, yet * a 

cubic equation whoſe coefficients are real can- 
not have all its three roots SPIT Cao.” 


$ 10. In general, it appears that the impoſ- 
ſible expreſſions. cannot diſappear in the equa- 
tion produced, but when their number is even; 
that there are never in any equations, whoſe 
coefficients are real quantities, ſingle impoſſible 
roots, or an odd number of impoſſible roots, 
but „e that the roots become impoſſible in 
pairs; and that * an equation of an odd num- 
ber of dimenſions has ne one real root.“ 


4 
$ 11. * The roots of equations; are either po- 


fitive or negative according as the roots of the 
ſimple equations whence they are produced are 
Poſitive or negative.“ If you ſuppoſe x = — 2, 
* , * = — c, „ = d, &c; then ſhall 
x+aZ=0,x+b=0,x+c=0,x+d=0; and 
the equation x+aXx+bXx+ cXx+d=0 
will have its roots, — 4, — , — , — 4, &c, 
negative. 1 1 1 


But to know when the roots of equations are 
poſitive and when negative, and how many there 
are of each kind, ſhall be explained in the next 


l ; 
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HA P. II. 
Of the Signs and Coefficients 2 


EQUATIONS. 


$ 12, HEN any number 86 ſimple 0 


tions are multiplied by each other, 


it is obvious that the higheſt dimenſion of the 


unknown quantity in their product is equal to 


the number of thoſe ſimple equations; and, the 


term involving the higheſt dimenſion is called 


the fr term of the equation generated by this 
multiplication. The term involving the next 


dimenſion of the unknown quantity, leſs than 
the greateſt by unit, is called the ſecond term 
of the equation; the term involving the next 
dimenſion of the unknown quantity, which is 


leſs than the greateſt by two, the 7hird term of 


the equation, Sc. And that term which in- 


volves no dimenſion of the unknown quantity, 


but is ſome known quantity, 18 * Ko laſt 
term of the equation. — 

« The number of terms is ans greater than 
the highejt dimenſion of the unknown quantity by 
unit. And when any term is wanting, an 
aſteriſt is marked in its place. The fgns and 


coefficients of equations will be underitood by 


Es: the following TRIS where the 
| | ſimple 
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ſimple equations x — a, x — 5, &c, are mul- 


tiplied by one another, and produce ſucceſſively 
the higher Ne 155 | 


Xx — = 


5 - O 


—— 


pak? bes 4 = o, a Quadratic. 


— 


Xx Sers 


3 yy 
* * 


— 


=x*—a) Re | 
| = woke X x—abc = 2 6. a Cubic, 
— kt +bc 
b a — VE EE 
24 2 2 ＋ ab — abc © 
—3 ae —abd | X * + abcd = o, 2 
— +ad —acd [Biquadratic, 
24 ＋ be - bd 
|  +bd 5 
3 + e 
xx —=e£=0 
— nn rn nn ern — — — — 


e abi + abce [KK 
— >Xx*+ad abe + abde > abede S o, 
a ps — a Tacde \ a Surſolid. 
— +be (ade 4 T bcde 5 

154 * ace [oe 

+be | =bi@ad 

+ id = bee 

Tce — bde 

4% i, 
Se. 
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$7 3. From the inſpection of theſe equations 
it is plain, that the coefficient of the firſt term 
is unit. 

The coefficient of the ſecond term is the fund 
of all the roots (a, b, c, d, e) having their Signs 
changed. 

The coefficient of the third term is the ſum 
of all the products that can be made by multi- 
plying any two of the roots (a, b, c, d, 15 by one 
another, 

The coefficient of the fourth term is the ſum 
of all the produtts that can be made by multiplying 
into one another any three of the roots, with their 
ſigns changed. And after the ſame manner all 
the other coefficients are formed. 

The laſt term is always the product of all the 
roots having their ſigns changed, multiplied by 
one another, 

$ 14. Although in the Table ſuch ſimple 
equations only are multiplied by one another 
as have poſitive roots, it is eaſy to ſee, that 
ce the coefficients will be formed according to 
the ſame rule when any of the ſimple equations 
have negative roots.” And, in general, if 
* — pr. + * — 7 = © repreſent any cubic 
equation, then ſhall p be the ſum of the roots 
the ſum of the products made by multiplying 
any two of them; r the product of all the three: 
and, if —p, + 9, — r, +8, —#, + u, &c, be 
the coefficients of the ad, 3d, 4th, 5th, 6th, 

* 
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7th, &c, terms of any equation, then ſhall p be 

the ſum of all the roots, q the ſum of the pro- 

ducts of any two, 7 the ſum of the products of 
any three, s the ſum of: the products of any 
four, ? the fum of the products of any five, « 
the up of the products of any fix, Gc. 


"$15, When therefore any equation is Pro- 
20 to be reſolved, it is eaſy to find the ſum 
of the roots (for it is equal to the coefficient of 
the ſecond term having its ſign changed: ) or, 
to find the ſum of the products that can be 
made by multiplying any determinate number 
of them. 

But it is alſo eaſy © to find the ſum of the 
ſquares, or of any powers, of the roots,” 

The ſum of the ſquares is always p* — 2g, 
For calling the ſum of the ſquares B, fince the 
ſum of the roots is p; and * the ſquare of the 
ſum of any quantities is always equal to the ſum 
of their ſquares added to double the products 
that can be made by multiplying any two of 
them,” therefore p* = B+ 29, and conſequently 
B=# — 29. For example, a + 5 + c =. 
4 IP B+ +246 + 2ac+ 2bc; that is, p*= B 
+ 24. Anda+FF TA = + + & 
+ + +2xXabFactad+ bc + bd + ca, 
that is again, * =B + 29, or. B = P. 2. c 
And ſo for any other number of quantities. In 


general therefore, B the ſum of the ſquares 
| 6 


4 
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of the roots may always be found by ſubtracting 
29 from p; the quantities p and q being al- 
ways known, fince they are the coefficients in 
the propoſed equation. 

$ 16. The ſum of the cubes of the roots 


of any equation is equal to p* — 32 + Zr, or 


to Bp —pq+3r.” For B xp gives always 


the exceſs of the ſum of the cubes of any quan- 
tities above the triple ſum of the products that 
can be made by multiplying any three of them. 


Thus *+ B+ *—ab —ac—brxXa+b+c 


(= —qxXp) = & + 5 + &—"3abc. - 


Therefore if the ſum of the cubes is called C, 
then ſhall B — 9 X p = C37, and Cx Bp 
— 9 + 37 (becauſe B = p* — 29) = p) — 
379 + 37. 


After the ſame manner, if D be the ſum of 


the 4th powers of the roots, you will find that 
D D -B +pr — 45s: and if E be the 


ſum of the 5th powers then ſhall E = pD —- 


20 ＋ B- + gt. And after the ſame 
manner the ſum of any powers of the roots may 


be found; the progreſſion of theſe expreſſions 


of the ſum of the powers being obvious. 
' 17. As for the ſigns of the terms of the 


equation produced, it appears from inſpection 


that the ſigns of all the terms in any equation 
in the table are alternately + and —: theſe 
equations are generated by multiplying conti- 
nually * 4, , K — 6, x — 4, &c, by one 

another. 


4 
n 
1 
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another. The firſt term is always ſome pure 
power of x, and is poſitive; the ſecond is a 
power of x multiplied by the quantities — a, 
— þ, —c, &c. And fince theſe are all nega- 
tive, that term muſt therefore be negative. 
The third term has the products of any two of 
theſe equations ( 4, — &, —c, &c,) for its 
coefficient: which products are all ' poſitive, 
becauſe — Xx — gives . For the like reaſon, 
the next coefficient, conſiſting of all the pro- 
ducts made by multiplying any three of theſe 
quantities, muſt be negative; and the next po- 
ſitive. So that the coefficients, in this caſe, 
will be poſitive and negative by turns. But, 
cc in this caſe the roots are all poſitive ;” ſince 
* S a, & = b, c, * r d, x e. &c, are the 
aſſumed ſimple equations. It is plain then, 
that © when all the roots are poſitive, the figns 
are alternately + and —. 

8 18. But if the roots are all negative, then 
* aXx+6Xx4+cXx+4d &c, So, will 
expreſs the equation to be produced ; all whoſe 
terms will plainly be poſitive ; ſo that when 
all the roots of an equation are negative, it is plain 
there will be no changer in the figns of the terms 
of that equation.” 

$ 19. In general, * are as many poſi- 
tive roots in any equation as there are changes 
in the ſigns of the terms from — to —, or 
from — to +; and the remaining roots are 

negative. 


Clipe 4A LOEBRA. ug 


negative. The Rule is general, if the impoſ- 
fible roots be allowed to be either poſitive or 
negative. 

| 20. In quadratic equations, the two roots 
are either both ire. as in this 

4 * x — 3 = S) eb o 

— bs 
where there are two changes of the ſigns: Or 
they are both negative, as in this 
X x +b = 

(MST I Tai*+4b=0, 
where there is not any change of the ſigns. 
Or there is one ne poſitive and one negative, as in 


C A* A ) x* — 4 
+4 
where there is neceſſarily one change of the 
ſigns; becauſe the firſt term is poſitive, and 
the laſt negative, and there can be but one 
change whether the ſecond term be + or —. 
Therefore the rule given in the 19th ſection 
extends to all quadratic equations. 
1 21. In cubic equations, the the roots ots may be, be, 
All poſitive, as in this x 4 x—b X = 
=: a in which the ſigns are alternately 1 and 
Ee, as appears from the table; and there are 
three changes of the ſigns. | 
22. The roots may be all negative, as in the 
equation x + aXx+4Xx+c=0, where 
there can be no change of the ſigns. Or, 
3 . 


XN 23 = O, 


146 A TxraATIZt of Pare TT. 
3% There may be two poſitive roots and 
one e negative, as in the equation *— 4 X x —þ 
* x x +c c = o, which gives 


* — 21 +246 TY 
—$F eee 
cc) — 34 | 


Here there muſt be two changes of the ſigns: 
| becauſe if a | þ is greater than c, the ſecond 
term muſt be negative, its coefficient being 
„ 
And if 2 J 5 is leſs than s e, then the third 
term muſt be negative, its coefficient ab — 
ac — bc (ab —  X a £3) * being in that 
caſe negative. And there cannot poſlibly be 
three changes of the ſigns, the firſt and laſt 
terms having the ſame ſign. | 

4. There may be one poſitive root and two 
hw, as in the equation x þ ax x +6 x 
* = ©, which gives 


* ay + ab | 
+ Lack oa = ©. 


 — bc 

Where there muſt be always one change of the 
ſigns, ſince the. firſt term is poſitive and the 
laſt negative. And there can be but one change 
of the ſigns, ſince if the ſecond term 1s ne- 
gative, or @ + b leſs than c, the third muſt be 


5* ww C 


© '® Becauſe the rectangle @ x b is leſs than the ſquare 
a + 2 TU * 2 T B, and therefore much leſs than a+ 6 x c. 
negative 
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negative alſo, ſo that there will be bart one 
change of the ſigns. Or, if the ſecond term 
is affirmative, whatever the third term is, there 
will be but one change of the ſigns. It ap- 
pears therefore, in general; that in cubic equa- 
tions, there are as many affirmative roots as 
there are changes of the figns of the terms of 
the equation, 

The ſame way of reaſoning may be extended 
to equations of higher dimenſions, and the 
rule delivered in $ 19, extended to all kinds of 
equations. 


8 22. There are ſeveral conſectaries of what 
has been already demonſtrated, that are of uſe 
in diſcovering the roots of equations. But be- 
fore we proceed to that, it will be convenient 
to explain ſome transformations of equations, 
by which they may often be rendered more 
ſimple, and the inveſtigation of their roots 
more eaſy. 


* 
4; 


Wot CHAP. 
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CHAP. III. 


Of the Transformation of Eqva- 
TIONS: and exterminating their 
intermediate terms. | 


§ 23. E now proceed to explain the 
transformations of equations that 
are moſt uſeful: and firſt, « The affirmative 
roots of au equation are changed into negative 
roots of the ſame value, and the negative roots 
into affirmative, by only changing the ſigns of the 
terms alternately, beginning with the ſecond.” 
Thus the roots of the equation x* — * — 19* 
 +49x—30=0 are +1, +2, +3, —5; where- 
as the roots of the ſame equation having only 
the ſigns of the ſecond and fourth terms 
changed, viz. , x* — 19x* — 49x — 30 O, 
are — I, —2, — 3, 4 5. 
To underſtand the reaſon of this rule, let us 
aſſume an equation, as x —aXx — N 
x—4 Xx — e &c =o, whoſe roots are, + a, 
+6, +c, +4, Te, &c; and another having its 
roots of the ſame value, but affected with contra- 


— ——— — — — 


&c =o. It is plain, that the terms taken al- 


ternately, beginning from the firſt, are the ſame 
1 5 | e 
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in both equations, and have the ſame ſign, 
« being products of an even number of the 
roots; the product of any two roots having 
the ſame ſign as their product when both their 
figns are changed; as +@Xx =b=—aX+6. 

But the ſecond terms and all taken alter- 
nately from them, becauſe their coefficients in- 
volve always the products of an odd number 
of the roots, will have contrary ſigns in the 
two equations. For example, the product of 
four, viz. abcd, having the ſame ſign in both, 
and one equation in the fifth term having 
abcdX e, and the other abcd X — e, it fol- 
lows that their product a4cd mult have contrary 
ſigns in the two equations : theſe two equa- 
tions therefore that have the ſame roots, but 
with contrary ſigns, have nothing different but 
the ſigns of the alternate terms, beginning with 
the ſecond. From which it follows, “ that if 
any equation is given, and you change the ſigns 
of the alternate terms, beginning with the 
ſecond, the new equation will have roots of the 
ſame value, but with contrary ſigns.” 

$ 24. It is often very uſeful “ o transform 
an equation into another that fhall have its roots 
greater or leſs than the roots 4 the propoſed equa- 
tion by ſome given difference.” 

Let the equation propoſed be the cubic 

* —px* Kr o. And let it be re- 
quired to transform it into another equation 


1 whoſe 
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whoſe roots ſhall be leſs than the roots of this 


equation by ſome given difference. e,- that is, 

ſuppoſe y = x —e, and conſequently x = y Te; 

then inſtead of x and its powers, ſubſtitute y + e 

_and its powers, and there will ariſe this new 
equation. 


(AHI + 30% + 30% + | 
— eo: 
, 7 = 1.4 8 


— 


whoſe roots are leſs than the roots of the pre- 
ceding equation by the difference (e). 

If it had been required to find an' equation 
whoſe roots ſhould be greater than thoſe of the 
propoſed equation by the quantity e, then we 
muſt have ſuppoſed y = x + e, and conſe- 
quently x = y —e, and then the other equation 
would have had this form; 


(3) — 36 % + 340 — 
eo. 
. 


— 7 


If the 8 equation Pl in this form, 
* ＋ p bgx+r =o, then by ſuppoſing 
x erg y there will ariſe an equation agreeing 
in all reſpects with the equation (4), but that 
the ſecond and fourth terms will have contrary 
_ 

And 
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And by ſuppoſing x — e=y, there will ariſe 
an equation agreeing with (B) in all reſpects, 
but that the ſecond and fourth terms will have 
contrary ſigns to what they, have in (B). 5 

The firſt of theſe ſuppoſitions gives this 


equation, 


(C) % — ge + 3% — „% J 
+ 27 — A TT¼ 
+ qy — 7 
+ 7r 


The ſecond ſuppoſition gives the equation 


(D) * + 3er + 346% T 
+ D +205 ,o. 
+ 
＋ 


$ 25. The firſt uſe of this transformation of 
equations is to ſhew, © haw the ſecond (or other 
intermediate) term may be taken away out of an 


equation.” 
It is plain that in t in the equation (A) whoſe 
ſecond term is 3e —p Xx , if you ſuppoſe 
e 4p, and conſequently 3e — p = o, then 
the ſecond term will vaniſh. 
In the equation (C) whoſe ſecond term is 
— 3e + X , ſuppoling e = 4p, the ſecond 
term alſo vaniſhes. | 
Now the equation (A) was deduced from 
* p + qx—r = o, by ſuppoling y = Xx -e: 
| 1 3 „ 


® 


— 
« p 
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and the equation (C) was deduced from x* +p x* 
+qxr,= 0; by ſuppoſing y = e. From 
which this Rule may eaſily be deduced for ex- 
terminating the ſecond term out af any cubic 


ande 1 
R U L E. 

& Add to the unknown quantity of the given equa- 
tion. the third part of the coefficient of the 
ſecond term with its proper ſign, viz. F +, 
and ſuppoſe this aggregate equal to a new un- 
known quantity (y). From this value of y find 
a value of x by tranſpeſitiong and ſubſtitute this 
value of * and its powers in the given equation, 
and there will ariſe a. new equation that ſpall 
want the ſecond term. 


r xAMLE. 


Let it be required to exterminate the ſecond 
term out of this equation, * — 9 ＋ 26% — 
R e ſuppoſe - 3 , ory＋ 3 x; and 
ſubſtiruting according to the . you will find 


„* A 9. +273 ＋ 27) 
— 9 — 5 — 810 5 
3553 
4 


In 
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In which there is no term where y is of two 
dimenſions, and an aſteriſk is placed in the room 

of the ſecond term, to ſhew it is wanting. 

$ 26. Let the equation propoſed be of any 
number of dimenſions repreſented by ꝝ; and let 
the coefficient of the ſecond term with its ſign 


Prefined be — P, then ge * — £ = 8 


and conſequently x=y + £ = and ſubſtituting 


this value for in the given equation, there 
will ariſe a new ans that ſhall want the ſe- 


cond term. 
It is plain from what was PIE REST in 


Chap. 2, that the ſum of the roots of the pro- 
poſed equation is + ; and ſince we ſuppoſe 


142 x—>, it follows, that in the new equation, 
each value of y will be leſs than the reſpective 
value of x by - ; and, fince the number of the 


roots is u, it follows that the ſum of the values 
of y will be leſs than + p, the ſum of the values 


of x, by n N £ the difference of any two roots, 


that is, by a p: therefore the ſum of the va- 


lues of y will be + p - =o. 
But the coefficient of the ſecond term of the 


equation of y is the ſum of the values of, viz. 
＋7 — PH and therefore that coefficient is equal 


to nothing 5 and conſequently, in the equation 
L 4 of 
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of y, the ſecond term vaniſhes. It follows then, 


that the ſecond term may be exterminated out 
of any given equation by the following 


* ES: Ws 


& Divide the coefficient of the ſecond term of the 
propoſed equation by the number of dimenſions 
of the equation; and aſſuming a new unknown 
quantity y, add to it the quotient having its 
fign changed. Then ſuppoſe this aggregate 
equal to x the unknown quantity in the pro- 
poſed equation; and for x and its powers, ſub- 
ftitute the aggregate and its powers, ſo ſhall 
Izbe new equation that ariſes want its ſecond 
. | 


4 27. If the propoſed equation is a qua- 

dratic, as ** — px + q = o, then, according 
to the rule, ſuppoſe y + Ep = x, and ſubſti- 
tuting this value for x, you will find, 


FEM 
— 9 — . , 

„ . 

And from this example the uſe of exterminat- 

ing the ſecond term appears: for commonly 

the ſolution of the equation that wants the ſe- 


cond term is more eaſy, And, if you can find 
the 


FEET War r 2 —— 
e —— — 
- - * 
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the value of y from this new equation, it is 
eaſy to find the value of x by means of the 
equation y + ip =x. For example, 

Since y* + 7 — 1 S o, it follows that 

| „ 4, andy = 57, ſo 
that x =» + 2p = ip = Vip* =, 
which agrees with what we demonſtrated, Chap- 
ter 13 Part I. 

If the propoſed equation is a biquadratic, as 

** — p + gif — 7s +s o, then by ſup- 
poſing x — IP =y, or # = ＋ 7p, an equa- 
tion ſhall ariſe having no ſecond term. And if 
the propoſed is of five dimenſions, then you 
muſt ſuppoſe x & 57. And ſo on. 


eee EC EEE 
* x 
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8 28. When the ſecond term in any equa- 
tion is wanting, it follows, that, < the equation 
has both affirmative and negative roots,” and 
that the ſum of the affirmative roots is equal 
to the ſum of the negative roots : by which 
means the coefficient of the ſecond term, which. 
is the ſum of all the roots of both ſorts, va- 
niſhes, and makes the ſecond term vaniſh. 
In general, © the coefficient of the ſecond 
term 1s the difference between the ſum of the 
_ affirmative roots and the ſum of the negative 
roots: and the operations we have given ſerve 
only to diminiſh all the roots when the ſum of 
the affirmative is greateſt, or increaſe the roots 
when the ſum of the negative is greateſt, ſo 
| as 
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as to balance them, and reduce them to an 
equality. | | 

It is obvious, that in 2 quadratic equation 
that wants the ſecond term, there muſt be one 
root affirmative and one negative; and theſe 
muſt be equal to one another. 

In a cubic equation that wants the ſecond 
term, there muſt be either, two affirmative 
roots equal, taken together, to a third root that 
muſt be negative; or, two negative equal to a 
third that muſt be poſitive. Fi | | 
Let an equation #5 p + 9 - =c 0 
be Propoſed, and let-it be now required to ex- 
terminate the third term.” 

By ſuppoſing e, the coefficient of 
the third term in the equation of y is found (ſee 
equation A). to be 36 2pe + 9. Suppoſe 
that coefficient equal to nathing, and by reſolv- 
ing the quadratic equation 3“ - 2pe +q =O, 
vou will find the value of e, which ſubſtituted 
for it in the equation,y -e, will ſhew how 
to transform the propoſed equation into one 
that ſhall want the third tem. 

The quadratic 30 — 2pe +'q = © gives 


2 . IL So that the propoſed cubic 
: will be transformed i into an equation wanting the 


hir term by ſuppoſing y = = . 
N 5 8 


ory = &— 


If 
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If the propoſed equation is of z dimenſions,. 
the value of e, by which the third term may be- 
taken away, is had by winning the quadratic- 
equation * + 27 e 3 ſup- 

n * 1 1 
poſing — p 55 + 7 to be the coefficients of 
the ſecond and third terms of the propoſed 
equation. 

The fourth term of any equation may be 
taken away by ſolving a cubic equation, which 
is the coefficient of the fourth term in the equa- 
tion when transformed, as in the ſecond article 
of this chapter. The fifth term may be taken 
away by ſolving a biquadratic. And after the 
ſame manner the other terms can be extermi- 
nated if there are any. | 


8 29. There are other tranſmutations of 


equations, that on ſome occaſions are uſeful. 
An equation, as & —pa* Y- = o, may 
be transformed into another that ſhall have its roots 
equal to the roots M this equation multiplied by a 
given quantity, as ye by ſuppoſing y = fx, and 
conſequently x = 7 , and ſubſtituting this value 
for » in the propoſed equation, there will ariſe 
3 
A _—_ — 2 —7 = ©, and multiplying all by 


Pic yg p + 7% —f*r =o, where the 
- coefficient of the ſecond term of the propoſed 


equa multiplied into f makes the coefficient 
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of the ſecond term of the transformed equation; 
and the following coefficients are produced by 
the following coefficients of the propoſed equa- 
tion (as 2, 7, &c,) MTS aha into the mers 
of F (F, f, &c.) | 
Therefore * to Wale any equation into 
another whoſe roots ſhall be equal to the roots 
of the propoſed equation multiplied by a given 
quantity” /, you need only multiply the terms 
of the propoſed equation, beginning at'the ſe- 
cond term, by /, f*, f*, , &c, and putting y 
inftead of x there will ariſe an equation having 
its roots equal to the roots of the propoſed 


e multiplied by F as required. 


8 30. The transformation mentioned in the 
laſt article is of uſe when the higheſt term of 
the equation has a coefficient different from 
unity; for, by it, the equation may be trans- 
formed into one that ſhall have the coefficient 
of the IRR term unit. | 


If the equation propoſed is a * — p# + 9x 
— 7 = ©, then transform the equation into one 
whoſe roots are equal to the roots of the pro- 
poſed equation multiplied by a. That is, ſup- 


poſey=ax, or x = 25 and there will ariſe 


222 + _— r.=0z ſo that y — py + qay 


a 
= r = O. | 
: From 
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From which we eaſily draw this 


. 
« Change the unknown quantity x into another y, 
prefix no coefficient to the higheſt term, paſs the 
ſecond, multiply the JE terms, beginning 
with the third, by a, a*, a, a, &c, the powers 
of the coefficient of the bigbef term of the pro- 
poſed equation, reſperaively.” 

Thus the equation 3x%*—13x*+14x+16 = 0, 
is transformed into the equation. 

5 — 13% ＋ 14 X 3X y ＋＋ 16 * 9 =o, or 
* — 13% + 423 + 144 = O- 

Then finding the roots of this equation, it 
will eaſily be diſcovered what are the roots of 
the propoſed equation: ſince 3x = y, or x = 29. 
And therefore ſince one of the values of y is 
22, it follows that one of the values of x is 

5 | 
8 

§ 31. By the laſt Rule „ an equation is eaſily 

cleared of fractions. Suppoſe the equation pro- 


poſed is x* — — x* + ＋— =o. Multiply 
all the terms by the product 4 the denomina- 
tors, you find. 
mue Xx* —nepXx* + meqX x - mur = 0. 
Then (by laſt ſection) transforming the equa- 
tion into one that ſhall have unit for the coef- 
ficient of the higheſt term, you find | 
J*—uvepxXy +mweinqgxXy - M &r o. 

O, 
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Or, neglecting the denominator of the laſt 

term - you need only multiply all the equa- 

tion by un, which will. give D, 

mu X * DD * + 19 = . And 


m, 
= O. 


| then y* — np X y LN — 
Now after the values of y are found, it will 
be eaſy to diſcover the values of x; ſince, in the 


firſt caſe, x = ; in the ſecond, x = <. 
mane ama 


For example, the equation 
* *.— 1 —4 = = ©, 1s firſt 004 to 


* 


1 3 
this form 3x" —46——— =o, and then trans- 


formed into y.. 125 — 146 = ©. 

Sometimes by theſe transformations, “ Surds 
are taken away.” As for example, 
The equation x* — a Xx * ＋ =- a 
'= O, by putting y i x x, or x = 5 IS 
transformed into this equation, 

4? 

2. 2 1 

2 N & A * 7 r = o. 


Which by mulciphying al oe terms _ by 4 Va, 
becomes )* — pay + 24% — re = = , an e- 
quation free of ſurds. But in order to make 
this ſucceed, the ſurd (Va) muſt enter the al- 
ternate terms beginning with the ſecond. 


9 32. 
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§ 32. An equation, as * px. ＋7 —r=0, 
may be transformed into one whoſe roots ſhall be 
tbe SO reciprocal of x; by ſu ppoſing 


= = and y = = or, (by one ſuppofition) 


x = __ becomes 2? — 92 pra - =o. 


In the equation of y, it is manifeſt that the 
order of the coefficients is inverted; ſo that if 
the ſecond term. had been wanting in the pro- 
poſed equation, the laſt but one ſhould have 
been wanting in the equations of y and z, If 
the third had been wanting in the equation 
propoſed, the laſt but two had been wanting in 
the equations of y and z. 

Another uſe of this transformation is, that 
« the greateſt root in the one i transformed into 


the leaſt root in the other,” For ſince x = = 


and y = = it is plain that when the value of x 


is greateſt, the value of b is leaſt, and con- 
verſely. 

How an equation is transformed ſo as to have 
all its roots affirmative, ſhall be explained in 
the following chapter. 


CHAP. 
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CHAP, IV. 


Of finding the Roots of Equations 
when two or more of the Roots 
are equal to each other. 


$ 33. DEfORE we proceed to explain how 
| to reſolve equations of all ſorts, we 
ſhall firſt demonſtrate (t how an equation that 
bas two or more roots equal, is depreſſed to 4 
lower dimenſion; and its reſolution made, con- 
ſequently, more eaſy. And ſhall endeavour to 
explain the grounds of this and many other 

rules we ſhall give in the remaining part of 
this Treatiſe, in a more ſimple and conciſe 
manner than has hitherto been done. 
In order to this, we muſt look back to & 24, 
where we find that if any equation, as * — p 
+ qx —r = 0, is propoſed, and you are to 
transform it into another that ſhall have its 
roots leſs than the value of x by any given dif- 
ference, as e, you are to aſſume y = x — e, and 
ſubſtituting for x its value y + e, you find the 
transformed equation, 


Y+ ef) + 30% +8 
—_— EL... 
. 


—1 


© Pt 


Where 
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Where we are to _—— | | 
1* That the laſt term (e* —pe + ge—7) is 
the very equation that was propoſed, having e 
in place of x. 
2* The coefficient of the laſt term but one 
is 3& — 2pe + 9, which is the quantity that 
_ ariſes by multiplying every term of the laſt 
_ coefficient * —pe + ge —r by the index of e 
in each term, and dividing the product 38 — 
ape* + ge by the an e that is common to 
all the terms. 
3 The coefficient of the laſt term but two 
is 36 — p, which is the quantity that ariſes by 
multiplying every term of the coefficient laſt 
found (3 — 2pe + 9) by the index of e in 
each term, and dividing the whole by 2e. 
$ 34- Theſe ſame obſervations extend to 
equations of all dimenſions. If it is the bi- 
. quadratic K - + gift —rx+5=0 that 
is propoſed, then by ſuppoſing y = x —e, it 
will be transformed into this other, 


* + 427) + by 4e + & 
P 
0 + 973 ＋ 290% 475 =0 
— Ty re 
＋ 5 
Where! again it is obvious that the laſt term 
is the equation that was propoſed, having e in 


place of x. That the laſt term but one has 
| M for 
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for its coefficient the quantity that ariſes by 
multiplying the terms of the laſt quantity by 

the indices of e in each term, and dividing the 
product by e. That the coefficient of the laſt 
term but two (viz. 66 — 3pe +9) is deduced 
in the ſame manner from the term immediately 
following; that is, by multiplying every term 
of 4 — 32 + 296 r by the index of e 
in that term, and dividing the whole by s 
multiplied into the index of y in the term 
ſought, that is, by e * 2. And the next term 
6e x2—320e X 4 
is 40 — 1 2 
The demonſtration of this may eaſily be OR 
general by the Theorem of finding the powers 
of a binomial, ſince the transformed equation 
conſiſts of the powers of the binomial y + e that 
are marked by the indices of 2 in the laſt term, 
multiplied each by their coefficients 1, — p. 
+ 2. —7, + 5, &c, reſpectively. 


§ 35. From the laſt two articles we can ea- 
fily find the terms of the transformed equation 
without any involution, The laſt term is had 
by ſubſtituting e inſtead of x in the propoſed 
equation; the next term, by multiplying every 
part of that laſt term by the index of e in 
each part, and dividing the whole by e; and 
the following terms in the manner deſcribed in 
the een Wee the reſpective diviſors 
being 
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being the quantity e muſtipliod by the index of 
y in each term. 

The demonſtration for finding when two or 
more roots are equal will be eaſy, if we add to 
this, that, * when the unknown quantity enters 
all the terms of any equation „ then one of its va- 
lues is equal to nothing.” As in the equation 
* — p þ gu = o, where # —©O o being 
one of the ſimple equations that produce 
* — pn + q# = o, it follows that one of the 
values of x is o. In like manner two of the 
values of x are equal to nothing in this equa- 
tion xa? —px*=0; and three of them vaniſh 
in the equation x* — px* = o. 

It is alſo obvious (converſely) that © if x 
does not enter all the terms of the equation, 
i. e. if the laſt term be not wanting, then none 
of the values of x can be equal to nothing; 
for if every term be not multiplied by x, then 
* — © cannot be a diviſor of the whole equa- 
tion, and conſequently o cannot be one of the 
values of x: If * does not enter into all the 
terms of the equation, then two of the values 
of x, cannot be equal to nothing. If x* does 
not enter into all the terms of the equation, 
then three of the yalues of x cannot be equal 
to nothing, Oc. | 
8 36. Suppoſe now that two values of x are 
equal to one another, and to e; then it is plain 
chat two values of y in the transformed equation 

M 8 : | will 
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will be equal to nothing; ſince y = x —e, 
And conſequently, by the laſt article, the two 
laſt terms of the transformed Iron muſt 
vaniſh. ; 

Suppoſe it is the cubic equation of § 33, that 
is propoſed, viz. p + gx - =o; and 
becauſe we ſuppoſe x = e, therefore the laſt 
term of the transformed equation, viz. && —p& 
＋ ge—r will vaniſh. And ſince two values 
of y vaniſh, the laſt term but one viz. 3e* — 
2pey + qy will vaniſh at the ſame time. So 
that 3 — 2pe + q = o. But, by ſuppoſi- 
tion, e x; therefore, when two values of x, 
in the equation .x* - + gx — r = ©, are 
equal, it follows, that ga* — 2px +q =o. 
And thus „ the propoſed cubic is depreſſed to 
a quadratic that has one of 1ts roots equal to 
one of the roots of that cubic.” | 

If it is the Diquadrante; that 1 is propoſed, VIZ, 
* — px* + gx* —rx +5 =O, and two of its 
roots be equal; then ſuppoſing e = x, two of 
the values of y muſt vaniſh, and the equation 
of § 34 will be reduced to this form, 


H+49% $befy e 
— 9 — 7%. *#* = O. So that 
* | 
4e — 3Þ +2940 —r = 0; or, becauſe x = c, 
4 x" E | 


In 


Chap. 4 ALGEBRA. 167 


In general, when two values of x are equal 
to each other, and to e, the two laſt terms of 


the transformed equation vaniſh: and conſe-, 


quently, if you multiply the terms of the 
propaſed equation by the indices of x in each 
term, the quantity that will ariſe will be = o, 
and will give an equation of a lower dimen- 
ſion than the propoſed, that ſhall have one of 
its roots equal to one of the roots of the pro- 
poſed equation,” 

That the laſt two terms of the equation va- 
niſh-when the values of x are ſuppoſe$equal to 
each other, and to e, will alſo appear by con- 
ſidering, that ſince two values of y then be- 
come equal to nothing, the product of the va- 


lues of y muſt vaniſh, which is equal to the laſt 


term of the equation; and becauſe two of the 


four values of y are equal to nothing, it follows 


alſo that one of any three that can be taken out 
of theſe four muſt be =o; and therefore, the 


products made by multiplying any three muſt 


vaniſh; and conſequently the coefficient of the 
laſt term but one, which is equal to the ſum of 
theſe products, muſt vaniſh. 


$ 37. After the ſame manner, if there are 
three equal roots in-the biquadratic x* - 
9 - r* ＋ = o, and if e be equal to one of 
them; three values of y (= x —e) will vaniſh, 


and conſequently ) will enter all the terms of 5 
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the transformed equation; which will have this 
form, 


2 . * 2 o. So that hero 
6e — 3pe + 7 So; or, ſince 2x, therefore 
6* — 3px ＋ = ©: and one of the roots of 
this quadratic will be equal to one of me roots 
of the propoſed biquadratic. 

In this caſe, two of the roots of the cubic 
equation 4x*— 3px* + 29 — = © are roots 
of the propoſed biquadratic, becauſe the quan- 
tity 6x? — 3px +9 is deduced from 4x«e— 
32 ＋ 29x —7, by multiplying the terms by 
the indices of x in each\term, | 

In general, «whatever is the number of 
equal roots in the propoſed equation, they will 
all remain but one in the equation that is de- 
duced from it by multiplying all the terms by 
the indices of x/in them; and they will all re- 
main but two in the equation deduced in the 
fame manner from that; and ſo of the reſt, 


$ 38. What we obſerved of the coefficients of 
equations transformed by ſuppoſing ) = x e, 
leads to this eaſy demonſtration of this Rule ; 
and will be applied in the next chapter to de- 
monſtrate the Rules for finding the limits of 
equations. 
It is obvious however, that though we make 
uſe of equations whoſe ſigns chan ge alternately, 
| | the 
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the ſame reaſoning extends to all otlier equa- 


tions. 
It is a conſequenee alſo of what has been 


demonſtrated, that if two roots of any equa- 


tion, as * — p + gu—r S o, are equal, 


then multiplying the terms by any arithmetical 


ſeries, as a + 3, a+ 26, 4 + , a, the pro 
duct will be = o.“ 

For ſince ax* ap˙ + agx —ar o; and 
3 —2px+qXbx = 0, it follows that 

* + 35 — apy) — 2bpux + 4 * + g 
— ar = ©. Which is the product that ariſes 
by multiplying the terms of the propeſed equa- 
tion by the terms of the ſeries, @ + 3%, a + 25, 
a + b, a; which may repreſent any arithme- 
tical progreſſion, 
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Sn 


Of the Limits of rien 


S 39+ \ \ 7E now procsed to ſhew how to 
8 5 diſcover the limits of the roots of 


ghvations, by which their ſolution i is much fa- 
cilitated. 

Leet any equation, as x? ro. 
be propoſed; and transform it, as is above, 1 intq 
the equation. | 


3 + 3% + 3&7 +a: 
— P95 — 2pey pe. o. 
| + 9 + 9? 1 


. 


Where the values of y are leſs than the reſpec. 
tive values of x by the difference e. If you 
ſuppoſe e to be taken ſuch as to make all the 
eee of the equation of y, poſitive, VIZ, 
— pe + ge — 7, 345 — ape +4, 3 — 7 

1 there being no variation of the ſigns in the 
equation, all the values of y mult be negative; 
and conſequently, the quantity e, by which the 
values of x are diminiſhed, muſt be greater 
than the oreateſt poſitive value of x. and con- 
ſequently muſt be the limit of the roots of the 


equation * —px + + = O. 
| It 
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It is ſufficient therefore, in order to find the 
limit, to ** enquire what quantity ſubſtituted 
for x in each of theſe expreſſions x* — p + 9x 
r, 3 — 20% ＋ 4, 3H — p: will give them 
all poſitiye; for that Wai will be the li- 
mit required. 

How theſe expreſſions are formed from one 
another, was explained in the beginning of the 
laſt chapter. 


EXAMPLE. 


40. It the equation & — 2* — 104 
| + 30x" + 63x + 120 = © is propoſed ; and 
it is required to determine the limit that is 
greater than any of the roots; you are to en- 
quire what integer number ſubſtituted for x in 
the propoſed equation, and following equations 
deduced from it by 8 355 will give, in each, A 
P quantity. 


5 — 8 — 30 + box + 63 
1 — 1-3 
5* — 4% — 5 
. pe : 


The leaſt | integer number which gives each 
of theſe poſitive, is 2; which therefore is the 
limit of the roots of the propoſed equation 
or a number that exceeds the greateſt poſitive 
root. 


It 
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If the limit of the negative roots is required, 
you may, by 5 23, change the negative into 
Politive roots, and then proceed as before to 
find their limits. Thus, in the example, you 
will find that — 3 is the limit of the negative 
roots. So that the five roots of the propoſed 
equation are betwixt — 3 and -þ 2. 
$ 41. Having found the limit that ſurpaſſes 
the greateſt poſitive root, call it n. And if you 
aſſume y = m—x, and for x ſubſtitute nm — y, - 
the equation that will ariſe will have all its roots 
poſitive ; becauſe m is ſuppoſed to ſurpaſs all 
the values of x, and conſequently n — x ( =) 
muſt always be affirmative. And by this means, 
any equation may be changed into one that ſhall 
have all its roots affirmative, 

Or if — z repreſent the limit of the negative 
roots, then by aſſuming y = x+2, the propoſed 
equation ſhall be transformed into one that ſhall 
have all its roots affirmative ; for + # being 

greater than any negative value of x, it follows 
that y = x + A muſt be always poſitive, 

$ 42. © The greateſt negative coefficient of any 
equation increaſed by unit, always exceeds the 
greateſt root of the equation. 

To demonſtrate this, let the cubic * — px* 
— Jy —Y = © be propoſed; where all the 
terms are negative except the firſt, Aſſuming 
) = x—0e It will be transformed into the fol- 
lowing equation, 

(4) 
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Aren | 
— py — 2pey — pet — 
| a FF ge | 
: . 
1. Let us ſuppoſe that the coefficients p, 9, 7, 
are equal to each other; and if you alſo ſuppoſe 
(=D El then the laſt equation becomes 


(BY + 2py+p%y +1" 
4. 20 + 387 =O, 
+ 32 


Where all the terms being poſitive, it follows 
that the values of y are all negative, and that 
conſequently e, or p + 1, is greater than the 
greateſt value of & in the propoſed equation. 
2% If q and i be not = p, but leſs than it, 


and for e you ſtill ſubſtitute p + 1 (ſince the 
negative part a 1) — becomes leſs, the 


poſitive remaining undiminiſhed) a fortiori, all 
the coefficients of the equation (4) become 
poſitive. And the ſame is obvious if q and r 
have poſitive ſigns, and not negative ſigns, as 
we ſuppoſed. It appears therefore, * that, if, 
in any cubic equation, ↄ be the greateſt nega- 
tive coefficient, then p + 1 muſt ſurpaſs the 
greateſt value . 


§ 43. 3. By the ſame reaſoning i it appears, 


that if q be the greateſt negative coefficient of | 


the 
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the equation, and eg + 1, then there will be 
no variation of the ſigns in the equation of j: 
for it appears from the laſt article, that if all 
the three (p, 4, 7) were equal to one another, 
and e equal to any one of them increaſed by 
unit, as tog + 1, then all the terms of the equa- 
tion (A) would be poſitive, Now if e be ſup- 
poſed ſtill equal to 2 + 1, and p and to be leſs 
than 4, then, a fortiori, all theſe terms will be 
poſitive, the negative part, which involves and 
7 being diminiſhed, while the poſitive part and 
the negative involving q remain as before. 
4 After the ſame manner it is demonſtrated, 
that if 7 is the greateſt negative coefficient in 
the equation, and e is ſuppoſed = 7 + x, then 
all the terms of the equation (A) of y will be 
| poſitive ; and conſequently r + 1 will be great. 
er than any of the values of x. . 

What we have ſaid of the cubic equation 
* —px* + {hd = 0, is eaily applicable to 
others. 

In general, we conclude that * the greateſt 
negative coefficient in any equation increaſed 
by unit, is always a lat that exceeds all the 
roots of that equation,“ 

But it is to be obſerved at the ſame time, 
that the greateſt negative coefficient increaſed 
by unit, is very ſeldom the neareſt limit: that 
is beſt diſcovered by the Rule in the 39th ar- 


| ticle. 
5 44. 
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$ 44. Having ſhewn in 8 41. how to change 


any propoſed equation into one that ſhall have 
all its roots affirmative ; we ſhall only treat of 
ſuch as have all their roots poſitive, in what re- 


mains relating to the limits of equations. 

Any ſuch equation may be repreſented by 
4 * , 7 * * — 4 er. whoſe 
roots are a, b, c, d, &c. "TY 


And of all ſuch equations two limits are 


eaſily diſcovered from what precedes, VIZ. o, 
which is leſs than the leaft, and e, found ac- 
cording to & 39. which ſurpaſſes the Se 
root of the equation. 
But heſides theſe, we ſhall now ſhew how 
ce to find other limits betwixt the roots themſelves.” 
And, for this purpoſe, will ſuppoſe à to be the 
leaſt root, + the ſecond root, c the third, and fo 
on ; it being arbitrary. 

§ 45. If you ſubſtitute o in place of the un- 
known quantity, putting x = o, the quantity 
that will ariſe from that ſuppoſition is the laſt 


term of the equation, all the others, that in- 


volve x, vaniſhing. 
If you ſubſtitute for x a quantity leſs than the 
leaſt root a, the quantity reſulting will have 


the ſame ſign as the laſt term; that is, will be 


poſitive or negative according as the equation is 


of an even or odd number of dimenſions. For 


all the factors x —= 4, x —b, x — c, &c, will 
be negative, and their product will be pofirive 
or 
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or negative according as their number is even 
or odd. 

If you ſubſtitute for x a avenchry greater than 
the leaſt root a, bur leſs than all the other 
roots, then the ſign of the quantity reſulting 
will be contrary to what it was before; becauſe 
one factor (x — 4) becomes now poſitive, all 
the others remaining negative as before. 

If you ſubſtitute for x a quantity greater than 
the two leaſt roots, but leſs than all the reſt; 
both the factors x — 4, K — b, become poſitive, 
and the reſt remain as they were, So that the 
whole product will have the ſame ſign as the 
laſt term of the equation. Thus ſucceſſively 
placing inſtead of x quantities that are limits 
betwixt the roots of the equation, the quantities 
that reſult will have alternately the ſigns + 
and —. And, converſely, © if you find quan- 
tities which ſubſtituted in place of x in the pro- 
poſed equation, do give alternately poſitive and 
negative reſults, thoſe ier are the limits 
of that equation.“ 

It is uſeful to obſerve, that, in general, 

« when, by ſubſtituting any two numbers for 
* in any equation, the reſults have contrary 
ſigns, one or more of the roots of the equation 
muſt be betwixt thoſe numbers.“ Thus, in 
the equation * — 2x* — 5 = ©, if you ſubſti- 
tute 2 and 3 for x, the reſults are — 5, + 43 
whence it follows that the roots are betwixt 2 
9 and 


6 
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and 3: for when theſe reſults have d;fFeren 
ſigns, one or other of the factors which pro- 
duce the equations muſt have changed its ſign ; 
ſuppoſe it is æ = e, then it, is plain that e muſt 
be betwixt the numbers ſuppoſed equal to x. 

$ 46. Let the cubic equation & — px? + gs 
— 7 So be propoſed, and let it be trans- 
formed, by aſſuming y = x —e, into the equa- 
tion Te 
„3% +363 +6 

nas. 

. 
— 1 

Let us ſuppoſe e equal ſucceſſively to the 
three values of x, beginning with the leaſt va- 
lue; and becauſe the laſt term &—p# +ge—r 
will vaniſh in all theſe ſuppoſitions, the equa- 
tion will have this form, 

e. 

* )%%ͤö;ö%ꝛ ÄÄ8Üö 


where the laſt term 3e —2pe + 9 is, from the 


nature of equations, produced of the remaining 
values of y, or of the exceſſes of two other va- 
lues of x above what is ſuppoſed equal to e; 
fince always y = x - e. Now, 

1. If e be equal to the leaſt value of x, then 
thoſe two exceſſes being both poſitive, they 
will give a poſitive product, and conſequently 
30% — 2pe + q will be, in this caſe, poſitive. 

5 2's 
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: 
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2% If e be equal to the ſecond value of x; 
then, of thoſe two exceſſes one being negative 
and one poſitive, their product 36 — 5 arid 
will be negative. : 

3% If e be equal to the third and greatest 
value of x, then the two exceſſes being both 
negative, their product 35 — 2p? I is po- 
fitive. © Whence, "4% 

If in the equation 30 — 2pe + q = ©, you 
ſubſtitute ſucceſſively in the place df e, the three 
roots of the equation & pe ie = r S oi 
the quantities reſulting will ſucceſſively have 
the ſigns +,—, +; and conſequently the three 
roots of the cubic equation are the limits of the 
roots of the equation 35 — 2p ＋ 7 =o (by 
$ 45.) That is; the leaſt of the roots of the 
cubic is leſs than the leaſt of the roots of the 
bother; the ſecond root of the cubic is a limit 
between the two roots of the other; and the 
greateſt root of the cubic 1s the limit that ex- 
ceeds both the roots of the other, 


$ 47. We have demonſtrated that the roots 
of the cubic equation &—pe*+qe—r=o are 
limits of the quadratic 3e*— 2 pe 4; whence 
it follows (converſely ) that the roots of the qua- 
_ dratic 3e* —=2pe+q = o are the limits between 
the firſt and ſecond, and between the fecond and 
third roots of the cubic & — p& + ge—r = O. 
So that if you find the limit that exceeds the 

| | _ greateſt | 
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greateſt root of the cubic, by 8 39 you will 
have (with o, which is the limit leſs than any 

of the roots) four limits for the three roots of 

the propoſed cubic. | 

It was demonſtrated in $ 35, how the qua- 

dratic 360 — 22e + is deduced from the pro- 
poſed cubic &— pf + ge —r = o, viz. by 
multiplying each term by the index of e in it, 

and then dividing the whole by e; and what 

we have demonſtrated of cubic equations is 
eaſily extended to all others; ſo that we con- 
clude, that the laſt term but one of the tranſ- - 
formed equation is the equation for determin- 

ing the limits of the propoſed equation.” Or, 

that the equation ariſing by multiplying each 

term by the index of the unknown quantity in 
it, is the equation whoſe roots give the limits 

of the propoſed equation; if you add to them | 
the two mentioned in 44. 2 


| 
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$ 48. For the ſame reaſon, it is plain that 
the root of the ſimple equation 3 — p = o, 
(i. e. 2p) is the limit between the two roots of 
the quadratic 3% — 22e +q = o. And, as 
40 — 3% + 29 —r o gives three limits 
of the equation - e + g& —re+ 5=0, 
ſo the quadratic 64 — 3pe +q = o gives two 
limits that are betwixt the roots of the cubic 
4 — 3p& ＋ 296 —r = 03 and 4 - O 
gives one limit that is betwixt the two roots of 9 


S 
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the quadratic 6e* — 3e + 7 = ©. 'So that 
we have a complete ſeries of theſe equations 
ariſing from a ſimple equation to the propoſed, 
each of which determines the n of the 


following equation. 


$ 49. If two roots in the propoſed equation 
are equal, then * the limit that ought to be 
betwixt them muſt, in this caſe, become equal 
to one of the equal roots themſelves.” Which 
perfectly agrees with what was demonſtrated in 
the laſt chapter, concerning the Rule for find- 
ing the equal roots of equations. | 

And, the ſame equation that gives the li- 
mits, giving alſo one of the equal roots, when 
two or more are equal, it appears, that « if 
you ſubſtitute a limit in place of the unknown 
quantity in an equation, and, inſtead of a po- 
ſitive or negative reſult, it be found = o, then 
you may conclude, that not only the limit it- 
ſelf 1s a root of the equation, but that there 
are two roots in that equation, equal to it and 
to one another. 


§ 50. It having been demonſtrated that the 
roots of the equation * — px* + gx -r oO 
are the limits of the roots of the equation 
3x*—2px + q =o, the three roots of the cubic 
equation, which ſuppoſe to be a, b, c, ſubſti- 
tuted for x in the quadratic 3 —2p%+9, muſt 


give the reſults ps and negative alter- 
nately. 


nately. Suppoſe theſe three reſults to be + N, 
— M. + L; that is, 34. —2pa + q = NV,. 
36 —2pb+q=—M,3&—2pc+q=L; and 
lince a —pa*+ga—r S o, and 3a*—2pd +94 
= Mx a, ſubtracting the former multiplied in- 
to 3 from the latter, the remainder is pa*—294 
Zar NMX a. In the ſame manner 25 — 296 
+ z3r=— Mx b, and pc- 29 r = ＋Lxc. 
Therefore px* — 29x + 3r is ſuch a quantity 
that if, for x, you ſubſtitute in it ſucceſſively 
2, , c, the reſults will be + NMX a, —M Xx , 
+ L Xc. Whence a, 5, c, are limits of the 
equation p — 29x ＋ 31 O (by § 453) and, 
converſely, the roots of the equation p — 29x 
＋ 37 So are limits between the firſt and ſe- 
cond, and between the ſecond and third roots 
of the cubic x* f * - = 0. Now 
the equation px* — 29x + 37 = © ariſes from 
the propoſed cubic by wulthpiying the terms 
of this latter by the arithmetical progreſſion 6, 
— 1, — 2, — 3. And in the ſame manner it 
may be ſhewn that the roots of the equation 
* — 2 * + 37x—45=0 are limits of the 
equation * — px? + -K ＋ $= o. 
| = multiply the terms of the equation 

-* +qgx —YT =O 
1 + 39, a 26, 4 ＋ 6, a 

* — apx* + 29% —ar (= 9 


„FÄ —2px+4X0x), 
2 any 
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any arithmetical ſeries where à is the leaſt term 
and 5 the common difference, and the products 
(if you ſubſtitute for x, ſucceſſively, a, 5, c, 
the three roots of the propoſed cubic) ſhall be 
+ NN x, — M x bx, LX bx. For the firſt 
part of the product a X * - - =0; 
and a, 5, &, being limits in the equation 3 — 
2px + q = o, their ſubſtitution muſt give re- 
ſults, N, M. L, alternately poſitive and ne- 
gative. 

In general, the roots of the equation & — 
r Sc So are limits of 
the roots of the equation *. — =I x pe 
T1 2x 1 — 13 X 1 44 Sc = 03 
or of any equation that is deduced from it by 
multiplying its terms by any arithmetical pro- 
greſſion a b, a 23, a ꝙ 3b, a ꝙ 4b, &c. 
And converſely, the roots of this new equation 
will be limits of the propoſed equation 

* -p = 2 2 — &c = 0. 

e Tf any roots of the equation of the limits are 
impoſſible, then muſt there be ſome roots of the pro. 
poſed neten impoſſible,” For as (in 46) the 
quantity 36 - 22 7 was demonſtrated to 
be equal to the product of the exceſſes of two 
values of x above the third ſuppoſed equal to e: 
if any impoſſible expreſſion be found in thoſe 
exceſſes, then there will of conſequence be 
found impoſſible expreſſions in theſe two values 
of x. 


And 


And «© from this obſervation rules may be 
deduced for diſcovering when there are impoſ- 
ſible roots in equations,” Of which we ſhall 
treat afterwards, | 

$ 51. Beſides the method already explained, 
there are others by which limits may be deter- 
mined, which the root of an equation cannot 
exceed. 

Since the ſquares of all real quantities are 
affirmative, it follows, that „ the ſum of the 


ſquares of the roots of any equation muſt be 


greater than the ſquare of the greateſt root. 
And the ſquare root of that ſum will therefore 
be a limit that muſt exceed the greateſt root of 
the equation. 

If the equation propoſed is x” — p + 


z — r4%>=3 + Ge o, then the ſum of 


the ſquares of the roots, (by § 15,) will be 
9 — 29. So that /p*— 2 will exceed the 
greateſt root of that equation. 
Or if you find, by F 16, the ſum of the 4th 
powers of the roots of the equation, and ex- 
tract the biquadratic root of that ſum, it will 
alſo exceed the greateſt root of the equation. 
$ 52. If you find a mean proportional be- 
tween the ſum of the ſquares of any two roots, 
4, b, and the ſum of their biquadrates (a* + ), 
this mean proportional will be 


Va + PF + oF + F. And the fum of ths 
| N' 3 cubes 
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cubes is 2 + 3. Now ſince 4 — 245 + & is 
the ſquare of @ — b, it muſt be always pofitive; 
and if you multiply it by 4*#, the product 
a. b — 24 U + a* b* will alſo be poſitive; and 
conſequently a + a* 5+ will be always greater 
than 220. Add a* + 6, and we have af + 
ab + A +85 greater than 4 + 24 + be; 
and extracting the root /2 + a* Þ + a* + 7 
greater than @& + . And the ſame may be 
demonſtrated of any nber of roots what- 
cver. | 

Now if you add the n of all the cubes 
taken affirmatively to their ſum with their proper 
ſigns, they will give double the ſum of the 
cubes of the affirmative roots. And if you 
ſubtract the ſecond ſum from the firſt, there 
will remain double the ſum of the cubes. of the 
negative roots. Whence it follows, that << half 
the ſum of the mean proportional betwixt the 
ſum of the ſquares and the ſum of the biqua- 
drates, and of the ſum of the cubes of the 
roots with their proper ſigns, exceeds, the ſum 
of the cubes of the affirmative roots: and 
ce half their difference Exceeds the ſum of the 
cubes of the negative roots.” And by ex- 
tracting the cube root of that ſum and diffe- 
rence, you will obtain limits that-ſhall exceed 
the ſums of the affirmative and of the negative 
roots. And ſince it is eaſy, from what has 
| _ 88 8 Ges. 
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been already explained, to diminiſh the roots 
of an equation ſo that they all may become ne- 
gative but one, it appears how by this means 
you may approximate very near to that root. 
But this does not ſerve when there are e 
ſible roots. 

Several other Rules like theſe might be given 
for limiting the roots of equations. We ſhall 
give one not mentioned by other Authors. 


In a cubic x3—px*+qgx—r =o find.g*—2pr, 


and call it *“; then ſhall the greateſt root of 


e 6 
the equation always be greater than 5 


ot 


S_ And, 
3 


In any Equation, xn p I M 2 - =- 3 


+ Sc = = 6 find E — — x. — and extracting 


the root of the fourth * out of that quan- 
tity, it ſhall always be leſs than the * 


root of the equation. 
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CHAP. VE. 
Of the Reſolution of Equations, all 
whoſe Roots are commenſurate, 


$ 53. TT was demonſtrated, in Chap. 2, that 
the laſt term of any equation is the 
product of its roots: from which it follows, 
that the roots of an equation, when commen- 
ſurable quantities, will be found among the 
diviſors of the laſt term. And hence we have 
for the reſolution of equations this | 


RULE. 

Bring all the terms to one fide of the equation, 
findl all the diviſors of the Iaft term, and ſub- 
 flitute them ſucceſſively for the unknown guan- 
tity in the equation. So hall that diviſor 

which, ſubſtituted in this manner, gives the 


reſult = o, be the root of the 1 88 us. 
tion. | 


For example, ſuppoſe this equation is to be 
_ reſolved, 
* — 34 ＋ 24˙¹ — 2461] 
— bx + 3a . 
where the laſt term is 245, whoſe ſimple lite- 
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ral diviſors are a, ö, 2 4, 24, each of which may 
be taken either poſitively or negatively: but as 
here we find there are variations of ſigns in the 
equation, we need only take them poſitively, 
Suppoſe x = 4 the firſt of the diviſors, and 
feen afar x, the <q Wen 


3— 9— 1 
37 +20 * For $0204 gub— 3a" SO. 


5 34 


So that, the whole vinithing: it follows that 4 
is one of the roots of the equation, 


After the ſame manner, if you ſobſtirace h 


in place of x, the equation is 
65 — 32 + 20% — CY 
. 
which vaniſhing ſhews to be another root of 


the equation. 
* if you ſubſtitute 24 for x, you will 


So, 


find all the terms deſtroy one another fo as ta 


make the ſum = o. For it -will then be 


84 — 122˙ + 44? whe ö 4 
46 my 


Whence we find that 24 is the third root of 
the equation. Which, after the firſt rwo (+ 4, 
++) had been found, might have been col- 
lected from this, that the laſt term being the 


product of the three roots, + a, + & being 
9 | known, 


- 
: 
* 
4 
T1 
| 
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the laſt term divided by the produc ab, that 
is, = =; = = == 24. | i 

| 54. Let the roots s of the cubic equation 

* — 2K — 33x + 90 = © be required. 
And firſt the diviſors of 90 are found to be 
15 25 3 5,6, 9, 10, 15, 18, 30, 45, 90. If you 
ſubſtitute 1 for x, you will find æ& — 2#* 332 
＋ 90 S 56; ſo that 1 is not a root of the 
equation. If you ſubſtitute 2 for x, the reſult 
will be 24: but putting x = 3, you have 
& - A2K 33 90=27—18—99+90= 117 —1 120. 
So that 3 is one of the roots of the Propoſed 
equation. The other affirmative root is + 5; 
and after you find it, as it is manifeſt from the 
Equation, that the other root is negative, you 
are not to try any more diviſors taken poſi- 
tively, but to ſubſtitute them, negatively taken, 
for x: and thus you find that 6 is the third 
root. For putting x = — 6, you have 
* —2x*—332x+9g0=—216—72 + 198 +90=0o. 

This laſt root might have been found by di- 
viding the laſt term go, having 1 its ſign chang- 
ed, by 1 52 the OY 5 the two roots Mendy 
found. 

F 55. When one of the roots bol an equation 
is found, in order to find the reſt with leſs trou- 
ble, divide the propoſed equation by the, ſimple 


os which you are to deduce from the root 
already 


already found, and the quotient ſhall give an 


quired. 


x — 3* 


& — 33* 1 90 


** — 3x 


— zox ＋ 9 
— 30 * + 90 


the quotient mall give a quadratic equation 

* + x — 30 = o, which muſt be the product 

| of the other two ſimple equations from which 

the cubic is generated, and whoſe roots there- 
fore muſt be two of the roots of that cubic. 

Now. the roots of that quadratic equation 

are eaſily found by Chap. 13, Part 1, to be + 5 

and — 6, For, 


Mb EE + 
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equation of a degree lower than the propoſed; 
whoſe roots will * or "Oy roots re- 


As for example, the root ＋ 3, firſt found, 
gave # = 3 or x — 3 , whence dividing thus, 
1 . 90 8 e e 


| 
| 


—_ = >=26 
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9 56. After the ſame manner, if the biqua- 
dratic * — 2K — 25 + 26x ＋ 120 = © is 
to he reſolved; by ſubſtituting the diviſors of 
120 for x, you will find that ＋ 3, one of thoſe 
diviſors; is one of the roots; the ſubſtitution of 
3 for x giving 81 — 54 — 225 +78 + 120 = 
279 — 279 O. And therefore dividing the 
propoſed equation by x — 3, you muſt enquire 
for the roots of the cubic * + #* — 22x — 
40 = ©, and finding that + 5, one-of the di- 
viſors of 40, is one of the roots, you divide 
that cubic by x — 5, and the quotient gives the 
quadratic x* + 6x +8 = ©, whole two roots 
are — 2, — 4. So that the four roots of the 
biquadratic-are + 3, + 5. — 2, == 4. 


8 57. This Rule ſuppoſes that you can find 
all © diviſors of the laſt term; which you 
may always do thus, 


6 Hit is a fimple quantity, divide it by ts ; leaſt 
" diviſor that exceeds unit, and the quotient again 

. by its leaſt diviſor, preceeding thus till you have 
a quotient that is wot diviſible by any number 
greater than unit.” This quotient, with theſe 
divifors, are the firſt or imple diviſors of the 
quantity. And the products of the multi- 
plication of any 2, 3, 4, Sc, of them are 
the compound diviſors. 


As, to find the diviſors of 60; "ry I divide 


by 2, and the 8 30 again by 2, then the 
next 
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next quotient 15 by 3, and the quotient of this 
diviſion 5 is not farther diviſible by mY inte- 
ger above units; ſo that 
The ſimple diviſors are.. . . . 2, 2, 3, 5. 
The products of two, ..... 4, 6 10, 15. 
The products of three... 12, 20, 30. 
The Products of all four, V 


The diviſors of wo are found after the ſame 
manner. | 


Simple diviſors, .. « . 2 3, 3s. $ 


The products of three, . . . . 18, 30, 45- 
The product of all four, .......... go. 


The diviſors of 21 1 


The ſimple diviſors .. 3, 7, a, 5, 6. 
The products of two, 21, Za, 36, 7a, 7b, ab, bb. 
The a of three, 21 4, 215, 3a b, 3555 

74 b, 7bb, abb. 
The products of four, 2145, 21065, 3abb, 7abb. 
The product of the five, ........ 21488, 


$ 58. But as the laſt term may have very 
many diviſors, and the labour may be very 
great to ſubſtitute them all for the unknown 
quantity, we ſhall now ſhow how it may be 

| abridged, by limiting to a ſmall number the 
diviſors you are to try, And firſt it is plain, 
from 8 42; that © any diviſor that exceeds the 
greateſt 


The products of two, . . . . 6, 9, 10, 15. 
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greateſt negative coefficient by unity is to be 
neglected.” Thus in reſolving the Equation 
* — 2* — 25 * + 26x + 120 = o, as 25 
is the greateſt negative coefficient, we conclude 
that the diviſors of 120 that exceed 26 may be 
neglected. 

But the labour may be ſtill abridged, if we 
make uſe of the Rule in & 39; that is, if we 
find the number, which ſubſtituted in theſe 


following expreſſions, 


„ 2 — 25x + 26x + 120, 
2* — 3 — 25 Þ+ 13, | 
6x* — . — 25, 1 / 

AN | 


will give in them all a poſitive reſult; for that 
number will be greater than the greateſt root, 
and all the diviſors of 120 that exceed it may 
be neglected. | 

That this inveſtigation may be alter, we 
ought to begin always with that expreſſion, 
where the negative roots ſeem to prevail molt; 
as here in the quadratic expreſſion 6x* — 6x 
— 25; Where finding that 6 ſubſtituted for x 
gives that expreſſion poſitive, and gives all the 
other expreſſions at the ſame time poſitive, I 
conclude that 6 is greater than any of the roots, 
and that all the diviſors of 120 that exceed 6 


may be neglected. 
If 
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If the equation x* + II* + 10x — 72 O 
is propoſed, the Rule of & 42 does not help to 
abridge the operation; the laſt term itſelf be- 
ing the greateſt negative term. But, by 8 39 
we enquire what number ſubſtituted for x will 
1 all theſe expreſſions poſitive: | 

* + II + IO — 72, 
3 + 22x + 10, 

Where the labour i is very ſhorr, fince we 1 


only attend to the firſt expreſſion; and we ſee 


immediately that 4 ſubſtituted for x gives a 
poſitive reſult, whence all the diviſors of 72 
that exceed 4 are to be rejected ; and thus by 
a few trials we find that + 2 is the poſitive 
root of the equation. Then dividing the equa- 


tion by x — 2, and reſolving vthe quadratic 


equation that is the quotient of the diviſion, you 
find the other two roots to be — , and — 4. 


8 59. But there is another method that re- 
duces the diviſors of the lait term, that can be 
uſeful, ſtill to more narrow limits. 

Suppoſe the cubic equation & — px + 7% 
— 7 = © is propoſed to be reſolved. Tranſ- 
form it to an equation whoſe root ſhall be leſs 
than the values of » by unity, aſſuming y = x 
— 1. And the. laſt term of the transformed 
equation will be 1 — A which is 


found by * ano] the difference of x 
| and 
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and y, for x, in the propoſed equation; as will 
eaſily appear from 8 24, where, when y = x 
— &, the laſt term of the transformed equation 
was e —p& + gear. 

Transform again the equation & Px. + 

gx — o, by aſſuming y = # + 1, into an 
equation whoſe roots ſhall exceed the values of 
x by unit, and the laſt term of the transformed 
equation will be — 1 —p , the ſame 
that ariſes by ſubſtituting — 1, the difference 
betwixt * and 95 for x, in the propoſed equa- 
tion. 
Nov the values of x are ſome of the diviſors 
of 7, which is the term left when you ſuppoſe 
x = 0; and the values of the y's are ſome of the 
diviſors of + 1 —p + qr, and of — 1—p 
— q — 7, reſpectively. And theſe values are 
in arithmetical progreſſion increaſing by the 
common difference unit; becauſe x — 1, 4, 
x + 1, are in that progreſſion. And it is ob- 
vious the ſame reaſoning may be extended to 
any equation of whatever degree. So that this 
gives a general method for the reſolution of 
equations whoſe roots are commenſurable. 


R U' IL. E. 


© « Subſtitute i in Place of the unknown quantity ſuc- 
ceeſſively the terms of the progreſſion 1, o, 
 — 1, &c, and find all the diviſors of the ſums 
that reſult ; then take out all the arithmetical 
er ral ans gon can And among theſe diviſors, 
whoſ/ 
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whoſe common difference is unit; and the va- 
lues of * will be among the diviſors ariſing from 
the Subſtitutions of x = © that belong to theſe 
progreſſi ons. The values of x will be affir- 
mative when the arithmetical progreſſion in- 
creaſes, but negative when it decreaſes. 


TX A M FE; 


$ 60, Let it be required to find one of the 
roots of the equation * — * —— 10x + 6 =, 
The operation is thus: 


(Suppoſe 5 " Rejult. 


_ 


6 57 orb. LArith. prog. deer. 


TTT 4 
, eier 601, 2, 3, 603 gives x =— 3 
X=-— 1 "$40 £0. 5-6 oi. + 14[1,2,7,14]2 | 


Where the ſuppoſitions of x , x o = - 1 
give the quantity x* — x* — 10x + 6 equal to 
— 4, 6, 14; among whole diviſors we find only 
one arithmetical progreſſion, 4, 3, 2, the term 
of which oppoſite to the ſuppoſition of x = o, 

being 3, andthe ſeries decreaſing, we try if — 3 

ſubſtituted for x makes the equation vaniſh ; 

which ſucceeding, one of its roots muſt be — 3. 
Then dividing the equation by x + 3, we find 

the roots of the (quadratic) quotient 


* —4x +2 =0 are 2 & Va. 


8 61. If . is required to find the roots of 
the equation * — 3* — 46 72 = o, the 
operation will be thus: 
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of theſe four arithmetical progreſſions hav- 


he 
firſt 


heir common difference equal to unit, 


ing t 
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firſt gives # = 9, the others give * = — 2, 
* = = — 3, «„ ; all which ſucceed except 
* =—=3: ſo that the three values of x are 


+ 9; 4 


EY 


& 


CHAP. VII. 


of the Reſolution of Equations by 
finding the equations of a lower 
degree that are their diviſors. 


8 62. No find the roots of an equation is 

the ſame thing as to find the /imple 
equations, by the multiplication of which into 
one another it is produced, or to find the ſim- 
ple equations that divide it without a remain- 
der. 

If ſuch ſimple equations cannot be found, 
yet if we can find the guadratic equations from 
which the propoſed equation is produced, we 
may diſcover its roots afterwards by the reſolu- 
tion of theſe quadratic equations. Or, if nei- 
ther theſe ſimple equations nor theſe quadratic 
equations can be found, yet, by finding a cubic 
or biquadratic that is a diviſor of the propoſed 
equation, we may depreſs it lower, and make 


the ſolution more eaſy. 
| O 2 | Now, 
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Now, in order to find the Rules by which 
theſe diviſors may be diſcovered, we ſhall ſup- 
poſe that 5 5 

mx - ſimple 

mx IX + 7. Par = quadratic 

mx — nx + rx — 5 cubic 
diviſors of the propoſed equation; and if E 
repreſent the quotient ariſing by dividing the 
propoſed equation by that diviſor, then 

E Xx nun — n, 

Exme—nx +7, 
or, E * ma* — nx* + rs — F, will repreſent 
the propoſed equation itſelf, Where it 1s plain, 
that « ſince m is the coefficient of the higheſt 
term of the diviſors, it muſt be a diviſor of the 
coefficient of the . term * the ee 
equation.“ 


563. Next we are to obſerve, that, ſuppoſing 
the equation has a ſimple diviſor mx — , if 
we ſubſtitute in the equation E x mx — u, in 
place of x, any quantity, as a, then the quan- 
tity that will reſult from this ſubſtitution will 
neceſſarily have m4 — 1 for one of its diviſors; 

ſince, in this ſubſtitution, mx — 7 becomes 
ma — . 

If we ſubſtitute foccellively for x any arith- 
metical progreſſion, a, 4 — e, 4 — 2e, &c, the 
quantities that will reſult from theſe ſubſtitu- 
tions, will have among their diviſors 
8 ma 
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ma — 1, | 
MA — Me — , 
Ma — 2m e — u, Which are alſo in arithme- 
tical progreſſion, having their common diffe- 
rence equal to me. | 
If, for example, we ſubſtitute for x the terms 
of this progreſſion, 1, o, — 1, the quantities 
that reſult have among their diviſors the arith- 
metical progreſſion m — , — 1, — mn — 1 
or, changing the ſigns, 1 — m, u, n + m. 
Where the difference of the terms is m, and the 
term belonging to the ſuppoſition of x50 
IS u. 


§ 64. It is manifeſt therefore, that when an 
equation has any ſimple diviſor, if you ſubſti- 
tute for x the progreſſion 1, o, — 1, there will 
be found amongſt the diviſors of the ſums that 
reſult from theſe ſubſtitutions, one arithmetical 
progreſſion at leaſt, whoſe common difference 
will be unit or a diviſor of the coefficient of 
the higheſt term, and which will be the coeffi- 
cient of x in the ſimple diviſor required: and 
whoſe term, ariſing from the ſuppoſition of 
* = ©, will be z the other member of the 
ſimple diviſor mx — 2. 


From which this Rule 1s deduced for diſco- 


vering ſuch a ſimple diviſor, when there is 
any. 
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RR Ox EL 


% Subſtitute for x in the propoſed equation Suc- 
 Ceſſively the numbers 1; O, — 1. Find all the 
diviſors of the ſums that reſult from this ſub- 
Nitution, and take out all the arithmetical 
progreſſions you can find amongſt them, whoſe 
difference is unit, or ſome diviſor of the coeff- 

tient of the higheſt term of the equation. Then 
Suppoſe n equal to that term of any one progreſ- 
ion that ariſes from the ſuppoſi tion Of -X ==.O,' 

and m = the foreſaid diviſor of the coefficient 
of the higheſt term of the equation, which m is 
alſo the difference of the terms of this progreſ- 
fon ; ſo ſhall you have m — 1 for the diviſor 
YE TH, 


You may find withmetical progreſſions giv- 
ing diviſors that will not ſucceed ; but if there 
is any diviſor, it will be found thus by means of 

Wee e progreſſions. | 


8 65. If hi actarion propoſed has the coef- 
ficient of its higheſt term'= 1, then it will be 
NM = 1, and the diviſor will be * x, and the 
rule will coincide with that given in the end of 
the laſt chapter, which we demonſtrated after a 
different manner; for the diviſor being x — 1, 
the value of x will be + , the term of the 
progreſſion that is a diviſor of the ſum that 
ariſes from ſuppoling x = o. * this caſe we 
VV is gave 


3 
as 
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gave examples 1n the laſt chapter ; ; and though 
it is eaſy to reduce an equation whoſe higheſt 
term has a coefficient different from unit, to one 
where that coefficient ſhall be unit, by & 30; 
yet, without that reduction, the equation may 
be reſolved by this rule, as in the following 


EXAMPLE. 


$ 66. Suppoſe 8x% — 26% + 11x + 10= o, 
and that it is required to find the values of * 
the operation is thus: 


Sup po... 1 ” | | Diviſors. Progr. 
x= 1 * ( ü, 3 3 
* eee ＋ 101, 2, 5, 10.2 5 
eee —3.¹¹ 5. 23801 2 


— —— 
4 n. 


The difference of the terms of the laſt arith- 
metical progreſſion is 2, a diviſor of 8, the co- 
efficient of the higheſt term & of the equa- 
tion, therefore ſuppoſing m = 2, n = 5, we try 

the divifor 2x — 5; which ſucceeding, it fol- 
lows that 2K — 5 =o, or x = 2. 
The quotient is the quadratic 4 — 35 — 2 
3+y41 3— 41 
* and * 
ſo that the three roots of the propoſed equation 
are 21, , 2 = WP, —.— „The other arith- 
| O4 metical 


= o, whoſe roots are 
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metical progreſſion gives x ＋ 2, for a diviſor, 
but 1t does not ſucceed. 


© 7.72 If the propoſed equation has no ſimple 
diviſor, then we are to enquire if it has not 
ſome quadratic diviſor (if itſelf is an equation 
of more than three dimenſions.) 

An equation having the diviſor mx*— 2 x + 
may be expreſſed as in the firſt article of this 
chapter by E x mx* — nx +7 and if we ſub- 
ſtitute for x any known quantity 2, the ſum that 
will reſult will have ma* — na + 7 for one of 
its diviſors; and, if we ſubſtitute ſucceſſively 
for the progreſſion a, 4a — , 4 — 2e, 4 — ge, 
Kc, the ſums that ariſe from this ſubſtitution 
will have 


ma —na +r, 1 

mM * 2 —nXa—? + 7, 
m N = - A = aer, 
m N 4 - ge —nX 42 — 3e +7, 6 
ö | | 5 
amongſt their diviſors, reſpectively. | 

Theſe terms are not now, as in the laſt caſe, 

in arithmetical progreſſion ; but if you ſubtract 
them from the ſquares of the terms a, @ — e, 
4 — 2e, a— 3e, &c, multiplied by a diviſor 


of the higheſt term of the propoſed equation, 
that 1s Tam 


1 


a 

m . | „ 
EDT "x * 

m X 4 - 3e|*, &c, the remainders, 


na . 7, 
. 
—— 
n * @— Je —7, &c, mall be in arithme- 
tical progreſſion, having their common diffe- 
rence equal to x X e. 


If, for example, we ſuppoſe the aſſumed pro- 
greſſion a, a — e, 4 — 2e, 4 — 3e, &c, to be 
2, 1, O, — 1, the diviſors will be 
4m — 2 T1, ed. "4m 


un — 1 + 5 ſubtracted} . ” reſpectively, 
oo fe from ? 


leave 22 — x, | 
1 x1, ; 
wo Fo 


— n r, an arithmetical progreſſion, 
whoſe difference is + % and whoſe term ariſing 
from the ſubſtitution of o for x is —r., 


From which it follows, that by this opera- 
tion, if the propoſed equation has a quadratic 
diviſor, you will find an arithmetical progreſ- 
ſion 
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fion that will determine to you = and , the 
coefficient n being ſuppoſed known; fince it is 
unit, or a diviſor of the coefficient of the higheſt 
term of the equation. Only you are to obſerve, 
that if the firſt term mx* of the quadratic di- 
viſor is negative, then, in order to obtain an 
arithmetical progreſſion, you are not to ſub- 
15 tract, but add the diviſors — 4m — 2» + 7, 

— 1 + r, + * ＋ + 7 4 73 terms 
4m, 5 Dy m. 1 


$68. T 1 3 Rule Seedeen deduced 
from what we have ſaid, is, 


re Subſtitute in the propoſed equation for x 15 
terms 2, 1, o, — 1, &c, ſucceſſively. Find 
all the diviſors of the ſums that reſult, adding 
and fubiratting them from the ſquares of theſe 
numbers, 2, I, O, — I, &c, multiplied by a 
numerical diviſor of the higheſt term of the 
propoſed equation, and take out all the arith- 
metical progreſſions that, can be found among / 
bee ſums and differences. Let r be that term 
zn any progreſſion that ariſes from the ſubſti- 
ĩution of * = 0, and let = I n be the. difference 
ariſing from ſubtra#} ing that term from the 
preceding term in the progreſſion ; laſtly, let 
n be the aforeſaid divi i/or of the higheſt term; 
- then ſpall mx* + 1. r be the diviſor that 


| ought to be tried.” And one or other of 
me 
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the diviſors found in this manner will ſuc- 


ceed, if the propoſed equation | has a qua- 


dratic diviſor. 


$ 69. Suppoſe, for 1 the 38 


tic * — 5 ＋ 7 —5x—6 = O is pro- 


poſed, which has no ſimple diviſor; then to 
diſcover if it has any quadratic diviſor, the 


2 is thus: | 
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The firſt arithmetical progreſſion gives the 
diviſor * — 3* — 2; the ſecond gives & — 
2x + 3: both which Fane ſo that the-roots 
of the two equations * — 3x — 2 = o, and 


XL 3 = 0, viz, SLY and 7 ＋ * — 2 


are the four roots of the propoſed equation, | 
the two laſt of which are impoſſible. The di- 
viſors which the other arithmetical ren 
give, do not ſucceed. | 

$ 70. After the ſame manner a rule may be 
diſcovered for finding the cubic diviſors, or 
thoſe of higher dimenſions, of any propoſed 
equation. 

Suppoſe the "bn diviſor to be m A 
47x — 5, and by ſuppoſing x equal to the 
terms of the arithmetical progreſſion, it will be 
as follows : ; 


| : Cubes of | _ 
Suppoſ. Reſults. terms of | 1/t Differ. | 2d Dif. | S 
2.48 | progr. xm. "11S 
2327 — 92 ＋ 37 — ] 27m [92 — 3r+ 5 — 21 
x= 2 8 — 4noþ2r —s 8m (4 — 2144 33 — 22 
* = II — 2+ 7 —s 2 * — 1 . n—r2n 
X= © 3 8 ＋4—2 —r 
N — 7 — 2 — 7-5 — , [21A 


1 


Where the firſt differences are not themſelves in 
arithmetical progreſſion, as in the laſt caſe, but 
the differences of its terms, or the ſecond dif- 
feen are in arithmetical progreſſion, the 

common 
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common difference being 27, whence x is 
known. The quantity is found in the column 
of the ſecond difference, and 5s is always to be 
| aſſumed ſome diviſor of the laſt term of the 
propoſed equation as is of the coefficient of 
the firſt term. Whence all the coefficients of 
a diviſor mx* — nx + rx — 5, with which 
trial is to be made, may be determined.) 

If it is a diviſor of four dimenſions that is re- 
quired, by proceeding in like manner, you will 
-obtain a ſeries of differences whoſe ſecond dif- 
ferences are in arithmetical progreſſion. If it 
is a diviſor of five dimenſions that is required, 
you will obtain, in the ſame manner, a pro- 
greſſion whoſe third differences will be in arith- 
metical progreſſion; and by obſerving theſe 
progreſſions, you may diſcover rules for de- 
termining the coefficients of the diviſor re- 
quired. 

The foundation of theſe rules being, that, if 
an arithmetical progreſſion a, a + e, a + 2e 
a+ 3e, &c, is aſſumed, the firſt differences of 
their ſquares will be in arithmetical progreſ- 
ſion ; thoſe differences being 24e + , 242 e 
3@, 24e + 5e, &c, whoſe common difference 
is 2. And the ſecond differences of their 
cubes, and the third differences of their fourth 
powers are likewiſe in arithmetical progreſſion, 
as is eaſily demonſtrated, 


$ 76s 


4 — 
—— — 


— — C7 
. _—_ — 
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71. Hitherto we have only ſhewn how to 

find the diviſors of equgtions that involve but 
one letter. But the ſame rules ſerve for diſ- 
covering the diviſors when there are two letters, 
if all the terms have the ſame dimenſions; for, 
& by ſuppoſing one of the letters equal to unif, 
find the diviſor by the preceding Rules, and then 
by completing the dimenſions of the diviſor, ſubſti- 
tuting the letter * for unit, yes n have = 
divifor require 

Suppoſe, for example, you are to find the 
diviſor of 8x3 — 26ax* + 114*x + 106) S o, 
by putting à = 1, that quantity becomes 8 * 
— 26x* + I1x + 19 = 0; whoſe diviſor was 
found, F 66, to be 2x — 5; now multiply the 
term — 5 by + a, to bring it to the ſame di- 
menſions as the other, and the diviſor required 
is 2K — 5 4. 


— — 


— — 


— — 


— 22 p * . 
HRT rt wn, fac oO 


TD Tout e 


2 
hea 


n 


$ 72. Beſides the method hitherto explained 
for finding the diviſors of lower dimenſions 
that may divide the propoſed equation, there 
are others that deſerve to be conſidered. The 
following is applicable to equations of all ſorts, 
though we give it only for thoſe of dear di- 
menſions. 
Let the biquadratic “ — px) + gx - 
+5 =0© be the equation propoſed ; and let 
us ſuppoſe it is the product of theſe two qua- 
dratic equations. 
a 


- 


"= =p—k=- 


| the terms of which will be equal, reſpectively 
to the terms of the propoſed equation. 

In this equation, I and being diviſors of 
the laſt term , we may conſider one of them 
(viz. I) as known; and in order to find mz or 
k, we need only compare the terms of this 
equation with the terms of the propoſed equa- 


tion reſpectively, which gives, 
2s 1. Ep, . | 
22. mk+ + n= 5 
35 ml + nk= r, 
JJ 
Now in order to find an equation that ſhall 
involve only ł&, and known terms, take the 


two values of bs; that ariſe from the firſt and 


third e per 45. ns will find, 


** (becauſe u 1 2 = 7» by equa- 


ks 
R i fi bs 


FE MS. 
p. = 11 Ie and f = $2; and 
the beer * — A ＋ IO becomes 


tion the fourth) = ; Whence 


T0: 
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To apply this to practice, you muſt ſubſti- 


tute ſucceſſively for / all the diviſors of s, the 
laſt term of the propoſed equation, till you find 


12 SK 


can divide the propoſed equation Without a 
| remainder. 7 


EXAMPLE. 


one of them ſuch, that x* — 


$73. If the equation * — 633 + 20* — 34« 
+ 35 = © is propoſed. The diviſors of 35 are 


1, 5 7» 353 if you put / = 1, the quadratic 
that ariſes will not ſucceed. But if you ſuppoſe 
S 5, then the equation * — Ex + that is 


of — =" X x ＋ = © becomes 
2 _ 6Xx25— 34X5 
1 4 or Ag 


which divides the propoſed equation without 
a remainder, and gives the quotient x* — 4x 
+ 7 = 0. ps 

ce In this operation it is unneceſſary to try 
any diviſor /, that exceeds the ſquare root of 5, 
the laſt term of the propoſed equation.” And, 
if the propoſed equation is literal, you need 
only try thoſe diviſors of the = term that are 
of two dimenſions.” 

If, in wy ſuppoſition of I, the value of E, 


[Ln 
viz, 2 7 ! becomes a fraction, then that ſup- 


poſition is py be rejected, and another yalue of 


ito be tried. 
5 P 1 8 74. 


— EGG 
PPP A ! 


2 
—ů 2 6d 
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— 
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$ 74. By comparing the ſecond and fourth 
equations of the laſt article, you may obtain 


another value of k. For n=q—_l=mk= 71 ſo 
that (n being equal to — 4) 7 27 —1— 94 
+F, and „71.7 —7 = ©. Which 


gives x = 3p K VI —9 T 7 J. So tha 


the quadratic diviſor required 1 


I Vir 9 ** + [=o 


This diviſor muſt be tried when 7 = 75 and 


| at the ſame time / = 75 che former expreſſion 


| not ſerving in that caſe. 

„ By this formula, diviſors may be found whoſe 
ſecond terms may be irrational. | 
| How the diviſors of higher equations may 
| be found, when they have any, may be under: 
| ſtood from what has been ſaid of thoſe of tour 
55 dimenſions. 


Sup- 
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SUPPLEMENT to Cray. VII. 


Of the Reduction of Equations by 
Surd diviſors. 


N equation of four. ſix, or more dimen- 
ſions, although it may admit of no rational 
diviſor, may have one that is irrational. As 
the biquadratic x* + px? + git + Tx +5 =0, 
which we ſuppoſe to be irreducible by any 
rational diviſor, may yet, by adding a ſquare 
EF x* + 2kIx + Þ multiplied into ſome quantity 
u, be completed into a ſquare K + Zpx . 
In which caſe we ſhall have & + 3px + Q = 
Vn X kx Þ 1, and is found by the reſolution 
of an affected quadratic equation. 
'To reduce a biquadratic equation in this 


manner, we have the following 


R U TI. E. ö 

If the biquadratic is & + , e Tx 
+ 5 = ©, where p, 9, 7, 5, repreſent the given 
coefficients under their proper ſigns, put 
2917 a, T — 2p = 8B, 5 — 4 2 . 
And for ꝝ tate ſome integer common diviſor of 
B and 2Q, that is not a ſquare number, and 
which, if either p or r is an odd number, muſt 


® Arith, Univer/. pag. 264. 
P 2 Ze 


* 
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be odd, and, divided by 4, leave the remainder 
unity. Write likewiſe for k ſome diviſor of f 
| n 
if p is an even number, or the balf of an odd di. 
wi/or if p is odd, or © if Þ = O. Subtradt — 
from I pk, and let the remainder be I. Fur 
+ nf „ 
& put - — =, and Py if, dividing Q. — s by 
2, the root of the quotient is rational and equal 
J; if it is, add u + 2nklsx + nt 10 
both fades of the equation, and extratting the 


root you ſhall have * + WW + 9 = 
* . 


EXAMPLE I. 


Let the equation propoſed be & + 12x 
— 17 = 27 .= 12, 
$5 = — 17, we ſhall have a = 0, 8 = 12, 
Cg=—17. And g and 2, that is 12 and — 34, 
having only 2 for a common diviſor, it muſt be 


-W = 2. Apain, - =; whoſe diviſors 1 7, 
3. 6, are to be ſucceſſively put for k, and — 3, 
— 2. 1 — for [4 reſpectively. 


Bur 2, + ca is &, is equal to ©; ad 


F 2 — * Ang when the even diviſors 2 


and 6 are ſubſtituted for &, Q becomes 4 and 36, 
| | i and 
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and g. - being an odd number, is not divi- 
ſible by n ( 2). Wherefore 2 and 6 are to be 
ſet aſide. But when 1 and 3 are written for &, & 
is 1 or 9, and - is 18 or 98 reſpeCtively ; 
which numbers can be divided by 2, and the 
roots of the quotients extracted, being = + 3 and 
+ ; but only one of them, viz. — 3, coincides 
with J. I put thereſore x = 1, /=—3,2=1, 
and adding to both ſides of the equation 
al x* + 2nklx + nÞ, that is, 2x* — 12% + 18, 
there reſults x* + 2x* + 1 = 2x* — 12x + 18, 
and extracting the root of each, x* + 1 = X\/2 
X x — 3. And again, extracting the rodt f 
this laſt, the four values of x, ee to the 
varieties in the ſigns, are 
—V2+V3V2= , -iνœ⁰ -. = 
VTV V2, V2 -V =3V2—, 
being the roots of ** | 12x — 17 = o, the 
equation at firſt propoſed. 


EXAMPLE II. 


Let the equation be x* — 6x*— 58x* 114 
— 11 =O, and writing — 6, — 58, — 114, — 11 


for p, 4, 1, 5, reſpectively, we have — 67 = a, 


— 315 = Bp, and — 1133 C. The numbers 
5 and 26, that is — 315 and — , have but 


one common diviſor 3, that is 2 = 3. And the 
1 diviſors 
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divifors of — 105 = ns . are 3, 5: 75 15, 21, 36, 


and 105. Wherefore firſt make trial with 
3 * &, and dividing © or — 105, by it, get 


the quotient — 35, el this ſubtracted from 
2 = — 3X3, leaves 26, whoſe half, 13, ought 


— .. — ——.— 


to be equal to J. But or that is, 


— 20, is equal to 2; and & = 411, which 
is indeed diviſible by 2 = 3; but the root of 
the quotient 137 cannot be extracted. There- 
fore I reject the 1 55 35 and try with 5 ; 


by which dividing = log, the quotient is 


21, and this cake from zpk = ==— 3X5, leaves 
6 = 27. At Fhe ſame time, VE . 7 = = 


. = 4. And 2. — or 16 + 11, is 
diviſible by z, and the root of the quotient g, 
that is, 3 coincides with J. Whence I conclude 
that putting J 3, & 5, 2. 4, 1 3, add- 
ing to both ſides of the equation the quantity 
1e + 2nklx + ul., that is, 75% + 90 
+ 27, and FROG the roots it will be 

* + Epx + 2 Vn x kx + /, 01 or 

1 * 3x + 4 = * V N . 


EX AMP I; E- I. 
In like manner in the equation x* — 9 + 


15 — 2754+ 9= © Ing 9 ＋ 15, 27, +9: 
| | for 
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for p, 77 75 Sy there reſult a = — 54, 8 2 = — 50 
S2 The common diviſors of g and 2 &, 


that is, of 258 and => are 3» $» 9, 15, 27, 45, 


135; but g is a ſquare, and 3, 15, 27, 135 di- 
vided by 4 do not leave unity for a remainder, 
as is required when p is an odd number. Set- 
ting theſe aſide there remain only 5 and 45 to 


be tried for . Firſt let » 5, and the halves 


of the odd diviſors of = = — E that is, , 
8 2 


22 2 ws, are to . for E. 1f* , 


2 2 
the quotient —4 = of — © divided by I, taken from 


zphor—2, leaves 18 = 21: and L( TEE) 2 
22, . —;=— 5, which is diviſible by MN 


but the root of the quotient — 1, which 7 | 


be {= 97 18 1 Put next & = 25 and 


ahi quotient of © — divided by E, or of — 7 I = by 
27 ; 
IP 


3, is — 7 This ſubrratted from E 


leaves . that 18 / = o. Again, 


818 — — = 5, and O —s = o, and 


162 * 2 —) = o. From which coincidence 


I infer that » = 6 £7 25 ] = o, and adding 
nF + 2nikx + u, that is, 45 x* to both 
ſides of the equation, I find * — 41 * + 3 = 


Xie 
| „ Literal 
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Literal equations may be treated much in 
the ſame way. And, if you put 2 = 1, the 
_ ſame Rule will give you the rational diviſor of 
a biquadratic equation, if it admits of one. Thus 
for the equation x* * + 5x* + 124 — 6 =o, 
putting u = 1, I find & = =, ] = — 2, and 
the equation is reduced to the two quadratics 
1 + 3 =oandx* ＋ 2x — 2 = oO, 


When the diviſors of = are ſo many that it 


would be troubleſome to make trial with them 
all for &, their number may be reduced by find- 
ing all the diviſors of a5 — 4. For to one of 
theſe, or to its half when odd, the number & 
mult be (qua, 


The ground of this Rule is as follows. 


If a biquadratic equation x*+ px* + gx* + 7% 
+5 =o, in which p, , 7,5, are the given co- 
efficients with their ſigns, and the equation is 
ſuppoſed clear of fractions and ſurds; if this 
equation can be completed into a ſquare, in 
the manner already deſcribed, we ſhall have 
** pri ＋ 4 +rx + $s + nk x* + 2nkls 
+ nw T ipx + l, that is, & -p 
+qg+ nk * +7 Fankixax+s+nf 
= x +px" + IDF Tp px . 
And comparing the terms, we get theſe bree 
equations, 


1. ee i, 


/ | 
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2. r + 2nkl = p, | 
3 3-87” =; 


in which there being four unknown quantities, 


they can be found only by trial. 
The values of Q, taken from the firſt and ſe- 
cond equations, and made equal to each other, 


Epg=—=px) — 
DES 2b} Tp 


= (writing, as in the Rule, 


7 — 2 = a, and r — 2 * b B) = = 
Whence, if the quantities x, &, I, Q, are to be 
found, it follows, (1*.) That » being a diviſor 
of B, giving the quote & X 2p — 21, K will be a 


diviſor of > giving the quote 7 pk — 21; and 


that ſubtracting this quote from Z ph, I will be 
equal to half the remainder. (22.) In the firſt 
equation we had Q ALY 5 and, from the third, 


* == (3* -) Becauſe D = fo + ink* and 


T 


Hu. 1 _—_ 25 — a 


S 7. — la — Ink 255. G4 42 242 as 


(if =5— 10 3 = En z that is, 


u divides 29 by K ＋ nf — Þ, And if 
the ſeveral values of the quantities 1, &, I, 2, 
anſwer to thoſe conditions, or coincide, it is a 


proof that they have been rightly aſſumed ; and 


that adding to the given equation the quantity 


„ * kx Y, it will be completed into the 


ſquare * + 3p + * It 


U 
1 
1 
1 
1 
6 F 
1 
4 
oy 
1 
Þ 
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It was ſaid that 2 will always be ſome diviſor 
of a5 — 4. For as an,, and taking 
from both 2 = +ip* 9? — PRAEE+ 7 Rh, 
iceing the remainder a2 —a TA Xn 

2. N . Nu — 2 u. — K. 
+ Punk, has RN 1 in n term; the thing is 


manifeſt, 
It is needleſs to be DIRT as to the ſeveral 


limitations in the Rule, ſeeing they follow eaſily 

from the algebraical expreſſions of the quan- 
tities. You : are not, for inſtance, if you ſeek 

a ſurd diviſor, to take # a ſquare number. for 


if vis a ſquare number, Vn X kx + 7 would 
be rational. Or if z is a multiple of a ſquare, 
as „ X m, then, at leaſt, m Xx kx + / would be 
rational, and x would be depreſſed to v. 
Let us examine one caſe, when p is even and 
odd; and by the Rule » muſt be an odd 
number, a multiple of 4 more unity. 
I. Seeing 6 kap, or g + Zap x, of 
the numbers g and zap one muſt be even and 
the other odd, that their ſum + may be odd. 
If g is odd, its diviſor » muſt be odd likewiſe. 
Suppoſe Þ to be even, then F ap, and conſe- 
quently 2% and à are both odd. But if à is 
odd, 28 = 25 — z will be half an odd num- 
ber, and z its diviſor is odd. 
In this caſe, © 1s half an odd = 2 I For 
Jet it be an integer, PN. will be an even num 
ber. But if Qis an integer, ſo mult I, becauſe 


8 9 ＋ 


— — . 1 
— > 5 — 2 — ů — * - 
n % £4 — — — onthe” n — tho 6 


— — — „ 
CCC ram rn io ee I OED 
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s +l = = 9; - and, 21 El muſt be even, And 
7 + 2% (an odd number) = p an even 
number, which is abſurd. 

2, Let N repreſent any number in general, 
7 an odd number; then I ſay, * every odd 
nuinbep is a multiple of foxr, more or leſs unity,” 
that 1s, [=4N= =X 1. « The ſquare of an odd 
number is 4 N + 1,” (that is ſome multiple of 
4, more unity ;) and © if from ſuch a ſquare 
there be taken any multiple of 4, the remainder, 
if greater than unity, will be 4 I + 15 3 

Hence it follows that #=4N + 1. For ſee- 
ing a = 2* — $; becauſe / and 2 are the halves 


of odd numbers, we have, according to the pre- 


2 * — 45 
= + „ Or without the 


ſent notation, 


common denominator x x A that is, 


1 * 4N +1 ＋EI = AN f 1, and conſequently, 
1 2 4N + 1. Foritisnot4N —1 but4N+ 1 
that can give the product 4 + 1 *, 

= In 


In the former Editions, there were here inſerted two 
Rules for the Caſe of G = o: which, though true, Mr. Tho- 
mas Simpſon has, in his Miſcellaneous Tracte, publiſhed 1757, 
ſhewn to be unneceſſary. In this, therefore, they are 
omitted, 

It 1s only to be 8 1 Mr. Simpſon ſhould, 
| through inattention, have placed this inaccuracy, not to 
the accoynt of the Editor, as he ought to have done,. but 
to that of Mr. Mactaurin. The whole explanation 
of Sir Jſaac's Method of Reducing Equations by means of 
Surd Diviſors, is (pag. 213.) profeſſedly a Supplement ; as 
1s likewiſe the Addition to Chap. 14. Part I. And the 

Editor 


| 
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In like manner the other limitations may 
be determined: and what has been ſaid may 
lead to the invention or demonſtration of 
ſimilar Rules for the higher equations of 
even dimenſions, if any one Pleuſes to take 
the trouble. n 


eee see see seeed 
CHAP. VIII. 


Of the Reſolution of Equations by 
| Cardan's Rule, and others of that 


kind, 
$ nec) 2 now 8 to ſhew how an 
expreſſion of the root of an equa- 
tion can be obtained that ſhall involve only 
known quantities, In Chap. 11. Part I. we 
ſhewed how to reſolve fimple equations; and 
in Chap. 13. we ſhewed how to reſolve any 
quadratic equation, by adding to the ſide of the 
equation that involves the unknown quantity, 
what was neceſſary to make it a complete ſquare, 
and then extracting the ſquare root on both ſides. 
In 5 27 of this Part, we gave another method 


Editor thought he had, in his Preface, ſufficiently intimated 
that a few ſuch inſertions had been made, and the reaſon 
why: though he cannot recollect any others worth mention- 


ing; if it is not 55 123, 124, of Part II. R 
| or 


n Ae ang 


of reſolving guadratic equations, by taking away 
the ſecond term: where it appeared that if 


* — p pO o, & = i EVIP—q 


576. The ſecond term can be taken away out 
of any cubic equation, by & 25; fo that they 
all may be reduced to this form, x* # + qx 
F 

Let us ſuppoſe that x = a + 4; and x3 + 7* 
+7 4 + 34%b + 34˙¹＋ 5 + gx + tr 
= & + 3ab Xa + b + bs + ix + r= & 
+ 3abx + ＋ gx +r (by ſuppoſing 249 = 
„ 

But 32 _ and 65 = — X and conſe. 

wy 15 


7³ 3 


"Cd 2 2 and you 3 ** Z 65 


which is a quadratic whoſe reſolution gives 
X — E MET e, 
3 — 
and a = EH and | 


3 2 7 

/ 

, 34 27 

— — 2 : in which 

| 3 2 — bis | 
= N +L 


expreſſions there are only known quantities. 
§ 77. 
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8 77. The values of x may be found a little 
differently, thus: 


Since 45 = — zr Vi- — * it follows, 

. cha 4 4 r= ＋ ir v Ip + 7 and 
#(=— — 4 e —# = 5 ; ſo that 

N W er dato. 
A ir Wi irt +£ 


which gives but one Tos of x, becauſe her 


in the value of 4 the ſurd 15* | £ 25 is po- 

ſitive, it is negative in the value of 3, and 
there is only the difference of this ſign in their 
values. So that we may conclude 


b Vai, Ge r 2 


727 


878. * T he values of x may be 3 
without exterminating the ſecond term. 

Any cubic equation may be reduced to this 
form, | 3 


Bm apt — 3b — 27 Ss 
n *.5 = 0, 
__ 32749 


„Vid. Phil. Tranſ. 30g. 
e which, 


\ » 
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which, by ſuppoſing x =2 + P, will be reduced 


to 2*#* 342 — 27 S o, in which the ſe- 


cond term is wanting. But by the laſt article, 
ſince 33 * 392 — 27 = o, it follows that 


Z Y 


you ſuppoſe that the cubic root of the bino- 
mil r ＋ V- is m ＋-Vn) m ＋ Vn 
n Vn = 2m. And ſince x=z + p, 
it follows that x» = p + 2m. 


5 79. But as the ſquare root of any Sinnen 
is twofold, c the cube root is three fold, and 
can be expreſſed three different ways. 


Surpale the cube root of unit is required, 


and let} =1, or } — 1 = o, then ſince unit 
itſelf is a cube root of 1, one of the values of 


311 I, fo that the equation y — 1 0 ſhall divide 


the firſt en 5 — 1 o, and the quotient 


2 . 


* ＋ a 12 0 reſolved, gives y = _ * 


o chat che three expreſſions ofy/ Iare1, =] 


And, in general, the cube 


and =3=V=3} 3, 
2 


root of any quantity 4* may be A, or 
. . * A. or —— — Ai. ſo that the 
cube root of the binomial 7 4 — may be 


mn + n, as we ſuppoſed above, or — 2 


X in 


g 
i 
, 
A 
i 
1 
1 
l 
| 
{ 
. 
i 
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* m YA, or — — * x m Vn. And 


hence we have three 8 for x, viz. 
1“. & =p ＋ 2m, _ 
25 x = p — m ＋— 3n, 
3˙. * — e e ; 
and theſe give the three roots of the Propoſed 
cubic equation. 
EXAMPLE I. 
$ 80. Let it be required to find the roots of 
the equation * — 12x* + 41 — 42 = 0. 
Comparing the coefficients of this equation 
with thoſe of the general equation 
#5 — 32 — 37 "Ep 
+ 37 9 4 = o, you find, 
9 329 | 
a5. 36 = 12, fo that... a 


2. 35 32 (46 — 300 4 . 2 =D, 
1. Par (36 ar 4s. Fd 


and conſequently, PG =g— DR n= = 


27 27 
and r + V= = 3 + /—z Now the 
cube roet of this binomial is found to be 
Le 77 (= mn + . > 
2* IE NET 5—2 2 = 3- 
g. - N g = 
* Section 131. Part I. 


| 80 


* 
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So that the three roots of the propoſed eGqua- 


tion are 2, 3, 7. ” 
You may find other twoexpreſſions of the cube 


ef VIE = bende. — 1 Uf. 


viz. 4 e Von th, but 


theſe Sibſtitured for m + A u give the Carne Va- 
ey for x, as are already found. 


EXAMPLE II. 


In the Fs x? + 15x* + $4x = 100=0, 
you LD > $0 58 10 9 „„ 
A ⏑’σ⁹ = =135 +V/18252, whoſe cube root 
is 3+w12; ſo that æ (=p+ 2) 5 4.6 1. 
The other two values of x, viz, — 8 +Y/— 36, 

2 36, are impoſlible. | 
After the ſame manner, you will find that the 
roots of the equation x* * 166.x + 660 =o, 
are = 15,7 KV. The Rule by which we may 
diſcover if any of the reots of an equation are 
impoſſible, ſhall be demonſtrated afterwards. 

$82. The roots of biquadratic equations may 


be found by reducing them to cubes, thus. 
Let the ſecond term be taken away by the 


Rule given in Chap. 3. And let the equation 
that reſults be | 
| nr; 15 = : 
| And let us ſuppoſe this biquadratic to be the 
| product of theſe two quadratic equations, 


8 4 * WT 
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£ Ter F = oO 5 
* — e +g =0 1 
* * EP 


TIEN. - 
+ g $X x? + E * + fg = 0, 
——"J ME „ 5 ; 


Where e is the coefficient of & in both equa- 
tions, but affected with contrary figns ; becauſe 
when the ſecond term is wanting in an equa- 
tion, the ſum of the affirmative roots muſt be 
equal to the ſum of the negative. 


Compare now the propoſed equation with the 
above product, and the reſpective terms put 
equal to each other will give f + 4 — * 24, 
eg—ef=r, fg=s. Whence it follows, that 


FE = end? - =; and conſe. 


quently e +g—f(= 22) =q + 5 


717 4 


and g == * by he ſame = yo. will 
find, by ſubtraction &c, f= — 2 —— and 


Fx 2 =L x q* + 29 745 and 
multiplying = 4e*, and ranging the terms, 
you have this equation, 
e ＋ 298 +7 —45X - = o. 
Suppoſe, * = 55 and it becomes * + 29) + 
11 : q* 


q* —45X Y —7* o, a cubic equation whoſe 
roots are to be diſcovered by the preceding ar- 


ticles. Then the values of y being found, their 
ſquare root will give e (ſince y = e); and hav- 


ing e, you will find 95 and g from the e 


tf — 77 242 
__ 3 ” eee e Laſtly, ex- 


tracting the roots of the equations æ- + ex + 


f=0, x*—ex + g = o, you will find the 

four roots of the biquadratic x* * + rx + 

5 = 0; for either y=— fe + Vie —f, or 
+ ke Vie —7 — 


88 3. Or if you want to find the roots of the 


biquadratic without taking away the ſecond | 


term; ſuppoſe it to be of this form, 

1. — 4b — 2 — 87 „ 45 
in 1 25 

and the values of x will be 


2r 


b V Samet —z] 


ands=p +a = + Vr. ＋ 2 4 PE 
4 is equal to the root of the cubic, Wo 


N « T þ pt „ O. 


The Ran, © FI is deduced from the laſt 


article, as the 78th is from the preceding. 
or 4 | 0 F | / $ » 1 
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„HA f. IX. 
of the Methods by which you may 


approximate to the roots of Au- 


meral Equations by their limits, 

5 84. | HEN any equation is propoſed 

VV do be reſolved, firſt find the li- 
mits of the 1 roots (by Chap. 53) as for example, 
if the roots of the equation x*— 16x + 55 =0 
are required, you find the limits are o, 8, and 
17, by § 48; that is, the leaſt root is between 
o and 8, and the greateſt between 8 and 17. 

In 5 to find the firſt of the roots, I con- 
ader that if I ſubſtitute o for x in x*— 16x + 55, 
the reſult is poſitive, viz. + 55, and conſe- 
quently any number betwixt o and 8 that gives 
a poſitive reſult, muſt be leſs than the leaſt root, 
and any number that gives a negative reſult, 
muſt be greater. Since o and 8 are the limits, 
I try 4, that is, the mean betwixt them, and 
ſuppoſing æ S 4, & — 16x + 55= 16 — 64 
＋ 5 5 S 7. from which I conclude that the 
root is greater than 4. So that now we have 
the root limited between 4 and 8. Therefore 
I next try 6, and ſubſtituting it for x we find 
* — 16x +55 = 36 — 96 +55 =—53 
which reſult being negative, I conclude that 6 
is render than che rbot required, which there- 

BAL w 4 5 2 ſore 


5 w 


fore is de now between 4 and 6. And 
ſubſtituting 5, the mean between them in place 
of æ, T find & — 16x + 55 = 25 — 80 ＋ 55 
So; and conſequently 5 is the leaſt root of 
the equation. After the ſame manner you will 
diſcover 11 to be the e root 955 Hat 
equation. 3442-3; 4 


8 8 5 Ty by N the greater, or 
increaling the leſſer limit, you may diſcover the 
true root en ir is a Comcenfürsble quantity. 
But by proceeding after this manner, when you 
have two limits, the one greater than the root, 
the other lefler, that differ from one another 
but by unit, then you may conclude w_ root is 
incommenſurable. 

We may however, by continuing the opera- 
tion in fractions, approximate to it. As if the 
equation propoſed is x 6 x + 7 =o, if we ſup- 
poſe x = 2, the reſult. is 4 12 7 =— 1, 
which. being negative, and the ſuppoſition of 
x. S O giving a poſitive reſult, it follows that 
the root is betwixt o and 2. Next we ſuppoſe 
4 = 1; whence * —bx t / = 1-6 = 2, 
which being poſitive, we infer the root is be- 
twixt 1 and 2, and conſequently incommenſu- 
rable. In order to approximate to it: we ſuppoſe 


* 2 12, and find “ —6x PTS LY Sno 


Ko. this reſult being poſitive, we infer the root 
mult be betwixt 2 and 12. And therefore we 
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ar 74 gen &* deb 85 7 


| — 8 10 5 * * x = — 155 Which i is nega- 
tive; ſo that we conchichs the root to be be- 


twixt 12 and 11. And therefore we try next 
15 which giving alſo a ee reſult, we 
conclude the root is betwixt 14 (or 14) and 13. 
We try therefore 1 25, and the reſult being po- 
fitive, we conclude. that the root muſt be betwixt 
15 and 1 178, and therefore i 18 nearly 122. | 


8 86. Or Or you may approximate more eaſily 
by transforming the equation propoſed into an- 
other whoſe roots ſhall be equal to 10, 100, or 


1000 times the roots of the former (by 5 29,) 


and taking the limits greater in che ſame pro- 
portion. This transformation is eaſy; for you 
are only to multiply the ſecond term by 10, 100, 
er 1000, the third derm by itheir ſquares; the 
fourth by their cubes, Ic. The equation of the 
laſt example is thus transformed into O 
+ 70000 '= d, whoſe roots are 100 times the 
roots of the propoſed: equation, and whoſe li- 
mits are 100 and 200. Proceeding as before, 
we try 150, and find x- — 60 + T6000 = 


22500 —'90000 + 70000 = 2500, ſo that 150 


is leſs than the rot. Vou next try 195, which 
giving a negative reſult muſt be greater than 
the root: and thus Proceeding | you find the 


root to be betwint 158 and 159: from which 


you 


W 
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you infer that the leaft root of the propoſed 
equation * —bx + 7 = © 1s betwixt 1.58 
and 1.59, being the hundredth part of the root 
of * — 600x + 70000 = 0. 
8 87. If the cubic equation & — 15x* + 63x 
— 50 = © Is propoſed to be reſolved, the equa- 
tion of the limits will be (by & 48) 3x* — 3ox 
+ 63.= o, or * 10x + 21 = ©, whole roots 
are 3, 7; and by ſubſtituting o for x the value 
of x* — 15x* + 63 * — 50 is negative, and by 
ſubſtituting 3 for x, that quantity becomes po- 
ſitiye, x.= 1 gives it negative, and x = 2 gives 
it poſitive, ſo that the root is between 1 and 2, 
and therefore incommenſurable. You may pro- 
ceed as in the foregoing examples to approxi- 
mate to the root. But there are other methods 
by which you may do that more eaſily and 
readily ; which we proceed to explain. 

$88, When you have diſcovered the value of 
the root to leſs than an unit (as in this example 
you know it isa little above 1,) ſuppoſe the dif- 


ference betwixt its real value and the number 


that you have found nearly equal to it, to be 
repreſented by J; as in this example. Let 
x =1'+f. Subſtitute this value for x in this 
equation; thus, 
„ 
— 15 * 


14 If + 3f 47 
| ig zof - gf" 

+ 63x 63 + 63f 

— 50 — 50 
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Now becauſe F is ſuppoſed leſs than unit, its 


powers , H, may be neglected in this appro- 
ximation; ſo that aſſuming only 94 two firſt 


terms we have 1 155 367 =O, l 1 = ©O27; 


fo that x will be nearly 1.027. | 
You may have a nearer value of x by 68. 


dering, that ſeeing. — 1 + 36 7 1 F So, 
it follows . 


9 

Ko 8 2 (by ſubltituting — = - for f. ) 
8 5 „ 1 5 

nearly = 5 J- I n 46225 nden 


$ 89. But the value of F may be correfted 
and determined more accurately by ſuppoſing 
g to be the difference betwixt its real value, and 
that which we laſt found nearly equal to it. 
So that F .02803 + g. Then by ſubſtitut. 

ing this value for F in the equation 

1 74 36f—1 So, it will ſtand as follows, 

J o. 0000220226+0.002357 g+0. „arge tes 
— 12 0942816 —0. 672724 12g" 5, 
ee N | 3 


ef 


„ , mo 3 7296578—11 9195 7 
Of which the firſt two terms, neglecting the 
reſt, give 35. 329637 3 0003261374, and 
000 3261374 
= = 0.00000 2312 So that 
35.329037 3 
7 o. 2803923127; and 1 1 FAI 0280392312) ; 
which is very near the true root of the equation 


5 was propoſed. 8 8 IE 


quired, ſuppoſe þ equal to the difference be- 
twixt the true value of g, and that we have al- 
ready found, and proceeding as above IVE _ 
correct the value of g. 


§ 90. For another EATS z let the nie 


to be reſolved be & 2x — 5 = o, and by 
ſome of the preceding methods you diſcover 
one of the roots to be between 2 and 3. 
Therefore you ſuppoſe x = 2 + f5 and ſub- 
ftituting this value for it, you find = 
* = 8+1f+6/*+f' 
— 2X 2 —4— . S230 
oY + Ek 
Te FT T; 
from which we find that 107 = x nearly, or 
So. 1. Then to correct this value, we ſup- 
poſe 2 S. +28 and find 
n +0. 032 + 9.38. 44 
T 
t oPTI0T 


WH 


Do 


1 


— 0061+ 112384 639 my 


ſo thatg = — = — 0.0054. 


Then by e g = — . 0054 + b, you 
may correct its value, and you will find that 
the root required is nearly 2.09455 147. 


I 91. 
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If till a greater degree of Kactneſs i is re- 
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8 91. It is not. only one root of an equation 
that-can be obtained by this method, but, by 
mak ing uſe of the other limits, ae may diſ- 
cover the other roots in the ſame. manner. The 
equation of § 87, * —15x* +63#—50=o0o, 
has for its limits o, 3, 7,50. We have already 
found the leaſt root to be nearly 1.028039. If 
it is required to find the middle root, you pro- 
ceed in the ſame manner ta determine its neareſt 
. limits to be 6 and 5; for 6 ſubſtituted for x 

gives a poſitive, and) a negative reſult. There- 
fore you may ſuppoſe x = 6 + i and by ſub- 
ſtituting chis value for x in that equation, 15 


find /. / — of +4 = = Oz! ſo that f=* — 
nearly. Or finceF= ESSE (by _ 


foruting Sz e wa => whence 
8 — 12 * 382 nearly. Which valve i may ſtill 
be corrected as in the preceding articles. After 
the ſame manner vou may approximate t to the 
value of the higheſt root of the ical 


1 92. — « In all theſe. operations, vou will 
approximate ſooner to the value of the root, if 
you take the three laſt terms of the equation, 
and extract the root of the quadratic * 
conſiſting of theſe chree terms.“ | 
Thus, in $ 88, inſtead of the two laſt terms 
of the equation ff 127 + 56f—1=0, if 
e | you 


you” 8 the hs laſt 250 wa the root 


of the quadratic 127. 367 + I o, yon 
will find F = .028031, which is much nearer 


if 


the true value than what you diſcover by: ſup- 


poſing 367 — 1 2 . 
It is obvious that this method wid to all 


equations. N 


$ 93. ce By fy ERR equations affected with 
general coefficients, you may, by this method, 
deduce General Rules or Theorems for approxi- 
mating to the roots of propoſed equations of 
whatever degree.“ 
Let, —pf+gf—r=0 repreſent the'equa- 


tion by which the fraction Fis to be determined, 


which is to be added to the limit, or ſubtracted 
from it, in order to have the near value of x. 


Then gf — = = "If will give = J But 


— — — . —_—— 


ice f = f —_ 
we have Ho rTheoret for Galli oy neatly, 


Viz, * KD 1111 K ON) V1 
78 | 4 * * 1 
OO Oe, e . 
+= 50 | 


1 the ſame manner, if it is a Ne 


by which F is to be determined, as ff —pF+gf* 


1 rf + 5=0; then f being very little, we ſhall 
lave = — = ; Which value i is corrected by con- 


ſidering 


—2—— 


— F 
— * n — — 


D 
8 - 


aer 


by ſubſtituting a : for * 


or of oem 
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* 


adering that f= = = =7 7 TY y 7 . = (by Cubſtieut; 
ing for. ) = — 75 7 y whence | we 
| | 


have this Theorem for all biquadratic equa 
tions, | 


f= _ FX 
i nn gk pr . + , 
7 94. Other Theorems may be deduced by 
aſſuming the three terms of the equation, and 


extracting the root of the n which they 


form. 

Thus, to find the value of F in the 0 
f fr =0, wheref is ſuppoſed to be 
very little, we neglect the firſt term f*, and ex- 
tract the root * the 3 fro, 


oz and we find 


— Fe. 


COM 
But this value — 4 may wu ered by ſup- 
poſing i it equal to m, and ſubſtituting n for f? 
in the equation ff — pf* + gf-—r = o, which 
will give . —pf*4 gf —r =o, and f — f 
+7 —m =0; the reſolution of which quadratic 


equation gives f =: 2 * 7 2 — BOISE 


near the true value of FI | 

After the ſame manner you. may. - find like 
Theorems for the roots of biquadratic equati- 
ops, or of equations of any dimenſion whatever. 


9995 
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$ 95. In general, let x" ＋ pa? + gat=2 +, 
1x93 + &c + A = o repreſent an equation of 
any dimenſions u, where A is ſuppoſed to repre- 
ſent the abſolute known term of the equation. 
Let & repreſent the limit next leſs than any of 
the roots, and ſuppoſing x = & + f, ſubſtitute 
the powers of Xx + f inſtead of the powers of x, 


and there will ariſe k + f T* E17 ＋ 
* T= + N Sc TAS o, 


or by involution, diſpoſing the terms accord- 
ing to the dimenſions off ß. 


5 3 f 
© iT il 2Z 
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113 
X N ‚ 38; 
> | 
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+33 9 
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roots of equations may be deduced. 


firſt two terms, you find 
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$ 96. By this method you may diſcover 
Theorems ſor approximating to the roots of pure 
powers ;” as to find the ꝝ root of any number 


A; ſuppoſe & to be the neareſt leſs root in inte- 
gers, and that & + #18 IS om true root; then ſhall 


b + e = f +n X =—— bf Se = A; 
and aſſuming only the 5 firſt terms, 


* 8 or, more e taking the three 


firſt terms, | 
f= | 2 and (raking = 8 
at K ——#—* at 


1 4 — 4— 
{= += 2 1 5 


(PRI = A— kn) = — ; which 


is a rational Theorem for approximating to . 
You may find an irrational Theorem for it, 


by aſſuming the three firſt terms of the power of 
4 4 fvink A Ii p f =. 
For ak" f N X _ RET 1 —=M; 


and reſolving this quadratic equation, you find 


4 2M 
＋ =— XY. — ye = 
2 — I * 122 2 
n Xn—l Xt + ==; 
þ _ 2Mn—2m + nk 
— — — 


% ͤ ͤ Ln. 
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- In the application of theſe Theorems, when 
2 near value of F is obtained, then adding it to 
E, fubſtitute the aggregate in place of & in the 
formula, and you will by a new operation, 
obtain a more correct value of the root re- 
quired; and by thus proceeding, you may ar- 
tive at any degree of exactneſs. 

Thus to obtain the cube root of 2, ſuppoſe 


. 0. 25. 
nk" = + 


In the ſecond place, ſuppoſe & = 1.25, and / 
will be found, by a new operation, equal to 
©.009921, and conſequently, V2 = 1.259921 

nearly. By the irrational Theorem, the ſame 


value 1 18 diſcovered for * 2. 
, 
* 
i * 
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n AP + 


Of the Method of Series by which 


you may approximate to the roots 


of literal equations. 


997. IF there be only two letters, x and a, 


in the propoſed equation, ſuppoſe 4 
equal to unit, and find the root of the numeral 
equation that ariſes from the ſubſtitution, by 
the rules of the laſt chapter. Multiply theſe 
roots by 2, and the products will give the roots 
of the propoſed equation. 
| Thus the roots of the equation * — 16x + 
55 = © are found, in 84, to be 5 and 11. 
And therefore the roots of the equation 
* — 16ax + 554 = o, will be 5 and 114. 
The roots of the equation x* + a*x — 24 = © 
are found by enquiring what are the roots of 
the numeral equation & + x — 2 = o, and 
ſince one of theſe is 1, it follows that one of the 
roots of the propoſed equation is a; the other 
two are imaginary. 

§ 98, If the equation to be reſolved involves 
more than two letters, as x* + & — 243 + ayx 
— S o, then the value of x may be exhibited 
in a ſeries having its terms compoſed of the 
powers of à and y with their reſpective coef- 
8 : R ficients ; 
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ficients ; which will © converge the ſooner the Ie; 
is in reſpect of a, if the terms are continually 
multiplied by the powers of y, and divided 5 
thoſe of a.” Or, © will converge the ſooner the 
greater y is in reſpect of a, if the terms be con- 
tinually multiplied by the powers of a, and divided 
by thoſe of y. Since when y is very little in 
reſpect of a, the terms y ECL 

St 8 
decreaſe very quickly. If y vaniſh in reſpe& 
of a, the ſecond term will vaniſh in reſpect of 


the firſt, ſince L 5% : % 4. And after the 


&c, 


Gs manner 2 vaniſhes ! in reſpect of the term 
P 


immediate preceding it. 
But when 9 is vaſtly great in dy a - a, 
then a is POE great in reſpect of 75 and © 
2 a? 2 
| Se of £ =; ſo that the terms a, PPP 
dc; in this caſe decreaſe very ſwiftly. In 


either caſe, the ſeries converge ſwiftly that con- 
Gift of ſuch terms; and a few of the firſt term 
will give a near value of the root required. 


$ 99. If a ſeries for x is required from the 
propoſed equation that ſhall converge the 
ſooner, the leſs y is in reſpect of a; to find the 
firſt term of this ſeries, we ſhall ſuppoſe q to 


vaniſh; and extracting the root of the equa- 
as tion 
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tion „ + dx — 24 = o, conſiſting of the 
remaining parts of the equation that do not 
vaniſh with y, we find, by 5 97, that x = @; 
which is the true value of x when y vaniſhes, 
but is only near its value when y does not va- 

niſh, but only is very little. To get a value 
ſtill nearer the true value of x, ſuppoſe the dif- 
ference of @ from the true value to be p, or that 


x=a p. And ſubſtituting @ + p in the 


given Ons for x, you will find, 


* + 34% + 3a p- +2] 
+ ox = Az ap 
— 2.4) —— 24 | 1 2 0 
+ ayx = &y + 4. 
— 9 T =: — 59 
Io. 4b + gap l 
r A 


But ſince, by ſuppoſition, y and p are very 
little in reſpect of a, it follows that the terms 
4a*p, a*y, where y and p are ſeparately of the 
leaſt dimenſions, are vaſtly great in reſpe& of 


the reſt; ſo that, in determining a near value 


of p, the reſt may be neglected: and from 
4%p + &y = ©, we findp = —  y. So that 
x =a+p =a— ), nearly. 

Then to find a nearer value of p, and conſe- 
quently of x, ſuppoſe p = — 19 + q, and ſub- 
ſtituting this value for it in the laſt equation, 


- you will find, 
5 R 2 : x | * 


; 
"3 
* 
F £ 
„ 
1 
4 
1 
4 
1 
5 
4 
* 
'Þ 
= 
„ 
*. 
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P. — u T +] 
3a p = Fay - 245% + 397 
44"p * ay + 449 ö 4 py 
ayp =— jay + 4 
a4 = a*y | 
—y =— F» | ; 


= 75 dae 
= O. 


18 — 249 +349 
255 44'q 
And ſince, by the ſuppoſition, q is very little 
in reſpect of p, which is nearly = = — ), there- 
fore q will be very little in reſpect of y; and 
conſequently all the terms of the laſt equation 
will * very little in reſpect of theſe two, viz. 
e 4%, + 44%, where y and ꝗ are of leaſt 
F e ſeparately: particuarly the term 
2 45 J is little in reſpect of 44*q, becauſe ) 
8 very little in reſpect of a; and it is little in 
reſpect of — Te Ys becauſe 9 is little in re- 
ſpect of y. 
Neglect therefore the other terms, and ſup- 
poling — 4 + 44*q = o, you will have 


7 7 3 ſo that x S2 — 19 + 2 27 
And by en in _ fame manner you will 

07 131. Jog. 
e 4 Se 2 | 512 neal 
&c. : 


$ 100. When it is required to find a ſeries 


for x that ſhall converge ſooner, the greater 5 is 
| in 
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in reſpe& of any quantity a, you need only ſup- 


poſe 4 to be very little in reſpect of 5, and 
proceed by the ſame reaſoning as 1n the laſt 
example on the ſuppoſition of y being "oy 
little. 
Thus, to find a value for x in the equation 

* — 4 , + ay#— 3* = © that ſhall converge 
the ſooner the greater y is in reſpect of a, ſup- 
poſe @ to vaniſh, and the remaining terms will 
give & — 9 = ©, Of x = y. So that when y 

is vaſtly great, it appears that x = y nearly. 
But to have the value of x more accurately, 
put x = y + 7, then 


PF 
— OX = — 4 — 279 =p 
+ ayx= ay* + ayp * 


— 2. of 
, 
+ 49 + ayp: 
where the terms 3% + ay* become vaſtly 
greater than the reſt, y being vaſtly greater than 
a or p; and conſequently p = — 4 nearly. 


Again, by ſuppoſing p = — 34 +9, you 
will transform the laſt equation into 


— r + 339 + 397 7 
— 053 


— fy — 425 — ag 
x07 
where che two terms 3qy* — a*y muſt be vaſtly 
greater than any of the reſt, @ being vaſtly leſs 
e than 


n 
r Por - 


— 


UII. 2 m — 
* * * * 7.» 9%. n —— — 2 r 


| q 
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than ”, and 9 vaſtly leſs than a, by the ſuppo- 
ſition; ſo that 30 — 4˙% = o, and g = © 
nearly, By proceeding in this manner, — 
may correct the 9 of y, _ m _ 


£=5 44 4 35 - += ——_ &c. 


Which ſeries ES the ſooner the greater 
vis ſuppoſed to be taken in reſpect of a. 


$ 101. In the ſolution of the firſt Example, 
thoſe terms were always compared, in order to 
determine p, 4, 7, &c, in which y and thoſe 
quantities 2, 2, r, &c, were ſeparately of feweſt 
dimenſions. But in the ſecond Example, thofe 
terms were compared in which à and the quan- 
tities 2, 9, 7, &c, were of leaſt dimenſions ſe- 
parately. And theſe always are the proper 
terms to be compared together, becauſe they 
become vaſtly greater than the reſt, in the re- 
ſpective hypotheſes. 

In general ; to defermine the firſt, or any, 
term in the ſeries, ſuch terms of the equation are 
10 be afſumed together only, as will be found to be- 
come vaſtly greater than the other terms ; that is, 
which give a value of x, which ſubſtituted for 
it in all the terms of the equation ſhall raiſe the 
dimenſions of the other terms all above, or all 
below, the dimenſions of the aſſumed terms, 
according as y is ſuppoſed to be vaſtly little, or 
vaſtly great in reſpect of a, | 
F —- Thus 
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Thus to determine the firſt term of a con- 
verging ſeries expreſſing the value of x in the 
laſt equation #* — &'x + ayx — „ o, The 
terms ayæ and - are not to be nen to- 


gether, for they would give = 25 which ſub- 


ſtituted for x, the equation becomes 
6 


2 — 4 ＋ e - τν e o, 

where the firſt term is of more dimenſions than 
the aſſumed terms ay x, — ; and the ſecond 
of fewer: ſo that the two firſt terms cannot be 
neglected in reſpect of the two laſt, neither 
when y is very great nor very little, compared 
with a. Nor are the terms *, ayx, fit to be 
compared together in order to obtain the firſt 
term of a ſeries for x, for the like reaſon, 

But x* may be compared with — a*x, as alſo 
— ax with — 93 for that end. Theſe two give 
the firſt term of a ſeries that converges the 
ſooner the lefs y is; as x3 9 gives the firſt 
term of a ſeries that converges the ſooner the 
greater y is, The laſt ſeries was given in the 
preceding article. The comparing » with 
— & x gives theſe "_ ſeries, 


| be + es 128 
eee + &c. 


1284 
The comparing — &'x with - — * gives 


23 


f 
9 
1 
4 
Þ 
| 
q 
1 
4 
* 
i 
3 
1 
ll: 
7 
| 
5 
] ; 
. « 
* 
1 
4 
* 
: 
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And theſe ſeries give three values of x when 
y is very little; the laſt of which is itſelf alſo 
very little in that caſe, as it appears indeed 
from the equation, that when y vaniſhes, the 
three values of x become ＋ a, '—a, and o, 
becauſe when y vaniſhes, the equation becomes 
* — 4 * = 0. whoſe roots are 4, — 4, o. 


$ 102. It appears ſufficiently from what we 
have ſaid, that when an equation is propoſed 
involving x and y, and the value of x is re- 
quired in a converging ſeries, the difficulty of 
finding the firſt term of the ſeries is reduced to 
this; © to find what terms aſſumed in order to 
determine a value of x expreſſed in ſome di- 
menſions of y and à will give ſuch a value of 
it, as ſubſtituted for it in the other terms will 

make them all of more dimenſions of y, or 
all of leſs dimenſions of than thoſe aſſumed 
terms.” 

To determine 4 draw 3a and AC at right 
angles to each other, complete the parallelo- 
gram ABCD, and divide it into equal ſquares, 
as in the figure. In theſe ſquares place the 
powers of x from 4 towards c, and the powers 
of y from à towards s, and in any other ſquare 
place that power of x that is directly below it 
in the line ac, and that power of y that is in a 
parallel with it in the line as; ſo that the in- 
dex of x in any ſquare may expreſs its diſtance 


from the line AB, and the index of in any 
ſquare 


— 
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ſquare may expreſs its diſtance from the line 
ac. Of this ſquare we are to obſerve, 


the horizontal ac, and their parallels; but al- 
ſo in the terms taken in any oblique ſtraight 
line whatever; for in any ſuch term it is ma- 
nifeſt that the indices of y and x will be in arith- 
metical progreſſion. The indices of y, becauſe 
thoſe terms will remove equally from the line 


AC, or approach equally to it, and the indices 
| | of 


nM: +. 5 
2 by 
X | > 
L EE 2212 12. 222 
= | - . 
8 80 
E VE 2 Z 
s 
N e l 2 
4 1.4 gl.4* 441,,44,4 
22. 2. A 2 MCEAEAVEDA 
+ E. 2075 4 „„ } 
Li MEE * 2 XL (x7 ; 
2 2 5, 2 5 2 >. 285 2 N 
2— * Vac? 2 VL 1 
Zee k 
| Df. 
A NE . : EA 4 
1. That the terms are not only in geome- J 
trical progreſſion in the vertical column as, or [ 
bY 


LY 


< nad — r . . ———— e eee eee 2 — 
by 7 by IS as 
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of y in any ſuch terms are as their diſtances 
from that line ac. The indices of x will alſo 
be in arithmetical progreſſion, becauſe theſe 
terms equally remove from, or approach to the 

line a3. Thus for example, in the terms 5“, 
Fx, y* x*, y, the indices of y decreaſing by the 
common difference 2, while the indices of x in- 
creaſe-in the progreſſion of the natural num- 


bers, the common ratio of the terms is = It 
| follows, 


2. From the laſt obſervation, that * if any 
two terms be ſuppoſed equal, then all the terms 
in the ſame ſtraight line with theſe terms, will 
be equal; becauſe by ſuppoſing theſe two 
terms equal, the common ratio is ſuppoſed to be 
a ratio of equality; and from this it follows, 
that if you ſubſtitute every where for x the 
value that ariſes for it by ſuppoſing any two 
terms equal, expreſſed in the powers of y, the 
dimenſions of y in all the terms that are found 
in the ſame ſtraight line will be equal; but 
« the dimenſions of y in the terms above that 
line will be greater than in thoſe in that line; 
and © the dimenſions of y in the terms below 
the ſaid line will be % than jts dimenſions in 
that line.” Thus, by ſuppoſing y7 y, we 
find & = y®, or x = 5*; and ſubſtituting this 
value for x in all the ſquares, the dimenſions of 
y in the terms 7, y, 1 x*; y, which are all 

found 


found in the ſame ſtraight line, will be 7, but 
the dimenſions in all the terms above that line 
will be more than 7, and in all the terms be- 
low that line will be leſs than 7. 


$ 103. From theſe two obſervations we may 
eafily find a method for diſcovering what terms 
ought to be aſſumed from an equation in order 
to give a value for x which ſhall make the other 


terms all of higher, or all of lower dimenſions 


of y than the aſſumed terms: viz. after all 
the terms of the equation are ranged in their 
proper ſquares (by the laſt article) ſuch terms 
are to be aſſumed as lie in a ſtraight line, ſo 
that the other terms either lie all above the 
ſtraight line, or fall all below it.“ 

For example, ſuppoſe the equation propoſed 
is  —ayx+ yu + dyxt — ax? =o, then 
marking with an aſteriſk the ſquares in the laſt 
article which contain the ſame dimenſions of x 


and y as the terms in the equation, imagine a 


ruler zz to revolve about the firſt ſquare mark- 
ed at 97, and as it moves from a towards o, it 
will firſt meet the term ax, and while the 
ruler joins theſe two terms, all the other terms 
lie above it: from which you infer, that by 
ſuppoſing theſe terms equal, you ſhall obtain a 
value of x, which ſubſtituted for it, will give 
all the other terms of higher dimenſions of y, 
than thoſe terms: and hence we conclude that 


the value of x, deduced from ſuppoſing theſe 


terms 


To EI EEO IEN 5 n * — Og _ — —— . * 4 
2 ce ON IN gr nn 8 —_ 8 ODEES 8 — > S Wy 
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terms equal, viz. L 25 is the firſt term of a ſeries 


that will converge the ſooner the leſs y is in re- 
ſpect of a. 

If the ruler he made to welpe about the 
ſame ſquare the contrary way from p towards 
c, it will firſt meet the term , and by ſup- 
poling 37 + y*x* = o, we find y = x, which 
gives the firſt term of a ſeries for x, that con- 
' verges the ſooner the greater that y is. And 
this is the celebrated Rule invented by Sir 1/aa; 

Newton for this purpoſe. | 


$ 104. This Rule may be extended to equa- 
tions having terms that involve powers of x 
and y with Fractional or ſurd indices; c by 
taking diſtances from à in the lines ac and as 
proportional to theſe fractions and ſurds, and 
thence determining the ſituation of the terms 
of the propoſed equation in the parallelogram 
_ABCD. 
It is to be SIP ICY alſo, that when the line 
- Joining any two terms has all the other terms 
on one ſide of it, by them you may find the firſt 
term of a converging ſeries for x, and thus 
te yarious ſuch ſeries can be deduced from the 
ſame equation.” As, in the laſt Example, the 
line joining y*x and yx* has all the terms above 
it; and therefore ſuppoſing — ay*x + &*yx*=0, 


— 


4 EE” | 
we find & = T, and x = 2.5 which is the firſt 
4 47 7 
term 


Chap. 10. ALGEBRA. 255 


term of another converging ſeries for x. Again, 


the ſtraight line joining » x* and & has all the 


other terms above it, and therefore, ſuppoſing 


| 2-3 
ay. ax* = O, we find ay , and x = a* y*, 
the firſt term of another ſeries for x, converging 
alſo the ſooner the leſs y is. There are two 


ſeries converging the ſooner the greater y is, to 


be deduced from ſuppoling 57 = — , or 


* = ax%, And, to find all theſe ſeries, 


ec deſcribe a polygon Zabed, having a term of 
the equation in each of its angles, and includ- 
ing all the other terms within it, then a ſeries 
may be found for x, by ſuppoſing any two 


terms equal that are placed in any two * acent 


angles of the polygon.“ 


'$ 105, If the ruler zz be made to move 


parallel to itſelf, all the terms which it will 
touch at once will be of the ſame dimenſions of 


y: for they will bear the ſame proportion to one 
another as the terms in the line ze themſelves. 
The terms which the Ruler will touch firſt will 


have fewer dimenſions of y, than thoſe it touches 


afterwards in the progreſs of its motion, if it 
moves towards D; but more dimenſions than 
they, if it moves towards a. The terms in the 
ſtraight line 2E, ſerve to determine the firſt 
term of the converging ſeries required. Theſe 


with the terms it touches afterwards ſerve to 
determine the ſucceeding terms of the converg- _ 


ing 


i n 
Nie 
n 
N 
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ing ſeries; all the reſt vaniſhing compared with 
theſe, when y is very little and the ruler moves 
from 4 towards , or when y is vaſtly great and 
the ruler moves from p towards a. 


$ 106, The ſame Author gives another me- 
thod for diſcovering the firſt term of a ſeries 
that ſhall converge the ſooner the leſs y is. 
«© Suppoſe the term where y is ſeparately of 
feweſt dimenſions to be D/; compare it ſucceſ- 
ſively with the ex terms, as with Ey, and 


obſerve where — 


ing 8 = #, as will be the firſt term of a ſe- 
$ 


ries that ſhall converge the ſooner the leſs y is:“ 
for in that caſe Dy! and Eyxx will be infinitely 
greater than any other terms of the propoſed 
equation. Suppole Fy*x* is any other term of 


= is found greateſt ; and put- | 


the equation, and, by the ſuppoſition, — (=n) 


-, and conſequently, multi- 


; 1— 
is greater than 5 


plying by &, you find 2 greater than /—e, and 
nE +e greater than J; now if for x vou ſubſtitute 
Ay", then Fy*x* = FAtynmte, which therefore 
will vaniſh compared with Dy! (ſince 24K ＋ e 1s 
greater than J) when y is infinitely little. Thus 
therefore all the terms will vaniſh compared 
with Dy! and Ey”x* which are ſuppoſed equal; 
and confequently they will give the firſt term 
of a ſeries that will converge the ſooner the leſs 
I 1s, | 
$ 107. 
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Z is found 


8 10). If you obſerve when? 


* 
leaft of all, and ſuppoſe it equal to x, then will 
Ays be the firſt term of a ſeries that will con- 
verge the ſooner the greater y is. For in that 
caſe Dy/ and 2 will be infinitely greater, than 


Fy xt, ants N ed} on 1) being leſs than *< — 


it follows that 2E is leſs than Ie, and »t+e leſs 
than J, and conſequently Fy*#* (= FAu yi ++) 
vaſtly leſs than Dy, when q is very great. 
After the ſame manner, if you compare any 
term Dy/x*, where both x and y are found, 
with all the other terms, and obſerve where 
2 


3 m 
s—h 
converging ſeries. For alt that Fy*x* is 


= u, then may Ayr be the firſt term of a 


any other term of the equation, if — — 212 7) 


is greater than 57 = then mall BE = ub be 


greater than / e, and e greater than IA nb. 
But zk + e are the dimenſions of y in Fy*x* 
when x = Ay", and / + u are the dimenſions 
of y in Ey”"x, therefore Fy*x+* is of more di- 
menſions of y than Ey”x*, and therefore va- 
niſhes compared to it when y is ſuppoſed infi- 


nitely little. In the ſame manner, if =x iS 
leſs 
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1— . 
| 4—5˙ 

greater than Zy*x*, when y is infinite. 


5 108. When the firſt term (r) of the ſe. 
ries is found by the preceding method, then b 
ſuppoſing x = Ay" + p, and ſubſtituting this 
binomial and its powers for x and its powers, 
there will ariſe an equation for determining ↄ 

the ſecond term of the ſeries. This new equa- 
tion may be treated in the ſame manner as the 
equation of x, and by the Rule of & 103, the 
terms that are to be compared in order to ob. 
tain a near value of p, may be diſcovered; by 
means of which terms p may be found : which 
_ ſuppoſe equal to By*+”, then by ſuppoſing 
p = By*+r , the equation may be trans- 
formed into one for determining 4 the third 
term of the ſeries, and by proceeding in the 
ſame manner you may determine as many terms 
of the ſeries as you pleaſe ; finding x = Ay" + 
By*+r + Cy*+#r + Dy*+3r &c, where the 
dimenſions of y aſcend or deſcend according as 
7 is poſitive or negative? and always in arith- 
metical progreſſion, that this value of x being 
ſubſtituted for it in the propoſed equation, the 
terms involving y and its powers may fall in 
with one' another, ſo that more than one may 
always involve the ſame dimenſion of y, which 
may mutually deſtroy each other and make the 
whole equation vaniſh, as it ought to do. 


Jeſs than 


then will Zy"x* be infinitely 


Ic 
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Tt is obvious that as the dimenſions of y in 
Ay + By*+r + Cy Dy z, &c, are in an 
arithmetical progreſſion whole difference is x, 
the ſquare, cube, or any power s of Hu + 
By + Cyy+3r + Dyyt 3 + &c, will conſiſt of 
terms wherein the dimenſions of y will conſtitute 
an arithmetical progreſſion having the ſame 
common difference r; for theſe dimenſions will 
be su, n + r, Su +2r,52 Zr, &c. Therefore, 
if in any term Eyn xt you ſubſtitute for x the 
ſeries Ay» + By + Cy + Dyn'+3 &c, 
the terms of the ſeries expreſſing Zy”x* will 
conſiſt of theſe dimenſions of y, viz. m + n, 
m n r, un + 2r, m + Sn + Zr, &c; 
and by a like ſubſtitution in any other term as 


Fy*x*, the dimenſions of y will be e + nk, e+ ak - 


 +r,e+nk+2r, e+nk+3r, &c. The former 
ſeries of indices muſt coincide with the latter 


ſeries, that the terms in which they are found 


may be compared together, and be found equal 
with oppoſite ſigns ſo as to deſtroy one another, 
and make the whole equation vaniſh. 
The firſt ſeries conſiſts of terms ariſing by 
adding ſome multiple of r to m + Sn, the latter 
by adding ſome multiple of to en] and that 
theſe may coincide, ſome multiple of 7 added 
to m+ 54 muſt be equal to ſome other multiple 
of r added to e + #k. From which it appears 


that the difference of ＋ 5 and e + E is al- 


ways a multiple of T; and conſequently that 7 
1s 


, of Part 11. 
is a diviſor of the difference of the dimenſions 
of y in the terms Ey and Fy*x*, ſuppoſing 
* = Ay". It follows therefore “ that r is a 
common diviſor of the differences of the di- 


menſions of y in the terms of the equation, 
when you have ſubſtituted Ay for in all the 


terms.“ And if » be aſſumed equal to the 


greateſt common diviſor (excepting ſome caſes 
| afterward to be mentioned) you will have the 
true form of a ſeries for x. And now the di- 
menſions y*, „r, yn+2r, y 3. &c, being 
. known, there remains only, by calculation, to 
determine the general coefficients 4, B, C, D, 
*&c; in order to find the ſeries Ay + By! +” 
+ On+- + Dy + & c = x. 


F 109. This leads us to Sir — Newton's 
ſecond general method of ſeries; which conſiſts 
in aſſuming a ſeries with undetermined co- 
_efficients expreſſing x, as Ay + BVT + 
Cy"+2r + &c, where 4, B, C, &c, are ſup- 
poſed as yet unknown, but ꝝ ander are diſco- 
vered by what we have already demonſtrated; 
and ſubſtituting this every where for x, you 
muſt ſuppoſe, in the new equation that ariſes, 
the ſum of all the terms that involve the ſame 
dimenſions of y to vaniſh, by which means 
' you will obtain particular equations, the fr 
of which will give 4, the /econd B, the third C, 
GC; z and theſe values being ſubſtituted in the 

aſſumed 
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aſſumed ſeries for A, B, C, &c, che ſeries for 
x will be obtained as far as you pleaſe, 

Let us apply, for example, this method to 
the equation (of § 98) * + &x — 24) + 
ayx - = 0, Suppole it is required to find 
a ſeries converging the ſooner the leſs y is: its 
firſt term (by S 99 or 102) is found to be a, fo 
that » = ©. Subſtitute à for x in the equa- 
tion, and the terms become 4 ＋ a — 29) + 
ay — 5, and the differences of the indices 
are O,-I, 2, 3 whoſe oreateſt common meaſure 
13 3, OWN f=1; Au therefore x = A 
+ By + Cy* + Dy), &c, and ſubſtitute this 
ſeries for x in the equation. Then 


* = £ + 3 By + ABN + B + e, 
+ 3A Cy + 34 Dy; c, 

+ 6ABCy' Sc, 

+4 13 a. By + 4 Cy ) + Sc, 


+ ayx = aA + aByY + aDy Tc, 
— 243 2223 
we FORE d ome IT 


Now ſince & + ax ＋ a - 26 —y =o, 
it follows that the ſum of theſe ſeries involving 
y muſt vaniſh. But that cannot be if the coef- 
ficient of every particular term does not vaniſh, 
For every term where y is infinitely little, is in- 

finitely greater than the following terms, ſo that 
if every term does not vaniſh of itſelf, the ad- 
dition or ſubtraction of the following terms 
e wich, 


Are Per ll. 


which are infinitely leſs than it, or of the pre- 
ceding terms which are infinitely greater, can- 
not deſtroy it; and therefore the whole cannot 
vaniſh. It appears therefore that A ＋ 4 — 
243 = o, is, an equation for determining A, 
and gives 4 = a, 

In order to determine B, you muſt ſuppoſe 
the ſum of the coefficients affecting to vaniſh, 
viz. 3A BTA B+adXy=o, or ſince Aga, 


1 


4a By T = o, and B . | 


To determine C, in the ſame manner ſuppoſe 
348) + 341 CY +5 CfF+ 2BF = o, or, 
e for A and B their values already 


found, 2 — 44. Cy = =O, and conſe- 


quently 8 => 842 And, * proceeding, in the 

fame manner, D = A,, ſo that x=a— 1) 
51247 

* "rt + 


in 9 99. 


58110. By chis nick} you may transfer ſe- 
ries from one undetermined quantity to an- 
other, and obtain 'T heorems for the reverſion of 
- ſeries. 

Suppoſe that x = ay + . + cy? + dy# + 
Sc, and it is required to expreſs y by a ſeries 
conſiſting of the powers of x. It is obvious 
that when & is very little, » 1s alſo is very little, 

| and 


131 
512 4 


9% &c, as we found before 
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and that in order to determine the firſt term of | 


the ſeries, you need only aſſume x = ay, And 


TE therefore y = =; ; ſo that 2 = 1. By ſubſti- 


tuting £ = for y, you find the dimenſions of x 


in the . will de 1, 2, 3 4, Cc; ſo that 
7 =1 alſo. You may therefore afſume y = Ay 


+ B/ + Cx + Dx* + Sc. And by the 
ſubſtitution of this value of y you will find 


ay a Aux aBx + a CX + Ec, 


by = bA'x* + 24 Bu. + Ge, 
F< AN J &c, 
Sc, | Sc. |: 


Bur the firſt term being already found to be 
= you have 4 = = : —; and ſince aB + A = 9, 


it follows that B = — 5 After the ſame 


manner you Will ind GC = — Whence 


7 5 


58111. Suppoſe again you have ax + bx* + 
x) + dif + Sc =gy + by + iy* + &yt 
Sc, to find x in terms of y. You will eaſily 
ſee, by § 103, that the firlt term of the ſeries 


for is = that 1 = 1, 1 2 1. Therefore al. 


b fame 323 + by + Ec, and by ſubſti- 
8 3 „ tuting 


bay 2 . * Fw. * Sc” £ 2 8 _ 1 2 
— — — - o A 6 wa — of 5 5 
Serre S m2 D424 ad — 
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tuting this value for x and bringing all thy 
terms to one ſide, you will have 


ax =aAy + aBY + aCy Gs Se, 
bx == a + 2b ABY' + Ge, 
cx = | | Fr + Sc, 
Se, „ Ge, 
* — 2 . 
— by = . 
—_ =,» . - "5 


Sc, | Se. 
From whence we ſee, firſt, that 24 = g, and 


A== 2% That at B+ 54. —b=o, and 


3 2 2 bg” 3˙n. ThataC + 26 Ab + A. 
—; = 0, wh TR I C-= — — . 


And thus the three firſt terms of the ſeries 
Ay + BY + Cy* &c are known *. 


S 112, Before we conclude it remains to clear 
a difficulty in this method that has embarraſſed 
ſome late ingenious writers, concerning © the 
value of 7 to be aſſumed when two or more of 
the values of the firſt term of a ſeries for ex- 
preſſing x are found equal; a correction of 
the preceding Rule being neceſſary in that caſe, 
And the author of that correction having only 
collected it from experience, and ven it us 


3 See Mr. De e in Phil. 7 ran 240. 
. withs 


without proof, it is the more neceſſary to de- 
monſtrate it gere-. . | 
It is to be obſerved then, 3 in 1 ha —_ 


ſeries Ay + Bye + Cyra. + Dyyty + 


&c, may expreſs x, it is not only neceſſary that 
when it is ſubſtituted for x in the propoſed 
equation Dy + Ey + Hy = o, the in- 
dices m ＋ us, m + u Tr, m + u + 2r, &c, 


ſhould fall in with the indices. e + nk,e+nk. 


+17, e + nk ar, &c, in order that the 
terms may be compared together to determine 
the coefficients A, B, C, &c ; but it is alſo ne- 
ceſſary, that in the particular equations for de- 
termining any of thoſe coefficients, as B for 
example, thoſe terms that involve B ſhould 
not deſtroy each other. Thus the equation 
34 B — 34 B — 44 o can never deter- 
mine B, becauſe 34*B — 34 B = o, and 


thus B exterminates itſelf out of the equation; 


beſides the contradiction ariſing from — A = o, 
when 4. perhaps has been determined already 
to be equal to ſome real quantity. 

In order to know how to evite this abſurdity, 
let us ſuppoſe that the firſt order of terms in 
the propoſed equation are, as before, Dy, 
Eyn , &c; and if Ay" is found to be the firſt 
term of a ſeries for x, then the dimenſions of 
y in the firſt order of terms, ariſing by ſubſti- 
tuting in them Ayr for x, will be n + ns, and 
ihe dimenſions of »y ariſing by ſubſtituting 

2 rh Sap ie Ay* 


— 


8 . 
— — SC — ia» 4. = 


1 
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Ay + By'+r + Cy + or &c for-x, will be 
m L ns, m + ns + , m + ns + 2r, &c. 
Suppoſe that Fy*x* is the next order of terms, 
and, by the ſame ſubſtitution, the dimenſions 
of y ariſing from it will be 
(becauſe He Ay" + Byr+" + Cyn+2r +6508 
= Fry Ft + — OT Y &c) J uk, 
e+nk+r,e+nk + 2r &c. Now it is plain, 
that e+ »& muſt coincide with ſome of the di- 
menſions m + u, m + ns +#,m + ns+2r, &c, 
that the terms involving them may be compared 
together. And therefore, as we obſerved in 
§ 108, r muſt be the difference of e + 1 and 
m + 15, or ſome diviſor of that difference. In 
general, r muſt be aſſumed ſuch a diviſor of thar 
difference as may allow not only e + zk to 
_ coincide with ſome one of the ſeries #2 + 16, 
m+ns+r,m+ns+2r &c, but as may make 
all the indices of the other orders beſides eK 
likewiſe to coincide with one of that ſeries: 
that is, if Gy/x* is another term in the equa- 
tion, 7 muſt be ſo aſſumed that the ſeries f + nb, 
f+ nb + r, fn ar, &c, ariſing by ſubſti- 
tuting in it y + BVT + CY &c for x, 
may coincide ſomewhere wick the firſt ſeries 
m ＋ us, n ＋ u +r, + ns + ar, &c. And 
therefore we ſaid, in & 108, “ that r muſt be aſ- 
ſumed ſo as to be equal to ſome common diviſor 
of the differences of the indices m + ns, e nk, 
F + nh, which ariſe in the propoſed equation 


bf 
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by ſubſtituting in it for x the firſt term already 
known Ayr. For by aſſuming r equal to a com- 


mon diviſor of theſe differences, the three ſeries 


m Tus, m Au Ax, n + ns + 2r,mÞ+ns+3r, &c3 
ul, e +nkt+r,e +nkt+2r, e +nt+ gr, &cz 
Fb, Fun r, f+nh +2r, f+nb-+ Zr, &c; 


will coincide with one anoches, ſince ſome mul- 
tiples of r added to m + ns will give en and 
all that follow it in the /econd ſeries, and ſome 


multiples of r added to m þ 2s will alſo give 
f + nh and all that follow it in the 2hird ſeries, 


It is alſo obvious, that, if no particular reaſon 


hinder it, r ought to be aſſumed equal to the 


greateſt common meaſure of theſe differences, 
For example, if the indices m + ns, e + nk, 
f+nb, happen to be in arithmetical progreſſion, 
then r ought to be aſſumed equal to the com- 
mon difference of the terms, and the firſt of 
the ſecond ſeries will coincide with the ſecond 
of the firſt, and the firſt of the third ſeries will 
coincide with the ſecond of the ſecond ſeries, 
and with the third of the firſt, and fo on. 


$ 113. Thele things being well underſtood, 
we are next to obſerve that after you have ſub- 
ſtituted Ay” + By" +” + Cy &c for x in the 
firſt order of terms in the equation, the terms 
that involve mz + As dimenſions of y will deſtroy 


one another; for x — 4y" muſt be a divitor of 


the 
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the aggregate of theſe terms, ſince they give 
Ayr as one value of x; let x — Ay" x P repreſent 
that aggregate, and, ſubſtituting for & its value 
Ay"+ By" +r + Cy#'+ 2 &c, that aggregate be- 
comes Ay" + By +74 C757 &c — Ay" x P 
= By* +” wh Cy'+ Kc x P. Now the loweſt 
dimenſion in x — Ay" x P was ſuppoſed to be 
m + 25, whence the dimenſion of P, in the ſame 
terms, will be n +2 -n, and the loweſt dimen- 
fion in fr OD + &7 x Pwiill be ar 
+ m + n5—n=m+#5 +7. Suppoſe again that 
two values of x, determined from the firſt order 
of terms, are equal, and then x — 4"\* will be 
a diviſor of that'aggregate of the firſt order of 
terms, Suppoſe that aggregate now * A"\* x p, 
which by ſubſtitution of 4y*4+ By'+'+Cy:+2" &c 


for x, will become Hr + Gy: +2 + SV x R 


in which the loweſt term will now be of nne 


dimenſions, ſince in x — A x P the loweſt 
term is ſuppoſed of 2 + 2s dimenſions; and 
eonſequently, in theſe terms, the dimenſion of 
W | | 


In general, if the ener of values of x ſup- 
poſed equal to Ay” be p, then muſt or be 
a diviſor of the aggregate of the terms of the firſt 
order. And that aggregate being expreſſed by 


85 = x P, in the loweſt terms, the dimen- 
ſions 
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ſions of y in P will be » ER 1s — n, that in 
Ay they may be m, as we always ſup- 
poſe. E Lek in x — Ay? Xx P for x — Ay* 
its value By + Cy | Sc, and in the 
reſult By + Y S x P the loweſt 


dimenſions of y will be py + pr + m + us 


* . 


0 I 14. From what has been ſaid we conclude 
that when you have ſubſtituted for x in the firſt 
order of terms of the equation propoſed the ſe- 


ries Ay” + BV + Cy*+> + Ec, the firſt 


term of which Ay* is known Frag the values of 


x whoſe number is p are found equal, then the 
terms ariſing that involve m + ns, m+n5s + 7; 
m + 15+ r, &c, till you come tom + ns + pr, 
will deſtroy each other and vaniſh ; ſo that the 
firſt term with which the terms of the ſecond or- 


der e T u can be compared muſt be that which 
involves m + #5 + pr; and therefore ſuppoling 


e+nk = , T pr, or r = EE, 


te the higheſt value you can give 7 mult be the 
difference of e + nk and m ＋ ns divided by 
p the number of equal values of the firſt term 
of the ſeries,” If this value of 7 is a com- 
mon meaſure of all the differences of the in- 


dices, then is it a juſt value of 7; but if it is 
not, ſuch a value of 7 muſt be aſſumed, as may 


meaſure this and all the differences; that is, 
; 66 ſuch 
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ce ſuch a value as may be the greateſt common 


meaſure of the on difference divided by 9 


etnt—m— —) and of the common mez- 


(viz. £ 5 


| fare of all the differences.” For thus the "RE 


dices m + ns, m+ns +7, m + ns þ 27, &c, 
will coincide with e A, e + nk r, e+ nt 
+ 2r, &c, and with F + nh, f + nb + 7, 


f + nb ar, &c, and you ſhall always have 


terms to be compared together ſufficient to de. 
termine B, C, D, &c, the general — 


of the e aſſumed for x, 


8 115. To all this it may be added, that if 
be a diviſor of the aggregate of the 
terms of the ſecond order Fy*x*, &c, then, by 
ſubſtituting for æ the ſerjes Ay" + yt Chur 
+ &c, there vaniſh not only as many terms of the 
ſeries involving m +15, m u Ar, m +ns+27, 


-&c, as there are equal values of the firſt term 


Ay? but the terms involving e + #& dimenſions 
of y vaniſh alſo; and therefore it is then only ne- 
ceſſary that e+#k+r coincide with m+n5+pr, 
ſo that, in that caſe, you need only take 
1 1 — And if x Ay"\2=1 be 
a diviſor of the aggregate of the ſecond order 

of terms, then the terms after ſubſtituting for x 
the ſeries Ay"+ B t Cyn +7 &c) which in- 
volve e Tun, eur. exnk+27, &c, will va- 


10 che term e p =I; ſo that, 


ſup- 
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ſuppoſing e + 1k +p—1 x n n + Pr, you 
have r ge TAE — m—ns, that is, to the leaſt dif- 
ference of the indices ns, e +#k, f+ nh, &c, 

rovided that difference be a meaſure of the 
other differences; although there may be as 
many values of the firſt term of the ſeries equal 
as there are units in p. Or, if that does not 
happen, 1 muſt be taken, as formerly, equal 
to the greateſt common meaſure or the diffe- 
nen | 


8 116, Suppoſe that the orders of terms of 
the equation can be expreſſed the  fr/# by 
A x P, the ſecond by x— Ay"? x N, the 
third by * Ay" x L, &c; and ſuppoſe that 
Ey ys is one of the firſt, Fy*x+* one of the ſecond, 
Cy one of the third, and ſo on: then it is 


plain that, ſubſtituting for x the ſeries Jy" + 
5 1 Cy &c, the loweſt term that will 


remain in the firſt will be of m+25 +pr dimen- 
ſions of y, the loweſt term that will remain in the 
ſecond will be of en ir, and the loweſt term 
remaining in the third of f+ nh +/7 dimenſions 
of y. For by the ſame reaſoning as we uſed, in 
$113, to demonſtrate that, in the firſt order of 
terms x — Ay"\? x P, the loweſt dimenſions of 
yJarem +75 pr, we ſhall find that, in the ſub- 
ſequent orders, the loweſt dimenſions of y in the 
terms x A ** = HN TC & XK 

mult, 


. — — — —— 
* 92 — . 4 I — 


— SECIS 0s a 4 


if y be taken LOR to 


ce take r ſo that it be equal to? 
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muſt be e+ nk—gn +qu+gr=e+nk+ qr, 
and fo of the other terms x — Ay'V x L the 


loweſt dimenſions muſt be f + uh Ir. The 
indices therefore of tht terms that do not vaniſh 


being 


* * * * e ＋ #k + gr, 
e 


7421 — — hf 


firm will 


mus Apr and e+nk+q9r coincide : and if at 


the ſame time 7 be a diviſor of f + 4b — mu, 
and be found in it a number of times greater 
F+nh—m—ns 


3 


than-p — 7, or if r be leſs than 


— 
then 7 will be rightly aſſumed. In general, © take 
all the quotients +0 — = . 


— 2 


and either the leaſt of theſe, or a number whoſe 
denominator, exceeding þ — 4 by an integer, 
meaſures i it and all the differences F + 1 — 
”m— 1, gives 7;” ſuppoſing p, q, and / inte- 
gers. But if p, 2, and / are fractions, you are to 
e + tt — mM — 1s _ 
55 
L 2 and fo that & and M may be 
7 


integers.” Suppoſe, for example, n + 1s = B 


2 = p= 
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p=S; ＋ 2 94 f+ nb = 2, and 


= : e e 


„A- -A, od I _f4nhm—ns _ 7. . 
"PEER © ITX n 2+ 


= - 17 K; whence it is eaſily ſeen that 5 
and 11 are the leaſt integers that can be aſſumed 


| Re 
for K and M. pt Mr Og = =; and 


Keen Cs 8, exnkyqr = = = and 


f+nh +/ r = 2, at is, the terms of the firſt 


ſeries whoſe dimenſions are mz + ns +Þ + xr, 


n TAS +p + MX r fall in with the firſt. 


. terms of the ſecond and third ſeries reſpec- 
| N we 


* Ty on this ſubjee, Calis Epil. in in We D. 2 
vrei. Taylor Meth. Incr. Stirling Lin. iii. Ord. 5Grawve- 
ande Append, Elem, 1 Steauart on the Quadrature 
of Curves, | 
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H 


Of the Rules for finding the num- 
ber of impoſſible Roots in an 
equation. | 


CY: 17. F H E number of impoſſible roots in 
an equation may, for the moſt 
| part, OE: found by this 


K U E . 

« Write down a ſeries of fractions whoſe denomi- 
nators are the numbers in this progreſſion 1, 2, 
3, 4» 5, &c, continued to the number which 
expreſſes the dimenſion of the equation, Di. 

vide every fraction in the ſeries by that which 
precedes it, - and place the quotients in order 
over the middle terms of the equation. Aud 
if the ſquare of any term multiplied into the 
fraction that ſtands over it gives a produtt 
greater than the rectangle of the two adjacent 
terms, write under the term the fign , but if 

that produ## is not greater than the reFangle, 
write —; and the figns under the ertrene 
terms being +, there will be as many ima- 
ginary roots as there are changes of the ſigis 

From Þ to —, and from — 10 +. 

- . | Thus 
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Thus, the given equation being x* + p + 
3 Px - 9 , l divide the ſecond fraction of 


the ſeries 3, - _ 7 by the firſt, and the chird by 


the ſecond, and 5 the quotients — and = 
2 


over the middle terms in this manner; 
þ V 
* ＋ PA + 35%.² — 4 = 0. 
. . = 
Then becauſe the ſquare of the ſecond term 
multiplied into the fraction that ſtands over it, 


that is, = * p*x*, is leſs than 3p*x* the rectan- 


ole under the firſt and third terms, I place 
under the ſecond term the ſign —: but as 


* 9 (= ze] the ſquare of the third 


term multiplied into its fraction, is greater than 
nothing, and conſequently mucu greater than 
pi the negative product of the adjoining 
terms, I write under the third term the ſign +. 
I write + likewiſe under * and — q the firſt 
and laſt terms, and finding in the ſigns thus 
marked two changes, one from + to , and 


another from — to +, I conchude the equation 


has two impoſſible roots. 
In like manner the equation * — 4* + 4K 
— 6 = © has two impoſſible roots; 


* T | 
* — 4x* + 4x — 6 = 0; 5 
+ + — + — 


S and 


SN 
8 * — . 


2 
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and the equation * * — 6x* — 3* — 225 


the ſame number 5 


3 4 3 f 
- 1 iN D g 'T : 


„ l 


:, 3 


For the ſeries of fractions — 5 — yields, by 


pt them as the rule direds, 5 fractions 


3 4, to be placed over the terms. Then 


8 5 

the 3 of the ſecond term, which is nothing, 
multiplied by the fraction over it being ill 
nothing, and yet greater than — 6 x* the nega- 
tive product of the adjacent terms, I write un- 


der (* the term that is wanting, the ſign +, 
and proceeding as in the former examples, | 
conclude, from the two changes that happen in 


the ſeries + + + — +, that the equation 
has two of its roots impoſſible. 
The ſame way we diſcover two impoſſible 


roots in the equation 


2 > 


[he 


| „4 + 49 — 2* — gx 420 
5 + +. + 


When two or more terms are wanting in the 
equation, under the firſt of ſuch terms place the 
ſign —, under the ſecond +, under the third 

—, and ſo on alternately; only when the two 


terms to the right and left of the deficient terms 
| have 
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have contrary ſigns, you are always to write 
the ſign under the laſt deficient term. 
As in the equations 


* ax? „ „ + & = 
+ + — += 4 
* ＋ / Xx * — 4 2 


the firſt of which has four impoſſible roots, and 
the other %. Thus likewiſe the equation 


— 4.3 4 + 
2 + 2 28 * „ — 3 =© 
)) A 


has / impoſſible roots. 


. Hence too we may diſcover if the imaginary 
roots lie hid among the affirmative, or among 
the negative roots, For the ſigns of the terms 
which ſtand over the ſigns below that change 
from + to — and — to +, ſhew, by the num- 
ber of their variations, how many of the impoſ- 
ſible roots are to be reckoned affirmative ; and 


that there are as many negative imaginary 


roots as there are repetitions of the ſame 3 
As in the equation 


* — 4% + 4 — 2K —— (x — 4 2 
„% TSS 


the ſigns (— + —) of the terms — 4 + 466 | 


— 2x* which ſtand over the ſigns + — + point« 
| A 2 : ing 


2 
: 
. 
| 
1 
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1 
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13 
5 
1 
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ing out two affirmative roots“, we infer that 
two impoſſible roots lie among the affirmative: 
and the three changes of the ſigns in the equa- 
tion (+ — + — ——) giving three affirmative 
roots and two negative, the five roots will be 
one real affirmative, two negative, and two ima- 
ginary affirmatives, If the equation had been 


* — 4 — 4 — 2X' — 5* — 4 = ©, 

„ 
the terms — 4x* — 4x that ſtand over the firſt 
variation + —, ſhew, by the repetition of the 
ſign —, that one imaginary root is to be 
reckoned negative, and the terms — 2x* — gx 
that ſtand over the laſt variation — ＋, give, 
for the ſame reaſon, another negative impoſ- 
ſible root; ſo that the ſigns of the equation 
(+ — — — — —) giving one affirmative 
root, we conclude that of the four negative 
roots, two are imaginary. 

« This always holds good, unleſs, which 
ſometimes may happen, there are more im- 


poſſible roots in the equation than are diſcover- 


able by the Rule.“ 
This Rule hath been inveſtigated by ſeveral/mi- 
nent. Mathematicians in various ways ; and others, 


fi milar to it, invented and publiſhed f. But the 


© ...*: See 19. 
| + See Stirling's 338 iij, Ord. Newton. p- 59. Phil, 
Tran/. No 394, 404, 408. - 
1 . original 


LI 
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original Rule being, on account of its ſimplicity 
end eaſy application, if not preferable to all others, 
at leaſt the fitteft for this place, it is ſufficient to 
direct the Reader where he may find the ſubjełt 
more fully treated; and to add the demonſtration 
gur Author has given of it towards the end of his 
Letter to Mr. Folkes, Phil. Tranſ. Ne 408, as 
it depends only on what has been demonſtrated in 
Chap. 5. e the limits of the roots of 
equations, | 


$ 118. Let ax* + + px £7 = o be any ad- 


fected quadratic equation and, by 8 88 Part I, 
its roots will be — x xp=Vp*+449: whence 
it is plain that, the ſign of q in the given equa- 
tion being +, the roots will be impoſſible as 
oft as 44 is greater than p*, or ; p* leſs than 
8X 4. | 

F 119. It was ſhewn, in general (Y45....50) 
that the roots of the equation x" — Aw = ＋. 
Byn—2 — Cx"—3 &c = o, are the limits of the 


roots of the equation nx" , — 1 X A + 


2 * B=; &c = o, or of any equation that 


7s deduced from is by multiplying its terms by any 


arithmetical progreſſion I & d, I 2d, | 3d, &c; 


and converſely the roots of this new equation will 
be the limits of the roots of the propoſed equation 
n? Ke o.,. 

And that F any roots of the equation of the 
limits are impoſſi bi. there muſt be ſome roots of the 


| propoſed equation impeſſible. 
vo, F 3 | | | F 120, 


r 
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* — — 
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AF: NES 


—— rr CIP LES Ron Ide Et —— 
A N <= - — * 
A 1 — — — — 4 


bu 
} 
Fo 
4%. 
> 


1 D 2 = 


＋ — 
n — * . 32 


S 


RĩR̃ 1 


r 


Ks 


* 4 2 


280 A TREATISE of Part II. 

$ tho. Lats" = A + Bx —C=o bea 
cubic equation, and the equation of limits 
3% —2A4x ＋ BS o. If the two roots of this 
laſt are imaginary, there are two imaginary roots 
of the given equation x3 — Ax* + By — Co, 
by the laſt Ait. But, by the preceding 4, 
this bappens as oft as = 4* is leſs than B; and, 
in that caſe, the given pets has two imagi. 
nary roots. 

Again, multiplying the terms of the equa- 
tion by the terms of the progreſſion, o, — , 
— 2, — 3, we get another equation of the limits 
A — 2 Bx + 3C = 0; whoſe two roots, 
and conſequently two roots of the given equa- 
tion, are imaginary when + B* is leſs than 
AX C. 

Hence likewiſe the . * — Ax n 
B — Cx + D = o, will have two imaginary 
roots, if two roots of the equation 4% — 345, 
＋ 2Bx — C = © be imaginary; or if two roots 
of the equation Ax — 2Bx* + 3Cx—4D =0 
be imaginary. But two roots of the equation 
4% — 3A + 2Bx — CS o muſt be imagi- 
nary, when two roots of the quadratic 6x* — 
3Ax BSO orof the quadratic 3 Ax* 45 
+ 3C= 6, arc imazinary, becauſe the roots 
of theſe quadratic equations are the limits of the 
roots of that cubic; and for the ſame reaſon 
two roots of the cubic equation A — 2 Br + 
3Cx —4D S o ruſt be imaginary, when the 
roots of the quadratic 3Ax*—4Bx+3C=0, 


07 
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or of the quadratic Bx — 3Cx + 6D S o, are 
impoſſible. Therefore two roots of the biqua- 
dratic & A + BN — Cx + D =o muſt be 
imaginary when the roots of any one of theſe 
three quadratic equations bx* Ax +B = o, 
34x —4Bx+ 3C=0, Bx. — 3Cx+6D =0, 
become er. ; that is, when 24 1s leſs 
than B, +B* leſs than AC, or 3C* leſs than BD. 


$ 121, By proceeding in the ſame manner, 
you may deduce from any equation x” — Hei 
B. . Cx"—3 &c = o, as many quadratic 
equations as there are terms excepting the firſt 
and laſt, whoſe roots muſt be all real quantities, 
if the propoſed equation has no imagigary roots. 
The quadratic deduced from the three firſt terms 
x — Ax i + Bxwv—2 will manifeſtly have this 
form, * n — I XN—2X#X — 3 &CX * — | 
1 —1XN—2 X CO SR hen 
1 * KHAN = dre * N 
continuing the factors in each till you have as 
many as there are units in 2 — 2. Then divid- 
ing the equation by all the factors » — 2, 7 — 3, 
1 4, &c, which are found in each coefficient, 
the equation will become n Xa — 1X of — 

| 1—1 X 2Ax+2X1XB =o, whoſe roots will 
be imaginary, byY 118, when 7X — ix2X.4 B 
exceeds 2 — 11* X 4.4*, or when B exceeds 
n—1 


A* ſo that the propoſed equation muſt 
T 4 have 


— 
. WCITIES Conde rarer mn = 
_ 52 5 - = >> 
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have ſome, imaginary roots when B "exceed; 


_ =. The quadratic equation deduced in 
the ſame manner from the three firſt terms of the 
equation Ax 2 BN + 3Cx"—3&c o, 
will have this his form, 1 — IN — 2 * e | 
WOE 23 * 14 & c * 2Bx+ 
n —JXn—4Xui—5; &c * 3C=o, which 
dividing by the factors common to all the terms, 
is reduced to » I * 2 * AA — 1 2 x 
4Bx + a bs ew wah roots mult be imagi- 
7 * Be 1s leſs than 40; 


and therefore in hae caſe ſome roots of the 
propoſed equation muſt be imaginary. 


nary when = Xx = 
3 3 


C 122. In general, let D = Exe + 
Fx - be any three terms of the equation, 
* — Af — + Bx'—2? &c = o, that immedi- 
ately follow one another; multiply the terms 
of this equation firſt by the progreſſion u, n—1, 
n — 2, &c, then by the progreſſion 2— 1, n—2, 
7 — 3, &c, then by n — 2, 1 — 3, 1 — 4, &c, 
till you have multiplied by as many progreſ- 
ſions as there are units in # — 1 — 1: then 
multiply the terms of the equation that ariſes, 
as often by the progreſſion o, 1, 2, 3, Sc, as 
there are units in 7 — 1, and you will at 
length arrive at a quadratic of this form; 


n —T+FIXH—TxX1I—r—_IXI—r—2& 
— —ü—æ—ↄ 
* r — l. K —2 * 3 A4&c x Ds 


— 
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IN ri Xxn—rT—2 N nr = &G 
)))) —2Xf —7 & X Ee + 
len Ff 2K 314 
1 ͤ K.. ²— Ä 
and dividing by the factors 2-1 — 1, # — r—2 
Se, and - 1, — 2, Cc, which are found in 
each coefficient, this equation will be reduced to 
1 — +1 * — r X 2a XI X Dx*—7 —r X 2X7. 
„ 2 Ex +2XIXT7+1 „*r Fo, whoſe roots muſt 
1 — 1 r 
3 ape To x E= 
is leſs than DF. From which it is manifeſt, that 
if you divide each term of this ſeries of fractions 
Fn. BJ n—2 un 1 — 1 +I n—yr 
„00 
by that which precedes it, and place the quo- 
tients above the terms of the equation x" — 
Aw" + Byv—=* — Cx"=3 &c = o, begin- 
ning with the ſecond : then if the ſquare of any 
term multiplied by the fraction over it be found 
leſs than the product of the adjacent terms, 
ſome of the. roots of that equation mult be 
imaginary quantities. 


be imaginary, by Y 118, when 


F 123. An equation may have impoſſible 
roots although none are diſcovered by the Rule: 
becauſe, © though real roots in the given equa- 
tion always give real roots in the equation of li- 
mits; yet it does not follow, converſely, that 
when the roots of the 1 of limits are real, 

thoſe 
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hoſe of the equation from which it is produced 
muſt be ſuch likewiſe. Thus the cubic 


** — 2 Ka : + mM | 
— 7 ere 
| 0 


has two of its roots imaginary, m + V—7, 
n , the third being + 9: and yet in 
the equation of limits 3x* — 4m + 2q X i + 
m + 29m +m S o, if h exceeds gu, the 
roots of the equation of limits will be real. Or 
if the other equation of limits 2m + q x x 
2 * ͤ M +2qm+nXx+39Xm +1n=0 
is found by multiplying by the progreſſion o, 
— 1, — 2, — 3, it will have its roots real as oft 
asm 20% +n\ exceeds 2 +qX 39qXm +1. 
And the like may be ſhewn of higher equa- 
tions. | 


$ 124. The reaſon why this Rule, and per- 
haps every other that depends on the compari- 
ſon of the ſquare of a term with the rectangles 
of the terms on either ſide of it, muſt ſome- 
times fail to diſcover the impoſſible roots, may 
appear likewiſe from this conſideration : that 
the number of ſuch compariſons being always 
leſs by unit than the number of the quantities 
9, m, n, &c, in the general equation; they 
cannot include and fix the relations of theſe 
quantities, 
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quantities, on which the ratio of greater or leſſer 
inequality of the ſquares and rectangles de- 
8 ao more than equations fewer in num- 


ber than the quantities ſought can furniſh a 
determinate ſolution of a problem. 


— 7p PD PILTRDTID 
C-H: A-P:; XII. 


Containing a general demonſtration 
of Sir Jaac Newton's Rule for 
finding the ſums of the pom of 
the roots of an equation ®. 


ET the equation be x —a X x— 6b X 

«„ —£X * — 4X &C = o, or, 

xn — Hun —! + Bx"=2 — Cxa=3.,. * 5 
ee N 
1 that AS +þ +c + d + &c, 
B =ab + ac + ad + bc + bd + cd + &c, 
C=abc+ abd+bid+ &,D =abcd + &c, 
the parts or terms of the coefficients A, B, C, 
D, &c, being of 1, 2, 3, 4, Ce, dimenſions ; 
that is, containing as many roots or factors as 


there are terms of the equation preceding them, 
eee 


See Aritb. Univer/. pag. 1 57. And Chap. II. 1 3 
ef this Part. 10 
S 
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CASE” I. 


Let 7 be an index equal to u, or greater than 
u, then, multiplying the equation by , and 
ſubſtituting 9 „ e, for x, 
you obtain 


4. — A.— + Bar? — C&=3. "rs | 
— qo n+! + M ar —n 
b 4. + Bbir=2— CH 3. += 5 
.... LTM YT 
One ACE + BSD: CO=3.,. += 8 
. . Leg Me- . 
Ke. | | 
Whence, by tranſpoſition and addition, this 
Theorem reſults, that, in this caſe, « the ſum of 
the powers of the roots, of the exponent x, 
is equal to the ſum of their powers of the ex- 
ponent 7 1 multiplied by A, minus the ſum 
of their powers of the exponent 7 — 2 multi- 
plied by B, + the ſum of thoſe of me exponent . 
F — 3 multiplied by C, and ſo on.” 
It remains to find the ſums of the powers of 
the roots, when the exponents are 4% than » 
the exponent of the equation. 


CASE II. 


If r is leſs than , and I be the coefficient i in 
the equation, of the dimenſions r ; that is, if N 
be taken ſo that the number of terms preced- 
ing it in the equation be equal to 7, or the 

| number 


e \ 
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number of faFors in its parts abcdefgh, 
abcdefgi, &c, equal to r, then the Theorem 
may be expreſſed in the following manner. 
& +6 + &@ +4 + &c 
＋4.— e o+ar—3 
+ br =2 . = 
Se- XA = AXB+OU—T38XKC... 


＋4.— — d.r—2 +4=3 
+ &c — &c _ —+ &C 
%%% <4 Ex — XH. 


The caſe when r = n — 1 is eaſily demon- 
ſtrated ; for, dividing the equation by x, we 
have 


** — Ax 2 + Bx"=3...,—L +==0. 
Whence 5 
1 — FD „ 2 + 2 = ——_— 
3 
i Ae U Be-. . LIE o. 
&c, i . 


cg =o . fen 


we ſhall have 41 + r=: + =" + Se 


223 — 24 —3 A an—4 
. 3 er *Tt 8 


e 5 + 46 —4 
+ & c — &c + & c 
. 8 ＋ 2 — IXI. 
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When = n — 2, the demonſtration is de- 
rived from hence, that FF ++ FIG; 
— A. —28B (Dag. 142) as follows; 

By § 32 transform the given equation, viz. 
A- B C- J __ 
„.I T K. — LX + M 180 ED 
the equation 


2 2 * 2 . 
CCC 


the roots a, P, y, d, &c, of which new equa- 
tion gt be e equal to the recipro- 


1 
cals SA 75 > 5 of the roots of the ori- 


1 equation. 
Divide now the original equation by &, and 
in the quotient ſubſtitute for the roots 4, ö, 
c, d, &c, ſucceſſively, ſo ſhall you have | 
2 — Han- 3 TOE NY” 1 
o, 


5 , —Ta +K—= += 
OO NTT _—..) - 
. 44777 4 
=? aw A- + 3401 — C5 

. K-24 {= 
&c., * 


Add all theſe equations together, and for 
2 ſubſtitute its value 7, and it will be 


4 | 5 a 
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ar — ar 1 — ar —2 
* 32 — 252 + Ir —2 
„ * A e * 
+ &c — & + & c 
2 (ra 
3 £ . 
3 e ＋4 7 = ws 
[ —&c | + &Cc 
But by the principle adduced from pag. 142, 
4 8 +y + &= 1 2 : wherefore, 


by multiplication and tranſpoſition, it will fol- 
low that 


| a, 
2 1 
＋ & c 


Which equation being ſubtracted from the 
preceding, there remains 


A mn (7 1 7 > 2 
+ br — þr —1 12 51 —2 
4 e- 71 X A . 3 
+ & c — & c + & c 
— 43 | 
. ., FxI4rx&K=0. Whichwas 
— & C 


to be proved. 


But to ſhew it aniver/ally, we may uſe the 
following LEMMa : 


ce That 
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ce That if Ais the coefficient of one dimen. 
ſion, or the coefficient of the ſecond term, in 
an equation, G any other coefficient, ¶ the co- 
efficient next after it; the difference of the di- 
menſions of G and A being r — 2: if likewiſe 
4 X C' repreſent the ſum of all thoſe terms of 
the product A x G in which the ſquare of any 
root, as a*, or h, or c, &c, is found; then 
will AX G AG — rH.” 

This is a particular caſe of Prop. VI, concern- 
ing the impoſſible roots. in Phil. Tranſ. Ne 408; 
which, by continuing the Table of Equations 
in pag. 140, and obſerving how the coefficients 
are formed, may be thus demonſtrated. 

Let the coefficient of a term of the equation, 
as D(=abcd+abcetabef&c+bedetbeat 
_ &c) be multiplied by A (TU) 
and, in the product Ax D, ſetting aſide all the 
terms, A x D', in which 45, 45 6 &c, are 
found, any one of the remaining terms will 
ariſe as often as there are factors in the terms of 
the following coefficient E. Thus the term 
abcde will ariſe five times: becauſe it is made 
up of any one of the five roots (or terms of 4) 
a, B, c, d, e, multiplied into the other four that 
make a term of D: the like is true of every 
other term, as abcdf, bcdef, &c, each of which 
will ariſe ive times in the product A x D. And 

the ſum of theſe terms abcde + abedf + &c, 
making up the coefficient E, it follows that 


A X 
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A DAY D E, or Ax NAD 5E. 
And the ſame holds of any two coefficients 
G, H, whoſe dimenſions are r — 1 and r re- 
pectively. | 

To apply this to the preſent purpoſe, it is to 
be obſerved, that, in each of the coefficients 
A, B, C, D, &c, except the laſt M, which 1s 
the product of all the roots a, 6, c, a, &c, we 
may diſtinguiſh two ſeveral portions or mem- 
bers, in one of which any particular root, as a, 
is contained, but in the whole remaining por- 
tion of the ſame coefficient, that particular 
root (a) is wholly abſent. Now if, for bre- 
vity's ſake, we denote that portion of any co- 
efficient wherein any foot, as a, is contained, 
by annexing the ſymbol of the ſaid root with 
the ſign + in an uncus to the ſymbol, as G, of 


the coefficient (thus G Fn and if we denote 
the remaining portion of the ſame coefficietit, 
from which the ſame root à is totally abſent 
by annexing the ſymbol of the ſaid root with 
the ſign — in an uncus to the ſymbol & of the 


ſame coefficient (thus 6 4) ; it will appear 
that (if & be any coefficient, and Il the follow- 
ing coefficient) 


G = 6 = GC and HTS = Pr 
G GEH = 3607, 


&c, &c. 
U Divide 
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Divide now the equation propoſed by *r, 
and it will become 

Wins AXE + . © 0 „ 00 
+ 6x—H+I—S+5 — —.— ping 
in which ſubſtituting a, b, c, &c, ſucceſſively 
for x, we obtain | 


4 — Aa. eee — 
= 0, 


3 6 = HA 2 I.E 8 909 
„—A.— 10 brei, 5 
+ HAT 5 25 
| ' ae 

6. 8 — C3. 1 
. 4＋ c- H A + - * 
But, by the notation here uſed, and explained 
5 above, 


64 x alt + = | 


r (= „ (— 
— H ES ) — 26 1 oY 
J. * * 
7 — | + H 4 A 
5 (—2 (— 2 
" a a 
L AY” | 
T5 = a Eg OO: 
\ | . 
8775 a 
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Whence | 
5 „ 
a 
6b 2 Hb p— pt 6 EL = 36(t 5, 


Cm HEI—E+5-L 2 0 
Ee 

+ 1 

And the ſum of theſe 4 26073 Ns 


eG + Ge = (by this notation) 4 x G = 
(by the lemma) 


4 | 
+ 5 
yr 7X G _ . 
+ & c 

Compare this laſt confluſion with that which 
followed from dividing the propoſed equation 
by vi, and ſubſtituting for æ the roots a, 2, 
c, &c, and you will have 


7 — 4g 1 | ＋ ar—=2 
+ N — 27 1 + þr —=2 
e — = * 44 3 XC... 
+ &C — &c + &c 
33 5 2 Oz, 
© o . o 2. * [ES * 
＋& CG 


which was to be demonſtrated, | 5 


U 2 | From 
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From theſe two Theorems Sir 1/aac Newtty's 
Rule e follows. | 


But, to inuſtrate the 2 here uſed by 
ſome examples: ſuppoſe r= 3, then we are 
to take C for H, becauſe three terms only pre- 
cede C in the equation æ* — Av BN 2 
Cx"—3 + &c = 0; and we are to prove that 


a3 ak. ; — 7 

* 7 =} 
+& STe. PXA - $xXB 30 
W 


+ & c + &c | = & 


That this may appear, obſerve that 
| G +6 +0 +4 + &c = 4* FF +0 + 4d* e 
TUT TAT & —@ xXb ++ AJ Ec 
—FXa+i+d+ &.-O Xa+b+d+&@&c 
—#Xa+ÞF FF &—&c=(becavſe 4'B'= 
aXab+ac+ad+&cÞ+bXab+bctbdtG 
Ie 4e &r+dXadprbdtidt &c 
+ Ec) =& + & + & EP ＋ c A A 
(by the lemma) = &#+ &* T5 ks a. 22 
X A — AB 3. i 
In like manner, 55 + df ＋ &c = 
-@ . + 6& +&+ 4* He Xa+bdFiFd+< Cn 
&+b*+Ff+d*+&c Xxab+acÞ+ad+bc+bd+ca+ Fe 
— Se KA d d De 
+ © 


i 
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2 55 d'Xab+ ac+Vet ET 
+ & =#+F +&®+@ OTC XU ow 
FEFFEFET + FxXB+AC=. 
55 + Ex Ad TTC + +&c 
* BET Y TT TI TSK C—4D: 


End of the Skcoxb Pax r. 
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PART III. 


Of the Application of Algebra and 
Geometry to each other. 


PHSIEEESSISSSIC ISIS EIS St SSSI SS $4444 


C H A P. J. 
Of the Relation between the equations 


of Curve Lines and the figure of thoſe 
Curves, in general. 


LN the two firſt parts we con- 
{a9 ſidered Algebra as independent 

2 of Geometry; and demonſtrated 
its operations from its own principles. It re- 
mains that we now explain the uſe of Algebra 
in the reſolution of geometrical problems; 
| or 
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or reaſoning about geometrical figures; and 
the uſe of geometrical lines and figures in the 
reſolution of equations. The mutual inter- 
courſe of theſe ſciences has produced many ex- 
tenſive and beautiful theories, the chief of 
which we ſhall endeavour to explain, beginning 
with the relation betwixt curve lines and their 
equations. 

$ 2. We are now to conſider quantities as 
repreſented by lines; a known quantity by a 
given line, and an unknown by an undetermined 
line. 

But as it is ſufficient that it be indetermined 
on one fide, we may ſuppoſe one OY to 
be — 


28 A 2 


2 1 
r » 


Thus the line as, whoſe extremities a and 
3 are both determined, may repreſent a given 
quantity: while ae, whoſe extremity P is un- 
determined, may repreſent an undetermined 
quantity, A leſs undetermined quantity may 
be repreſented by ay, taking p nearer to A; 
and, if you ſuppoſe p to move towards a, then 
will ae, ſucceſſively, repreſent all quantities 
leſs than the firſt ay; and after p has coincided 
with à, if it proceed in the ſame direction to 
the place p, then will ap repreſent a negative 
quanzity, if Ap was ſuppoſed poſitive. 

U 4 It 
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If ar repreſent x, and Ap = ae, then will 
ap repreſent — x; and for the ſame reaſon, if 
AB repreſent (+ a,) then will Ab 42 * re- 
Pune (— a). 

§ 3. After the ſame manner, if vu repre- 
ſent + 3, and you take pm, the continuation 


of pM on the other fide, equal to pu, then 
will pz repreſent — y : for, by ſuppoſing a to 
move towards p, the line pM decreaſes; when 
M comes to Þ, then pM vaniſhes; and after Mp 
has paſſed v, towards u, it becomes negative. 
$ 4. In Algebra, the root of an equation, 
when it is an impoſſible quantity, has its ex- 
preſſion; but in Geometry, it has none. In 
Algebra you obtain a general reſolution, and 
there is an expreſſion, in all caſes, of the thing 
required; only, within certain bounds, that ex- 
preſſion repreſents an imaginary quantity, or 
rather, © is the ſymbol of an operation which, 
jn that caſe, cannot be performed ; ” and ſerves 
only 
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only to ſhew the genefs of the quantity, and 
the limits within which it is poſſible, 

In the geometrical reſolution of a queſtion, | 
the thing required is exhibited only in thoſe 
caſes when the queſtion admits of a real ſolu- 
tion : and, beyond thoſe limits, no ſolution 
appears. So. in finding the interſections of a 
given circle and a ſtraight line, if you deter- 
mine them by an equation, you will find two 
general expreſſions for the diſtances of the 

oints of interſection from the perpendicular 
drawn from the center on the given line. But, 
geometrically, thoſe interſections will be exhi- 
bited only when the diſtance of the ſtraight 
line from the center is leſs than the radius of 
the given circle. | 
$ 5. © When in any equation there are two 
undetermined quantities, x and y, then for each 
particular value of x, there may be as many : 
values of y as it has dimenſions i in that equa- 


tion.“ 


M | MT 
My —_ 

F A P 5 E 
mL | 


So 
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So that, if ae (a part of the indefinite line 
AE) repreſent x, and the perpendiculars py 
repreſent the correſponding values of , then 
there will be as many points (M,) the extremi- 
ties of theſe perpendiculars or ordinates, ay 
there are dimenſions of y in the equation, And 
the values of pM will be the roots of the equa- 
tion ariſing by ſubſtituting for its particular 

value Ap in any caſe, 

From which it appears, how, when an equa- 
tion is given, you may determine as many of 
the points M as you pleaſe, and draw the line 
that ſhall paſs through all theſe points; 
«which is called the locus of the equation,” 


$ 6. When any equation involving two un- 
know quantities (x and y) is propoſed, then 
ſubſtituting for x any particular value ae, if the 
equation that ariſes has all its roots poſitive, 
the points M will lie on one fide of az: but 
if any of them are found negative, then theſe 
are to be ſet off on the other kde of AE to- 
wards m. 

If, for x, which is ſuppoſed mined, 
you ſubſtitute a negative quantity, as Ap, then 
you will find the points M, m, as before: and 
the locus is not complete till all the points , n, 
are taken in, that it may ſhew all the values of 
y correſponding to all the poſſible values of x. 

cc We in any caſe, one of the values of y 

vaniſh, 
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yaniſh, then the point M coincides with p, and 
the /ocus meets with az in that point,” 

ce If one of the values of y becomes infinite, 
then it ſhews that the curve has an infinite arc: 


and, in that caſe, the line pu becomes an 


ahmptote to the curve, or touches it at an in- 
finite diſtance,” if Ap is itſelf finite. 


c If, when x is ſuppoſed infinitely great, a 


value of y vaniſh, then the curve approaches 
to ag produced as an aſymptote.“ 

« Tf any values of y become impeſ ble, then 
ſo many points M vaniſh.” 


$ 7. From what has been ſaid it appears, that 


when an equation is propoſed involving two un- 
determined quantities (x and y) © there may be 
as many interſections of the curve that is the Jo- 
cus of the equation, and of the line pu, as there 
are dimenſions of y in the equation; and as 
many interſections of the curve and the line ax 
as there are dimenſions of » in the equation.“ 

If you draw any other line Lu meeting the 


M 
N 


* B 1 E 
mt 


ſame curve in u, and the line az In the given 
angle 
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angle Alu. Suppoſe LM = u, and aL = 2; 
ce then the equation involving # and 2, ſhall 
not riſe to more dimenſions than y and x had 
in the. propoſed equation, or, than the ſum of 
their dimenſions in any of its terms.“ 

For, - ſince the angles PLM, MPL, PML, are 
given, it follows that, the ſines of theſe an- 
gles being ſuppoſed to one another as I, m, 1, 
PM: ML (Y: 2) :: I: m; and conſequently 


1 WE 
y==: andthateL ;ML: 3m: m, ſo chat 


. 
mM. 


Subſtitute, for y and x, in the propoſed equation, 


. 
3 = and & S 4 (A AL — PL) = 2 —— 


Iu Nu 
theſe values 2 and 2 — * and it is obvious 


(ſince # and z are of one dimenſion only i in the 
values of y and x) that in the equation which 
will ariſe, 2 and 4 will not have more dimen- 
fions than the higheſt dimenſion of * and y in 
the propoſed equation, or the higheſt ſum of 
their dimenſions taken together in the terms 
where they are both found : and conſequently, 
« LM drawn any where in the plane of the 
curve will not meet it in more points than 
there are units in the higheſt dimenſion of * 
or y, or in the higheft ſum of their dimenſions, 
in the terms where both are found.“ Now 
the dimenſion of the equation or curve being 
denominated from the higheſt dimenſion of x 


or 4 in it, or from the ſum of their dimenſions 
| _ where 


* 
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where they are moſt ; we conclude, that © the 
number of points in which the curve can meet 
with any ſtraight line, 1s equal to the number 
that expreſſes the dimenſion of the curve. 

It appears alſo from this article, how, when 
an equation of a curve is given expreſſing the 
relation of the ordinate pu and abſciſſe ay, 
you may transform it, ſo as to expreſs the rela- 
tion between any other ordinate ML and the 
abſciſſe ar, by ſubſtituting for bi its value 


Au 
_— and for x its value 2 — = 
N 


Or, if you would have the abſeiſſe ENG at 
any other point B, ſuppoſing AB = e, ſubſtitute 


for x not 2 — , Hat 2; aw ee be, 
N Mm 


J 8. bre less chat can be deſcribed 
by the reſolution of equations, the relation of 
whoſe ordinates pM and abſciſſes ay can be 
expreſſed by an equation involving nothing 
but determined quantities beſides theſe ordi- 
nates and abſciſſes, are 2 « geometrical or 
algebraic curves.” 

They are divided into orders according to 
the dimenſions of their equations, or number 
of points in which they can interſect a ſtraight 
line. 

The Praight lines themſelves conſtitute the 
firſ# order of lines; and when the equation 
expreſſing the relation of x and y is of one 

\. dimenſion 


| 
| 
i 
| 
| 
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dimenſion only, the points M muſt be all foung 
in a ſtraight line conſtituting a given angle 
with AE. 

Suppoſe, for example, that the equation 
given is ay — bx - cd = o, and that the 
locus is, required. 
A ä . | 

_— Wo follows, that, APM be. 


; Since y 5 


ing a right angle, if you draw Ax making the 


oy - 
CE = 


angle nay ſuch that its coſine be to its ſine 
as a to 6; and drawing aD' parallel to the or- 


dinates PM, and equal to = through p you 


draw DF parallel to Ax, DF will be the locus 
required. Where you are to take ap on the 
ſame fide of the line Ax, with px, if 4x and 

cd have the ſame ſign, but on the contrary ſide 
of ax if they have contrary. ſigns. 


$ 9, Thoſe curves whoſe equations are of 
two dimenſions, conſtitute the ſecond order of 
lines, and the firſt kind of curves. Their in- 
FO terſections 
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terſections with a ſtraight line can never exceed 


two, by Y 7 

The curves whoſe equations are of three di- 
menſions, form the third order of lines, or ſe- 
cond kind of curves: and their interſections 
with a ſtraight line can never exceed Three, 
And, after the ſame manner, the curves are 
determined that Dong to the higher orders, to 
infinity. 

Some curves, if they were completely de- 
ſcribed, could cut a ſtraight line in an infinite 
number of points; but theſe belong to none 
of the orders we have mentioned ; they are not 


geometrical or algebraic curves, for the rela- 


tion betwixt their. ordinates and abſciſſes can- 


not be expreſſed by a finite equation involving 


only ordinates and abſcifſes with determined 
quantities. 


§ 10. As « the roots of an equation be- 
come impoſſible always in pairs, ſo the inter- 
ſections of the curve and its ordinate pm muſt 
vaniſh in pairs,” if any of them vaniſh. 


Let pM cut the curve in the points M and 


m, and by moving parallel to itſelf come to 
touch it in the point N ; then the two points 
of interſection, M1 and , go into one point 
of contact x. If pm ſtill move on parallel to 


itſelf, the points of interſection will, beyond 


1 N, 
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N, become imaginary; as the two roots of 


an equation firſt become ques and then ima- 
ginary. 


8 11. The curves of the 3d, 5th, 7th or- 
ders, and all whoſe dimenſions are odd num- 
bers, muſt have, at leaſt, two infinite arcs; 
fince equations whoſe dimenſions are odd num- 
bers have always one real root at leaſt; and 
conſequently, for every value of x, the equa- 
tion by which y is determined muſt, at leaſt, 
have one real root: ſo that as x (or AP) may be 
increaſed in inſinitum on both fides, it follows 
that x muſt go off in inſinitum on both ſides, 
without limit. 3 

Whereas, in the curves whoſe non are 
even numbers, as the roots of their equations 
may become all impoſſible, it follows that the 


agure of the curye may be like a circle or oval 
that 


2 
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that is limited within certain boupds beyond 
which it cannot extend, : 

$ 12. When two roots of the equation by 
which y is determined become equal, either 
x the ordinate PM touches the curve,” two 
points of interſection, in that caſe, going into 
a point of contact; or, „the point M is a Ppunc- 
tum duplex in the curve; two of its arcs in- 


terſecting each other there: or, © ſome oval 


that belongs to that kind of curve becoming 
infinitely little in M, it vaniſhes into what is 
called a punctum conjugatum.” 


If, in the equation, y be ſuppoſed = o, then 


te the roots of the equation by which x is de- 
termined, will give the diſtances of the points 
where the curve meets AE from a.” And, if 
two of thoſe roots be found equal, then either 
© the curve zouches the line AE; or, «© ax 
paſſes through a punctum duplex in the curve.“ 
When ) is ſuppoſed = o, if one of the values 
of x vaniſh, the curve, in that caſe, paſſes 


through A.“ If two vaniſh, then either * ax 


touches the curve in A; or, © a is a pundtum 
duplex.” ; 

« As a pundtum duplex is determined from the 
equality of two roots, ſo is a punFum triplex de- 
termined from the equality of three roots.“ 

$ 13. A few examples will make theſe obſer- 
vations very plain, Suppoſe 1 it is required to 
| deſcribe the line that is the lecus of this equa- 
X tion, 
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tion, y* =ax + ab, ory*—ax—ab =o. Since 
VA + ab, and ſince à and 6 are given 
invariable quantities, if you aſſume ay /= 3 of 
a known value, it will be eaſy to find V 2x4 7} 


and ſetting off pM on one ſide equal to VA. Ta 
and Pp on the other equal to PM, the points 
M and n will belong to the locus required. 
And for every poſitive value of ae you will 
thus obtain a point of the locus on each fide, 
The greater ay (= x) is taken, the greater does 
the V ax - + ab become, and TY PM 
and pm become the greater. 

If ay be ſuppoſed infinitely great, PM and 
pm will alſo become infinitely great; and con- 
ſequently the locus has two infinite arcs that 
go off to an infinite diſtance from ax and from 
Ab. If you ſuppoſe » to vaniſh, y = VA; 
fo that y does not-vaniſh in that caſe, but paſſes 
through p and 4, taking AD and ad = =Vab 
a mean proportional peru a and 5. 

If you now ſuppoſe that the point Þ moves 
to the other ſide of a, then you muſt, in the 
3 ſuppoſe x to become negative, and 
* = ab—ax; ſo that y will have two values 
as nh while x is leſs than 5. But if aB = 6, 
and you. ſuppoſe the point v to come to 8, then 
ab = ax, andy = xVab a o. hat is, 
PM and p vaniſh; and the curve there meets 


the line az. If you ſuppoſe v to move from 
| 85 5 4 
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4 beyond 8, then x becomes greater than 5, 
and ax greater than a6, fo that a6 — ax being 


pls 


F 


Mt 


MEAT PP}: 3 


| | 
N ; 


negative, Va — ax becomes imaginary, and 

the two values of y become imaginary ; that 
is, beyond B there are no ordinates that meet 
the curve, and conſequently, on that ſide, the 
curve is limited in n. ** 


All this agrees very well with what is known 
by other methods, that the curve whoſe equa- 
tion is * = ax + ad, is a parabola whoſe ver- 
tex is B, axis BE, and parameter equal to 4. 
For ſince By = 6 + x, and pM = y, if py be 
equal to 4; then the rectangle z (= ab & ax) 
will be equal to yg (= ];) which is the 
known property of the parabola. And it is 
obvious, that the figure of the parabola is ſuch 
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as we have determined this locus to be from the 
conſideration of its. equation. 

$ 14. Let it be required to deſcribe the * 
that is the locus of this equation, xy + ay +ey 
— be + by 

be + Bu, or y = CENT... . 

Here, it is plain, the ordinate PM can meet 
the curve in one point only, there being but 
one value of y correſponding to each value off. 


| a * . 
When x = o, then y = 82 ſo that the curve 


does not paſs through a. If x be ſuppoſed to 
increaſe, then Y will increaſe, but will never be- 

. x 
a+cÞx 
2 + c + x is always greater than c + x. If 
be ſuppoſed infinite, then the terms @ and c va- 
Ak compared with x, and conſequently 53S 


come equal to b, ſince y = þ X ——, and 


* == 5; from which it appears, that taking 
4b = b; and drawing GD parallel to az, it 
will be an a/ymptore, and touch the curve at an 
infinite diſtance. 3 

If x be now ſuppoſed negative, and ae 
be taken on the-other fide of a, then ſhall 


eee, and if x be taken, on that 


©S RK 


ſide, = then ſhall y = & X — =0; ſo that 


the curve muſt paſs through B, if AB = c. 
If x be ſuppoſed greater than c, then will c—x 
become negative, and the ordinate will become 
: negative 
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negative and lie on the other fide of Ax, till » 
becomes equal to 42 ＋ c, and then y = þ * . 
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or infinite ; ſo that if Ak be taken = a + c, the 

ordinate KL will be an ahmptote to the curve. 
If x be taken greater than a+c, or ae greater 

than ax, then both c x and a + C = x become 


— 


negative; and conſequently y ( x — -) | 


becomes poſitive; and fince x — c is always 
| 1 | greater 
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greater than x 4 - c, it follows that y will be 
always greater than 2 or ko, and conſequently 
the reſt of the curve lies in the angle pon. 
And, as x increaſes, ſince the ratio of x — c to 
* — 2 —c approaches ſtill nearer to a ratio of 
equality, it follows that eM approaches to an 
equality with pn, and the curve to its aſymp- 
tote G on that fide alſo. 

This curve is the common . ; for 


ſince * T= Xa+c+x, by adding ab 
to both ſides & Xx ＋ e ＋ K N a +c+x+ab; 
and }þ—yXa+c+x=ab; that is, v N on 
= 6C X BC, Which is the property of the com- 
mon hyperbola. And it is eaſy to ſee how the 
figure of the locus we have been conſiderin 
agrees with the figure of the hyperbola. . 

$ 15, Let it be required to deſcribe the cu 
of the equation cy - * = & + bx*. Where 
fEnce 7 <2 andy = + £455 — fol- 


3 
lows that PM and vm muſt be en ova, on 


| 3. 2 
both ſides, to W . 


taken equal to c, if AB 1 and BK be perpen- 
dicular to AB, then Bx muſt be an aſymprete 
to the curve. If x be ſuppoſed greater than c, 
or AP greater than ap, then © — x being nega- 
= b x* 
1 


. But that when x is 


will become negative, 


tive, the fraction = 


and its ſquare root pole, Sa that no part 
: ; of 
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of the locus can be found beyond B. If x be 


ſuppoſed negative, or v taken on the other ſide 


of a, then) ee, 17 5 = the ſign of x3 


and x being changed, hs not the ſign of Y; 
becauſe the ſquare of a negative is the ſame as 


the ſquare of a poſitive, but its cube is nega- 


tive: while x is leſs than , the values of y will 
be real and equal; but if x = 5, then the va- 
lues of y vaniſh, becauſe, in that caſe, 


— * + bx? — þ3 9's 2 
4 = Re _ 3 = ©; and 
{— x c — X 


conſequently, if aÞ be taken = 5, the curve 
will paſs through p, and there touch the or- 
dinate. 


If x be taken greater than b, then = —.— 


c + x 
will become imaginary, ſo that no 2 of the 
curve is found beyond p. 


If you ſuppoſe y = o, then will x + bet = 0 
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314 FA TREATISE of Part III. 
be an equation whoſe roots are — 3, o, o, from 
which it appears that the curve paſſes twice 
through the point a, and has, in a, a punctun 
duplex. This locus is a line of the third order, 
BK is its aſymptote, and it has a uodus betwixt 
A and D. 
If you ſuppoſe 3 to vaniſh in the equation, 
| o that cy _ = , then will a and p coin. 


| 


cide, and the nodus vaniſh, and the curve will 


have jn the point a a cuſpis, the two arcs 4M 
and 


LY 
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and am touching one another in that point. 
And this is the ſame curve which by the an- 


cients was called the ciſſoid of Diocles, the line 


as being the diameter of the generating circle, 
and Bk the aſymptote. 

For, if zx be equal to ae, and the ordinate 
xx be raiſed meeting the circle in N, and Ax 
be drawn, it will cut the perpendicular pu 


in M a point of the id. So that if M be a 
point in the cifloid, ap : PM-:: AR: RN £0 


VAR: VBR: : VB: 5 ar, and conſequently 
BP X ug = AP cub. that is, c — x X y* =; 
which is the _— the Jocys of which was 
required. 

If, inſtead of en b poſitive, or equal 
to nothing, we now ſuppoſe it negative, the 


equation will be c *—xy* =x* , the curve 


will paſs through p, as before, and taking 

AB = c, B& wi be its &« 
|Q Is ſymptote: it will have a 

M/ Pundtum conjugatum in a, be- 

cauſe when y vaniſhes, two 

/ values of x vaniſh, and the 

third becomes equal to 4 or 

P B Ab. The whole curve, be- 

ſides this point a, lies be- 

tween ba and Bk. Theſe 


In are demonſtrated after the 
I "ſame manner as in the firſt 
caſe. 
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$ 16. If an equation is propoſed, as y = a 
+ c &c, and u is an even num. 
ber, then will the locus of the equation have 
two infinite arcs lying on the ſame ſide of az, 


For, if x become infinite, whether poſitive or 


negative, x* will be poſitive, and ax” have the 
fame ſign in either caſe; and as ax" becomes 
infinitely greater than the other terms þx"=z, 


ee a, &c, it follows that the infinite values of 
y will have the ſame ſign in theſe caſes; and 


conſequently, the-two infinite arcs of the curye 
will lie on the ſame ſide of Ax. 

But if 7 be an odd number, then when x is 
negative, x" will be negative, and ax" will have 
the contrary ſign to what it has when y is poſi- 
tive; and therefore the two infinite arcs, in this 
cafe, will lie on different fides of Ax, and tend 
towards parts directly oppoſite, 

Thus the locus of the equation ay & is 


the parabola, A is the vertex, Ax is the tan- 


I's 


gent at the vertex , and the two infinite arcs 
lie manifeſtly on the fame ſide of az. 
But 


| 
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But the locus of the equation ay , where 
the index of x is an odd number, has its two 


arcs on different ſides of Ax, tending towards 
oppoſite parts, as AMK, and amk. This curve 
is called the cubical parabola, and is a line of 
the third order. 

The locus of the equation 45 y = =x* is of a 
figure like +the common parabola; and „ all. 
thoſe loci, in whoſe equations y is of one di- 


menſion, and x of an even number of dimen- 


ſions : but thoſe loci are like the cubical para- 


bola, in whoſe equations, y is of one dimenſion 


only, and x of an odd number of dimenſions.” 


And this rule 1s even true of the locus of the 


equation y = x, which is a ſtraight line cutting 
AE in an angle of 455; which manifeſtly goes off 


as the cubical parabola docs to infinity, towards. 


oppoſite Parts; and on different ſides of Ak. 
9 17» 
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8 17. If na locus of the RR == . 
Is required. it 


'4 


7 


+ 


If 2 is an odd number, then when * is Y 


gn+1 


aye, 9 = z but when x is (NNE: then 


| y= 8 ; fo that this curve muſt all lie 
in the 8 oppoſe gte angles KAE, Fae (as 
the common hyperbola) rk, ke, being aſymp- 
totes. 


* 


But if n is an even nk. then y is always 
poſitive, whether x be Poſitive or negative, be- 
eauſe x", in this caſes” is always poſitive ; and 

| there- 
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therefore the curve muſt all lie in the two ag- 


8 32 


n 


Yee... 
= 1 — EEE EDT IA 
n = PP e P —— 


A * e 


- OI 


2 


— Be 
Ia 


Jjacent angles Kar and Kae, and have ak and 
Ax for its two aſymptotes, 


F 18. Let the equation given be Z—x* x 
x — un; ſo that y = LF ER 


x 


„%% 
becomes infinite, and 
therefore the ordinate 
at A is an aſymptote to 
the curve. If aB = , 
and p be taken betwixt 
A and B, then ſhall 
PM and Pm be equal, 
and lie on different 
ſides of the abſciſſe 
av. If x = 5, then 
the two values of y 
| vaniſh, 
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vaniſh, becauſe x — h = 0; and conſequently; 
the curve paſſes through B, and has there a 
punctum duplex. If ar be taken greater than 
AB, then ſhall there be two values of y, as be. 
fore, having contrary ſigns, that value which 
was poſitive before being now become ne. 
gative, and the negative value being become 
poſitive. But if ap be taken = a, and p 
comes to — then the two values of y vaniſh, 


| becauſe VA - S o. And if ay is taken 
greater thin aD, then 4 — x* becomes nega- 
tive, and the value of y impoſſible : and there- 
fore, the curve does not go beyond Dj 

If x now be ſuppoſed ed negative, we ſhall find 
9 = V EXE k. If x vaniſh, 
both theſe values of y become infinite, and 
conſequently the curve has two infinite arcs, on 
each fide of the a/ymprote AK. If x increaſe, 
it is plain y diminiſhes, and if x becomes = a, 
y vaniſhes, and conſequently the curve paſles 
through E, if az be taken = ap, on the op- 
polite fide. If x be ſuppoſed greater than 4, 
then y becomes impoſſible; and no part of the 
curve can be found beyond E. This curve is 
the conchoid of the ancients. 

Tf 2 = b, it will have a cuſpis in x, the nodus 
herwixt B and b vaniſhing, And if à is leſs 
than 6, the point B will iden a punctum con- 
Jugatum. 

From 


* 25 


corrected of an Author in the Memoirs de 1 Acad. 


Royale des Sciences, who gives this curve no 
infinite arcs, but only a double nadus. Some 


other errors of the ſame kind may be cor- 
rected in that Treatiſe, from what we have 
ſaid. 

$ 19. If the propoſed equation can be re- 
ſolved into two equations of lower dimenſions, 
without affecting either y or x with any radical 
ſign, then the locus ſhall conſiſt of the two loci 


of thoſe inferior equations. Thus the locus of 
the equation y* — 2xy + by * —bx O 


is found to be two ſtraight lines cutting the ab- 


ſciſſe ax in angles of 45*, in the points a and 
B, whoſe diſtance as = 56, becauſe that equa- 
tion is reſolved into theſe two y — x = O, and 
J—x+b=0o. 
After the ſame manner, ſome cubic equations 
can be reſolved into three ſimple equations, 


and then the locus is three ſtraight lines; or 
may 


1 
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From what has been ſaid an error may be 
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may be-reſolved into a quadratic and ſinpls 
equation, and then the locus is a conic ſein 


and a ftraight line. 8 


In general, © the curves of the ſuperior or. 
ders include all the curves of the inferior or. 
ders; and whatever is demonſtrated generally 
of any one order, is alſo true of the inferior 
orders.“ So, for example, any general proper- 
ty of the conic ſections hold true of two ſtraight 
lines as well as of a conic ſection. Particularly 
that * the rectangles of the ſegments of paral- 


lels bounded by them, will be always to one 


another in a given ratio.” The general proper- 
ties of the lines of the third order are true of 
three ſtraight lines, or of any one ſtraight line 


and a conic ſection. And, as the general pro- 


perties of the higher orders of lines deſcend 
alſo to thoſe of the inferior orders, ſo there is 
ſcarce any property of the inferior orders, but 
has an analogy to ſome property of the higher 
orders; of which it is but a particular caſe or 
inſtance. And hence, the properties of the 
inferior orders lead to the diſcovery of thoſe of 
the ſuperior orders *, 

$ 20. We have ſhewed how to judge of the 
figure of a locus from the conſideration of its 


equation. And when a locus | is to be deſcribed 


exactly, for every value of x you muſt, by the 
reſolution of equations, according to the rules 


* See the nrx. N 
* oft % | In 
5 


* 


in Part II. find the correſponding values of y, 
and determine from Wen values the points of 
the locus. 

But there are geometrical conſtructions by 
which the roots of equations can be determined 
more commodiouſly for this purpoſe. And, as 
by theſe conſtructions we deſcribe the loci of 
the equations, ſo reciprocally when /oci are de- 
ſcribed, they are uſeful in determining the roots 
of equations; both which ſhall be explained 
in the following Chapter, Then we ſhall give 
an account of the molt general and ſimple me- 
thods of deſcribing theſe loci by the mecha- 
nical motion of angles and lines, whoſe inter- 
ſections trace the curve; or of conſtructing 
them by finding geomerrically any number of 
their points, 


. 


* 


> © CHAP. 
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8 
Of the Conſtruction of Quadratic 


Equations ; and of the Properties 
of the Lines of the ſecond order. 


8 21. HE general equation expreſſing the 
nature of the lines of the ſecond 
ls, having all its terms and W will 


be of this form; Iz 


* + a + ef] _ 
8 by . +, 4 1 =O. 7 
Where a, 5, c, d, e, repreſent any given quan- 
tities with their proper ſigns prefixed to them. 
If a quadratic equation is given, as y* + py 
+ q =o, and by comparing it with the preced- 
ing, if you take the quantities a, 5, c, d, e, and 
x ſuch that ax + 5 =p, and cx* + dx +e=g, 
then will the values of y in the firſt equation be 
equal to the values of it in the ſecond; and 
if the locus be deſcribed belonging to the firſt 
equation, the two values of the ordinate when 
ax +b =p and cx + 4 +e=9, w1ll be the 
two roots of the equation y* + py + q = 0. 
And as four of the given quantities à, 6, c, 
4, e, may be taken at pleaſure, and the fifth, 
with 
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with the abſciſſe x, determined, ſo that ax + 4 


may be ſtill equal to p, and cx* + dx +e=q 7 
hence there are innumerable ways of conſtruct- 


ing the ſame equation. But thoſe loci are to 


be preferred which are deſcribed moſt eaſily ; 


and therefore, the circle, of all conic ſections, 
is to be preferred for the reſolution of quadratic 
equations. 5 


$ 22. Let as be perpendicular to at, and 
upon AB deſcribe the ſemicircle BuMa. If ap 
be ſuppoſed equal to x, AB = a, and PM = »y, 
then making MR, MR, perpendiculars to the 


diameter AB, ſince AR & RB = RU, and 


AR = Y RB = 4 — 9, RM = x, It t follows that 
Ea—yXy=-=x*,and y* — 

B D ay + * =o. And, if an 
M equation y* — py ? o, 
K | be propoſed to be reſolved, 


105 its roots will be the ordi- 
nate to the circle, pM and 
M. PM, to its tangent as, if 


| 


N 


cauſe then the equation of 


will be changed into the propoſed equation 
A No. 

We have therefore this conſtruction for find- 
ing the roots of the quadratic equation y* — py 
+ 9 8 - 0; take AB = p, and on as deſcribe a 

1 2 ſemi- 


= x = qc ow 


3 P E the circle y*—ay & SO, 


* 
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ſemicircle ; then raiſe AR perpendicular to as, 
and on it take ay = 9, that is, a mean pro- 
portional between 1 and q ( 13 El. 6; ) then 
draw PM parallel to AB, meeting the ſemicircle 
in M, M, aud the lines PM, PM ſhall be the roots 


of the propoſed equation. 
It appears from the conſtruction, that if 


q = - or Vg = Ep, then ap = ZE AB, and the 


ordinate p touches the curve in , the two 
roots PM, PM, in that caſe, becoming equal to 
one another and PN. 

If Ap be taken greater than LAB, that is, 
when V is greater than ip, or 9 greater than 
25, the ordinates do not meet the circle, and 
the roots of the equation beome imaginary: 
as we demonſtrated, in another manner, in 


Pari II. 


§ 23. The roots of the ſame equation may 


be otherwiſe thus determined. 


Take aB = V, and raiſe Bp perpendicular 
to AB; from A as a center with radius equal to 
z p, deſcribe a circle meeting BD in c, then the 
two roots of the equation * — py +9 = o, 
ſhall be ac + cs, and ac — cs. 

For theſe roots are £p + V p* . and 


PV =; and Ag p, c VAR 


S Vip. — 9, and conſequently theſe roots are 


AC ns CB. 


The 
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The roots of the equation * + py 7 = 9 
D 


B 


are — Ac + CB; as is demonſtrated i in the ſame 


manner. 
$ 24, The roots of the equation y* — BE — 
So are determined by this conſtruction. 
Take AB = Ep, Bc = V, draw ac; and 
the two roots ſhall be as 4 ac. If the ſe- 


7 


. 


cond term is poſitive, then the roots ſhall be 


— AB XZ AC, : 
3 7. And 
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And all quadratic equations being reducible 
to theſe four forms, | 


* r — O, 
I +8) —q = 0» 
772 © 
* +23 +9 o, 


it follows, that they may be all ed by 


| this and the laſt two articles. 


$ 25. By theſe geometrical conſtructions, the 
locus of any equation of two dimenſions may 
be deſcribed; ſince, by their means, the values 
of y that correſpond to any given value of x 


may be determined. But if we demonſtrate 
that theſe loci are always conic ſections, then 


they may more eaſily be deſcribed by the me- 
thods that are already known for deſeribing 
theſe curves. 

In order to prove this, we Mall enquire what 
equations belong to the different conic ſections; 
and, as it will appear that there is no equation 
of two dimenſions but muſt belong to one or 
other of them, it will follow that they are loci 
of all equations of two dimenſions. 


_{S 26. Let cML be a parabola; A any 
line drawn in the ſame plane; and let it be re- 
quired to find the equation expreſſing the re- 
lation betwixt the ordinate pM forming any 
given angle with AE, and the abſciſſe ay be- 

6 | ginning 
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ginning at A any given point in the line AE. 


„L. 


N E. 

Let er be the diameter of the parabola 
whoſe ordinates are parallel to pm. Draw 
AH parallel to cy meeting PM in R; and 
AD parallel to pM meeting or in o. Becauſe 
the angles Haz, APN, ANP, are given, the 
lines Ar, PN, AN, will be in a given ratio to 
each other: ſuppoſe them to be always as a, 6, 
c; let AD S d, Dc Se; and ſeeing Ap (= x) 


F 2 3 Q . 

:PN 23: 4: 6, PN = — #; likewiſe AP: AN 22 
| 6 8 

42 : c, or AN Z —&. And 6M = PM — PN 


„ But co = DG — 
a ( 
Y 4 DC 


2 
„ 
" 
* 4 
* 
* 
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1 
1 
wo 
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DC = AN — Dc = — 2 * — If now the pa- 
rameter of the diameter er be called P, then, 
from the nature of the parabola, 9 X CG ug: 


and conſeqvently; P * —x —e= y — - * 


from WY 55 equation follows, 


«i L = 261+ == 2 + 4 
| 2 | = * = 00 


Whence, if any equation 1s propoſed, and ſuch 
values of a, b, c, d, e, p can be aſſumed as to 
make zhat equation and this coincide, then the 


Iuocus of that equation will be a parabola. The 


conſtruction of which may De ee from 
this article. | 

$ 27. In this general equation for the pra- 
bola, the coefficient of x' is the ſquare of half 
the coefficient of xy; and, „ when any equa- 
tion is propoſed that has this property, the 
locus of it is a parabola.” For, whatever coef- 
ficients affect the three laſt terms, they may be 
made to agree with the coefficients of the laſt 
terms of the general equation, by aſſuming 
Proper values of p, c, ande. 

It appears alſo, that « if the locus be a pa- 
rabola, and the term xy be wanting, the term 
x* muſt alſo be wanting.” And, if any 

equation of two dimenſions be propoſed that 
Wants 
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wants both the terms, à) and x, it may be 


always accommodated to a parabola. 

5 28. The general equation for the ellipſe is 
deduced from the property of the ordinates of 
any diameter, in the ſame manner; the con- 
ſtruction of the figure being the ſame as in 
926. Only, in place of the parabola, 


Let KML be an ellipſe whole diameter is 


kl, having its ordinates parallel to pu, and 


let e be the center of the ellipſe. Suppoſe 
el. = t, and the parameter of that diameter 


= p, then GMg: cLq — cg: : p: 21. But, as 


: b 8 
in § 26, M 3 and c = Fre; 


therefore, y — —x — 4 * 7 b — + 


ce . ” 
— x : whence this equation: 
2b þ*' 2bd 2 
W 2 +2) +4 
a 4 1 a 2 
e * 5 
& © MY... © a 

ata” at + 

"as 


=_ — 
» . T7 E 
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And if any equation is propoſed that can be 
made to agree with this general equation, by 
aſſuming proper values of a, , c, d, p and e; 
then the locus of that equation will be an ellipſe, 

8 29. In the goneral equation for the 
ellipſe, the terms x* and * have the ſame ſign: 

and the coefficient of x* is always greater than 
og ſquare of half the coefficient of xy, becauſe 


| 2 

+2 TE 8 . Is greater than = And although the 
word _ be wanting, yet he term & muſt re- 
main, its coefficient, in that caſe, being 2 


which muſt be always real and poſitive. On 
the other hand, if an equation is propoſed in 
which the coefficient of x* exceeds the ſquare of 


half the coefficient of xy; or, an equation that 


wants xy, but has & and , of the fame ſign, 


its locus muſt be an ellipſe.” 


$ 30. In the hyperbola, as u: c — 
:: p: 2t; when f is a firft diameter, the 
equation that ariſes will differ from the equa- 
tion of the ellipſe only in the ſigns of the values 
of cog and cg, and conſequently will have 
this form, 


| - 
„ 
„% . 
A * 1 28 8 
8 
2 } 


If 
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If + be a ſecond diameter, then E will be 


negative. a 
D 
„. 
N 
A Eo 


In this equation, it is manifeſt that the coef- 
ficient of the term x* is leſs than the ſquare of 
half the coefficient of xy; and, that when the 
term xy is wanting, the term x muſt be ne- 
gative. And, reciprocally, * if an equation is 
propoſed where the coefficient of * is leſs than 
the ſquare of half the coefficient of xy; or 
where xy 1s wanting, and y* and x* have con- 
trary ſigns, the locus of that equation muſt be 
an hyperbola.” 
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845635. The equation of the hyperbola when itz 
ordinares PM are parallel to an aſymptute does 
not come under the general equation of the 
laſt article. Let cy and er be the aſymprore, 
of the hyperbola, and let pu be parallel to ci. 


C3 


| _ 
Then co x o will be equal to a given re&an- 
gle (which ſuppoſe ga). Then, co = vc — 


c | b 
DC * e, o ——x— 4, and con- 


ſequentiy y 4 * 7 * — egg N: 


whence this equation, 


55 ea eda 
& c c | Cc 
* 2 f — Os 


Where only one of the terms y*, x*, can be 
found with xy; and where xy will be found 
without either of theſe terms, if Ak and Af 
coincide, that is, if Ak is parallel to the aſymp- 
rote PF, | 


Ii 
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It appears from this, that * if an equation 


is propoſed that either has xy the only term of 
two dimenſions; ; or, has xy and either x* or * 
beſides, but not both of them, the locus of the 
equation ſhall be an hyperbola, one of whoſe 
gſymptotes ſhall be parallel to y or x according 
as It 1s or * that is wanting in the equa- 
tion.“ 


d 32. From all theſe compared together, it 
follows, that © zbe locus any equation. of two 
| dimenſions is a conic ſection,” 


For if the term xy is wentg in the equa- 


tion, and but one of the terms *, * is found in 
it, the /ocus ſhall be a parabola; by S 27. 

If xy is wanting, and , y*, have the ſame 
ſign, then the locus is an ellipſe ; $ 29.—But, 
when they have different ſigns, it is an Hyper- 
bola; § 30. 

If xy is found in the equation, 41d *., * 
are both wanting, or either of them, the locus is 
an hyperbola; & 31. 

If both & and are found in it, having con- 
trary ſigns, the locus 1s ſtill an hyperbola. 

If y* and x* have the ſame ſigns, then, ac- 


cording as the coefficient of x* is greater, equal, 
or Jeſs than the ſquare of half the coefficient of 


4%, the locus ſhall be an ellipſe, PR or 
hyperbola; A 27, 29, 30. 

In any caſe therefore the locus of the equa- 
tion 18 ſome conic ſection. 
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833. Theſe may all be demonſtrated more 
directly from the conſideration of the general 
equation of the lines of the /econd order in 
5 21, For it is obvious that, by & 25 Part Il, 


5 3 
A 
Wo F 


| | & F 
the ſecond term of that general equation may 


be exterminated by aſſuming 2 = y + = 5 4 


| 
16 7 
TM 
22 
1 
| 
| 
{ 
} 
19 
? 


and it will be transformed into 
55 5 4 — 42 : 


* 


which, by tranſpoſing all but the firſt term, is, 
þ* 
* =* + . A 


— 


Let 
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Let Mx be the locus of the equation: and 
if ar be drawn fo that as be to az as 44 to 
unit, and AD, parallel to PM, be = 25, and 
through Dp the line DF be drawn parallel to 
an, meeting PM in o, then ſhall ou (= u 
+ PN + NG.= y + 34x + Eb) = K. And if 
an = 7, then DG Zan Fx. 


Suppoſe oo = u, and == Inſtead of 


x ſubſtitute 7 and the equation that reſults 


will expreſs the relation oe GM and Do, of this 
form. | 


2 = LSE iy eo. 


Which will be an we parabola, or elligſis, 


according as the term = EX is poſitive, nothing, 


55 


; py 5 : » - 
or negative. That is, according as 5 1S greater, 


equal to, or leſs than c. But à was the coeffi- 
cient of xy; from which it appears, that * the 
locus is an ellipſe, parabola, or hyperbola, ac- 
cording as the coefficient of x* is greater, equal 
to, or /eſs than the ſquare of half the coeffi- 
cient of xy.” 

It appears alſo, that « if the term »y be 
wanting, or 4 = ©, then the locus will be an 
ellipſe, parabola, or hyperbola, according as the 
term ex 1s poſitive, nothing, or negative,” 


Hence 


rn — . av. 
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Hence likewiſe, if the term x* be wanting, 
and * term xy not wanting, then the term 
4 — 

47 
poſitive, whatever a or T be) ce the locus muſt be 
an hyperbola.” 

Note, That part of the figure, on the other 
fide of ax, which is marked with ſmall letters, 
anſwers to the caſe when the coefficient of), in 
the general equation, VIZ. ax + 25 is negative, 


being poſitive (becauſe —- PLL is always 


8 34. The lines of the ſecond order have ſome 
general properties which may be demonſtrated 
from the conſideration of the general equation 
repreſenting them. 

The general equation of & 21, by extermi- 
nating the ſecond term can be transformed into 
the equation, 

— 4c 24 b* 


+ — 2 X BS 
Z 7 * +5 _ 8 
From . we have 15 
* r * * 7. 


Where the = 1 of 2 are FI equal, 
and have contrary ſigns, ſo that the line pr, on 
which the abſciſſes are taken, muſt biſect the 
ordinates, and conſequently, is a diameter of 
the conic ſection. And, as this has been de- 
monſtrated generally, in any ſituation of the 
lines PM, it follows that if any parallels, as 

| Mm, 
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um, Mm; be drawn meeting a conic ſection *, 
there is a line or which can biſe all theſe pa- 
rallels. And conſequently if any two parallels, 


Mm, Min, are biſected in & and g, the line Gg 


that biſects theſe two, will biſe& all the other 
lines parallel to them, terminated by the curve. 
« Which 1s a general property of all the conic 
ſections.“ 

There is one caſe which muſt be excepted, 
when PM is parallel to an aſymptote, becauſe 
in that caſe it meets with the conic ſection only 
in one point. 

535. In the general equation of § 21, if you 


ſuppoſe y = oz there will remain cx“ + dx e o, 


by which the points are determined ede the 
curve meets the abſciſſe ax. 

Suppoſe it meets it in 3 and p, and that 
AB = A, and Ap = B. Then ſhall — 4 and 


; be the two roots of the equation x* + 4 * 
| | c 


+= = 0; and thereforex + AX + B = 


7 — 
* BAP 
+ =x + =: but x + A Br, and x + B=DP; 


Supply the figure. 
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therefore pP X by 2 of +5 x + 2 —. Non, it 


is manifeſt. 9 the Rog of tons that 


if vu meet the curve in M and , the e 
of the roots pu and Pm ſhall be equal to 
c* + dx + e the laſt term of the equation | 


„ + axy + c 
'+. by + dx = o. 
9 4. | 


We have therefore pM X pm cx + dr Te, 


2 3 ä 
and B N e ſo that PM XN 


rn BP "x DP 2: c +dx+e: ** W 


18 That i Th the rectangle of FA e 
PM, Pm is to the rectangle of the ſegments of 


the abſciſſes, as, in a given ratio, c 1s to 1,” 


Which is another general property of the lines 
of the ſecond order. 
In a ſimilar manner the analogous properties 


of the lines of the e orders are demon- 


ſtrated *. 


$ 36. There are many different ways of de- 


| ſcribing the lines of the ſecond order, by mo- 


tion. The following 1 iS Sir lſaac Newton's, 


+ Let the two points c and s be given, and 


the craig line AE in the ſame Plane. Let the 


* Ses the Anand 
+ See Geomeiria Organica, Prop. I, 


given 
* © 

% 7 
* 


N 
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given angles reo, KSH, revolve about the 


oints c and s as poles, and let the interſec- 
tion of the ſides cr, sx, be carried along the 


ſtraight line AF, and the interſection of the 
ſides co, SH, will geſcribe a line of the ſecond 
order. | 


Let the ſides or, SK interſect each other in 
O and the fides co, sh, in p; let pu and 


be perpendicular on cs. Then draw R, 


G PT, a; ſo that oo = cap = Fe; and 


LU, = . 
The angle rcp = cm, finet 1 RCP Makes 
two right ones with Re and qQuc. So that 


the triangles cu and cry will be ſimilar. 
Ang after the ſame manner you may demon- 
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ſtrate that the triangles SLQ, STP are ſimilar; 
whence, 


FCC 
i PT 52 06 3 8h, 


— 


Suppoſe cs = a, ca = 6, the fine of the 
angle reo to its coſine as 4 to a; in, angle 
CAE to coſin. as c to a, and ſin. KSH to colin, 
as e to 2. Putallorm =y, cM =x,Qn=z, 


Then RM: PM ::4 : d, PR;: PM:: Var Nd, a, 


ax: N:: 4: c. So that RM = 7 CR (S cu 


3 . 
| S622) = EP = 

z VNA. d. 
4 2 
RARE = Nu) = . And it be- 

i * 2 | 
ing R: PR:: Q: cu, it follows that dy — 


1 5 U CET TIES EEE 


od 06 X a# = ky 
X d. So that 2 dc - xy e 925 


Likewiſe av = 


and cu (= ca 


* manner you will find s? = @—x— = 


, * 


— 2 
e Bot 


e ec 


it 
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it was sT: PT: pho owes that is, @ — x — 5 
; 89 0 Nei 
4 : 


. 0 * 
ec 


rr c X Finn EA ROE: 
ec Ta⸗ Tax x -c * 


Whence W 


And from the equation of theſe two values of 


2 this equation reſults; 


i=b x ce 2145 1 2 : 
x * 


ae - be Xd + dce 3 be X e ＋ 4 
+ abe X ST — bc gt 
A „ So; 
— fe] —ae X dc — 45 
where ſince x and y are only of two dimenſions, 
it appears that. the curve deſcribed muſt be a 
line of the ſecond order, or a conic ſection, ac- 
cording to what has been already demonſtrated. 
$ 37. As the angles rco, Ks revolve about 
the poles c andes, if the angle cas becomes 
equal to the ſupplement of theſe given angles 
to four right ones, then the angle cys muſt 
vaniſh, that is, the lines co and sE muſt be- 
come parallel: and the interſection x muſt go 


off to an infinite diſtance. And the lines co 


and 84 become, in that caſe, parallel to one of 
the aſymptotes. 

In order to determine if this may be, deſcribe 

on os an arc of a circle that can have inſcribed 

in it an angle equal to the ſupplement of the 

angles rco, KsH, to four right angles. If 

L = this 


K ENS" ELEC Ee Go IA DIS: 2 — 
3 — * 3 2 CEE A 
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this arc meet the line az in two points x, y, 
then when & the interſection of the ſides er, 


SK comes to either of theſe points, as it Is car. 


ried along the line AE, the point p will go off 
to infinity, and the lines sh, co, become pa- 
rallel to each DENT and to an a/ymptote of the 
curve. 
If that arc only ch dt le AE, the point 
y will go off to infinity but once. If the arc 
neither cut the line az nor touch it, the point 
P cannot go off to infinity. In the firſt caſe 
the conic ſection is an hyperbola, in the ſecond 
a parabola, in the third an ellipſe, 
The ahmptotes, when the curve has any, are 
determined by the following conſtruction. 
Draw NT conſtituting the angle CNT = $NA, 
meeting sc in T; then take s1 = cr, and 
always towards oppoſite parts, and through! 
draw 1P parallel to sx or co, and ir will be 
one aſymptote of the curve. The other is 
determined in like manner, by bringing _ 


Chap. 2. A LGE BRA. 345 


And the two aſymptotes meet in the center, 
conſtituting there an angle = Ns#. 

From this conſtruction it is obvious, that 
when the circular arc ens touches the line 
ax, the angle sxa being then = scx, the line 
v will become parallel to cs; and therefore 
er and si become infinite, that is, the aſymprote 
ip going off to infinity, the curve becomes a 
yh 

38. There is another general method of 
iefcribing the lines of the ſecond order, that de- 
ſerves our conſideration. 


Inſtead of angles we now uſe three rulers 


be, CN, sr, which we ſuppole to revolve 
about the poles p, e, s, and cut one another 
always in three points x, Cand ; and carry- 
ing any two of theſe interſections, as v and &, 
along the given ſtraight lines AE, EE, the third 
interſection p will deſcribe a conic ſection. 
24 Through 


r 3 rere 8 — 


I 
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Through the points p, p, . draw pr, pu, 
, parallel to as, meeting es in r, u, R; alf 
through p draw PH parallel to BE meeting cs 
in H. 

Then putting PM , CM x, cs = a, 0a 
= b, SB = c, DF = k, ar =I, Ak = 4, BE =0, 
ab (4 - +) =f; ſince the triangles 


PMH, AEB are ſimilar, therefore PH = 


dx + fy — ad 
un = E, m == 25 ad And ſince 


| ; 
CA: AN * CM : PM, * . + A = 7 and ſince 


ss: BC: : SH: PH, BUD Z 7 = 
: But, 
| = cd 
„. . . . Ws = = 
P / : . f . oy. F 
and .. . BR = 77 


Now av — DF : 1 rene. 
this is, | Th 


by _ 15 edy TH 1 25 N, 
x ar —ad Ma dx +fy—ad' 
And multiplying the extremes and en, 


and ordering the terms, it is, 


e -I Hug. e 
+ Dad FRN adi x # + 4% x x 
In which equation, the ſign of ſome terms 


may "ay by was fe the ſituation of the po 
an 


j 
$44.4 
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and lines; but * and y not riſing to more than 
two dimenſions, it appears that the point p al- 
ways deſcribes a conic ſeckion. Only in ſome 

articular caſes the conic ſection becomes a 
ftraight line. As for example, when Þ is found 
in the ſtraight line cs; for then pr vaniſhing, 
the terms dfkx* — fx vaniſh, and the re- 


maining terms being diviſible by y, the equa- 


tion becomes, 
If xc—I— fx r IT o. 


Which is a locus of the firſt order, and ſhews, 
that, in this caſe, y muſt deſcribe a fraight 


line. 


After the ſame manner it appears that if the 


point x the interſection of the lines Ak, Br, 
falls in cs, then will y deſcribe a ſtraight line. 
For in that caſe 4 vaniſhes, and o equation 


becomes, 
b X =D - I a= o. 


$ 39. Theſe two deſcriptions furniſh, 1 4 


general method of “ deſcribing a line of the ſe- 
cond order through any five given points where- 
of three are not in the ſame ſtraight line.“ 
Suppoſe the five given points are o, s, M-, k, 
N; join any three of them, as c, s, k, and 
let angles revolve about c and s equal to the 
angles kes, Ksc. Apply the interſection of 


the legs CK, sx firſt to the point N, and let the 
inter- 
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interſection of the legs co and $H be Q; ſe. 
condly apply the interſection of the ſame legs 
| 5 sk, to "me mining point M, and let the 


* 
4 N . 
* * , 


— Any pon 


interſection of the legs co, x sn be 1. Draw a 
line joining & and , and it will be the line 
Ax along which if you carry the interſection of 
the legs co, s, the interſection of the other 
| legs will deſcribe a conic ſection paſſing MD 
the five given points c, s, M, k, x. 

It muſt paſs through c and s from the con- 
ſtruction : when the interſection of co, sH 
comes to 4, the curve will paſs through - 

An 


— — 22 h 


— 


— 
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And when it comes to . and L, it paſſes 
chrough N, Mo Ee 


8 40. From the ſecond deſcription we have 
this ſolution of the ſame problem. 

Loet c, s, M, k, N be the five given points: 
draw lines 3 joining them; produce two of the 
lines No, Ms, till they meet in o. Let three 
rulers revolve about the three poles c, s, D, 
viz. CP, sd, DR. Let the interſection of 
the rulers ce, DR, be carried over the given 
line Mk, and the interſection of the rulers 
SQ, DR be carried through the line xk; 


and the point p, the interſection of the rulers 
that 


U 
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that revolye about c and s, will deſcribe 2 
conic ſection that paſſes through the five 
points c, s, M, k, x. 


§ 41. It is a remarkable property of the co. 
| nic ſections, that & if you aſſume any number 
of poles whatſoever, and make rulers revolye 
about each of them, and all the interſections 
| but one, be carried along given right lines, 
| that one ſhall never deſcribe a line above x 
| conic ſection;“ if, inſtead of rulers you ſub- 
ſtitute given angles which you move on the 
ſame poles, the curve deſcribed will ſtill be ng 
more than a conic ſection, 
By carrying one of the interſections neceſſary 
in the deſcription over a conic ſection, lines of 
higher orders may be deſeribed. 


| ”" CHA? 


| 
| 
| 
f 
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of the Conſtruction of b and 
biguadratic Equations. 


942. HE roots of any equation may 

be determined by the interſec- 
tions of a ſtraight line with a curve of the ſame 
dimenſions as the equation: or, “ by the in- 
terſections of any two curves whoſe indices 
multiplied by each other give a product equal 
to the index of the propoſed equation.” 

Thus the roots of a b !iquadratic equation 
may be determined by the interſections of two 
conic ſections; for the equation by which the 
ordinates from the four points in which theſe 
conic ſections may cut one another can be de- 
termined, will ariſe to four dimenſions : and 
the conic ſections may be aſſumed in ſuch a 


manner, as to make this equation coincide with 


any propoſed biquadratic: ſa that the ordinates 
from theſe four interſections will be equal to 
the roots of the propoſed biquadratic. 

If one of the interſections of the conic ſection 
falls upon the axis, then << one of the ordinates 
vaniſhes, and the equation by which theſe ordi- 
nates are determined will then be of three di- 
menſions only, or a cubic,” to which any pro- 


poſed cubic equation may be accommodated. 
| So 
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= > So that the three remaining ordinates will he 
the three roots of that propoſed cubic. 


$43. T hoſe conic ſections ought to be pre. 
ferred for this purpoſe that ate moſt eaſily de- 
ſcribed. They muſt not however be both Cre 
cles; for their interſections are only two, and 
= can ſerve only for the reſolution of quadratic 
3B equations. 

Yet the circle ought to be one, as being moſt 
| eeaaſily deſcribed; and the parabola is commonly 
| aſſumed for the other. Their interſections are 
| determined in the following manner. 


<= Let 
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Let APE be the common Apollonian para- 
bola. Take on its axis the line as = half of 
- its parameter. Let c be any point in the plane 
of the parabola, and from it as a center de- 
ſcribe, with any radius ep, a circle meeting the 
parabola | in p. Let pu, cp, be perpendiculars 
on the axis in M and p, and let cn, parallel to 
the axis, meet PM in x. 

Then will always cxg = eng +nPg(47Z.1.) 

Put cp = a, the parameter of the parabola 
2 5, 45 c, DE d, AM = X, PM _- 


Then, cg = # + ©, urg = 3 + d\*; and 
+ of +3 +d1 = 8'*: Lnati, 


+ 2c ͤK C ＋ * ＋ 24% ＋ d. = 47. 
8 from oy. nature of the parabola, y* = bx, 


and x* ſubſtituting therefore theſe va- 


= 75 ; 
lues for x* and x, it will be, 

** * 2 3 2dy + © + f— # = 0. 
Or, ninth E 9²5 

* 24 T N 2dba x y + Tr = N ho. 
Which may repreſent any biquadratic equation 
that wants the ſecond term; ſince ſuch values 
may be found for a, b, c, and d, by comparing 
this with any propoſed biquadratic, as to make 
them coincide. And then the ordinates from 
the points Þ, P, P, P, on the axis will be equal 


* > © cisthe ener of x and e indefinitely ; ; which- 
ever of the two is greateſt. 
10 
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to the roots of that propoſed biquadratic. And 
this may be done, though the parameter of the 
parabola (viz. 3) be given: that is, if you have 
a parabola already made or given, by i it alone 
you may reſolve all biquadratic equations, and 


you will only need to vary the center of your 
circle and its radius. 


$ 44. If the circle deſcribed from the center 
e paſs through the vertex a, then oA = cg 
= cDg + Ap, that is, . = & + &; and the 


laſt term of the biquadratic (c + d* 47 will 

vaniſh ; therefore, dividing the reſt by 3 there 

ariſes the cubic, 
C. 
Let the cubic equation propoſed to be reſolv- 


ed be : tpy+r=o0o. g the terms of 
| 8. | _ 


PH... 


a_ mon. Sa ud: 


— PII y—_— a_ 11 1 ao is. 
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theſe two equations, and you will have 


4, abt. 4 * = = p, and + 246 = + 7, 

6 T 4 F g, and d = + a. From 

which you have this conſtruction of the cubic 

7 A p * 7 = o, by means of any 8 

parabola APE. 

« From the point B take in the axis (forward if 
the equation has — p, ” backwards if p is 
poſitive) the line BD = 275 ; then raiſe the per- 


pendicular DC= ES , and from C; deſcribe a 


circle Pali ng through the vertex A, meeting the 
parabola in P; ſo ſhall the ordinate PM be ane 
of the roots of the cubic 5 * + py =” 


The ordinates that ſtand on the ſame fide of 
the axis with the center c are negative or af- 
firmative, according as the laſt term 7 is nega- 
tive or afirmative; and thoſe ordinates have 
always contrary ſigns that ftand on different 


fides of the axis. The roots are found of the 


ſame value, only they have contrary ſigns, when 
ris poſitive as when it is negative; the ſecond 
term of the equation being wanting ; which 
agrees with what has been demonſtrated elſe- 
where: 


$ 45. In reſolving numerical equations, you 
may ſuppoſe —_ parameter & to be unit; then 


Aa AD 


. e ge eg. 5-0" . 2 — 5 = — — 
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| - 
AD = N 25, and DC S ar; and the ordi. 


nate PM muſt then be meaſured on a ſcale 
where the parameter, or 245 is unit. Or, if it 
be more convenient, the parameter may be ſup. 
poſed to expreſs 10, 100, Cc, or any other 
number, and pu will be found by meaſuring it 
on a ſcale where the parameter is 10, 100, &, 
or that other number. 

8 46. When the circle meets the paralola 
in one point only beſides the vertex, the equa- 
tion has ony one real root, and the other two 
imaginary.” 

Thus, if the equation has + P, or if p falls 
on the ſame ſide of B as A does, the circle can 
meet the parabola in two points only, whereof 
A is one; and therefore the equation muſt 
have two imaginary roots; as we demonſtrated 
elſewhere. If the circle touch the parabola, then 
two roots of the equation are equal. 

It is alſo obvious, that the equation mult ne- 
ceſſarily have one real root; becauſe, fince the 
circle meets the parabola in the vertex a, it muſt 
meet it in one other point, at leaſt, beſides A. 

8 47. Inſtead of making the circle pak 
through the vertex a, you may ſuppoſe it to 
paſs through ſome other given point in the pa- 
rabola, and that interſection being given, the 
biquadratic found for determining the interſec- 
tions, in & 43, may be reduced to a cubic. 


Let 
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Bet dhe ordinate belonging to 1 given 


A 
G 


5 D 
NM 


ſncerſetion be g, then one of the values of y 


being g, it follows that the biquadratic 


5 F * EX 248 + © 5 + c —a* N o 


will be diviſible by y — g, which will reduce it 
to a cubic that ſhall have the fecond term. And 
thus we have a conſtruction for cubic equations 
that have all their terms. 

For example, let us ſuppoſe' chat the para- 
meter is AG, and the ordinate at d is c meet- 
ing the curve in r. Suppoſe now that the 
circle is always to paſs through y; then ſhall 
org (= a4.) = Hg ＋ Hr = c++ SA 
= ＋ d. & 2c + 240 + 26, and ſubſti- 


A a 2 tuting 
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* 4 


it becomes 


5 # LO ce 2 | — 25 ˙* 
+ NF = 24 x90 2 
F 240 


Where e in the laſt term has a contrary ſign to 
what it has in the third, and 4 a contrary ſign 
to what it has in the fourth. 

This biquadratic has Fo, or 5, for one of 
its roots; and being divided by 3 — 6, there 
ariſes this cubic, | 

OO” 2 4 + 2dF) 
+. 24 = 5 o, 
+ 233 
having all its terms 8 If c had been 
taken on the other ſide of the axis, the ſecond 
term 5y* had been negative. 

Let now any cubic equation be propoſed to 
be reſolved, as 95 +3 Hgy—r 2 o. And 
by comparing it with the nn you will 
find 


P 1 2. 

7 = 26 + 2bc 7 8 e= 4 

V 2 rg 27 
= 2 + 206 4 24Þ | 445 + 


Therefore, to conftrutt the propoſed Loki equation 
* +25 +93 —rT = o, let the parameter of 


Jour parabola be equal to P, take, ow the axis * 
the 
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the vertex A, the line AD = þ — — 7 and raiſe 


the perpendicular DC = AT, and from 


2 25 

C deſcribe a circle FRET F, meeting the para- 
bola in P, ſo ſpall the ordinate PM be a root of 
the equation. 

If the equation propoſed is a literal equation 
of this form y* + py* + pqgy — pr = o, hav- 
ing all the terms of three dimenſions, then this 
conſtruction will only require ap = 1 — #9, 
and nc = 24 + Zr. 

948. If you ſuppoſe the parabola. to paſs 
through any point F taken any where in the pa- 
rabola (vid. Fig. r and call the ordinate 


10 = e, then 20 + 2 = a7, and 
the general biquadratic may have this form, 


* #* + 2cb] » — 2dÞy + 2085 
+. * (/ + 24e 5 


But ſince y = e 1s one of the values of y, 
the equation will be diviſible by e, and the 
quotient is found to be this cubic, 


„e —2bcY) — 248 
9 7 4 


2. 


Ar Which 


„ A m1. 
Which compared with t — p*r So, 


gives FG (or e) =P, AD (= c) = = PE a > 5 
and pc = 6x5 5 2 =-.i fad by this con: 


ſtruction the roots of a complete cubic equation 
yy be found by any parabola whatſoever, 
S 49. It is eaſy to fee from § 43, how to 
conſtruct the roots of a biquadratic by any pa- 
rabola, after the ſecond term is taken away, 
Bur “ the roots of a biquadratic may be deter. 
mined by any parabola: : only they cannot be 
the ordinates on the axis, but © may be equal 
fo the perpendiculars on a line parallel to the 
axis, meeting the parabola i in F, CD in f, and 


PM. In „ . 3 


Let FG be an ordinate to > the a axis in G3 and 


the reſt remaining as before, let FI. = #, PL =) 


— 


the parameter — #, CF = <, Fl c, CH = d, 

FG = e. | 
And fince rug (= TL = au X 6, 

2 „ ＋ 20% 4 Ad ＋ FL K 3 2 


7 1 x X 6; and des + 2ey = bx. 
But eng + neg = cPq; that is, x — c* 4+ 
Aff = 4. And ſubſtituting for x* aa] 


5 2 a and 5 you n find 


rA +46 5 + 42 
2 7247 
+ þ* + a* b* 
which is a complete biquadratic equation. And 
by comparing with it the equation 
ND +bgy —b&ry—##s5 = o, you will find 
2 LF ith ah be 


70 (Se) S 22 FH (= 


26 | 
8 2 418 = LL, and cp 68 a) = 


Vici, + @* : which gives a general con- 


ſtruction for any ſuch biquadratic equation by 
any parabola whatfoever. If the ſigns of p, 4. 
, or 5, are different, it is eaſy to make the ne- 
ceſfary alterations in the conſtruction. Ex. gr. 
If p is negative, then ro muſt be taken on the 

other ſide of the axis. 
If you ſuppoſe the circle to paſs through F, 
the equation will become a cubic having all its 
Aa 4 terms; 
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terms: the laſt term c + 4. — a” X b v 
niſhing, becauſe then * 13 * = &, It will 
have this form, : 


* + 447 + 2 1 — 12 : 


5 17 — 24 


and then * the conſtruction will give the roots 
of a complete cubic equation.” 

I 50. We have ſufficiently ſhewed, hoy the 
roots of cubic and. biquadratic equations may 
be conſtructed by the parabola and circle; we 
ſhall now ſhew how other conic ſections may be 
determined by whoſe interſections the ſame 
roots may be diſcovered. 

Let the equation propoſed be y* * + 3595 
— 4 45 -r = 0; and let us ſuppole, that, 

. be = ** then ſhall we have by ſubſti- 
10 of wi for 27 and dividing by by, | 
b*r 
25. N + 8 o, which has 


its locus an . pt 'Then pf 1 (in 


NX 


terms by £ 2, you | o find, 


3% K* ＋ px + 2 — — br = o, an equation 
to a : parabola. Then, adding to this equation 
* — bs = ©, you. will have, 


4. . IIe 
equation to a circle. | 


The 
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18 he roots of the equation * 4 +bpy* + Pay 
r = o may be determined by the interſec- 


tions of any: two or rheſe loci; as for example, 


by the interſections of * 2 that is the locus 
OF 


of the equation y* + = . ==, 


and of the circle which 3 is the _ of 


* + y* " —31⸗ + gy — br = o, "0" which 


we deduce this conſtruction. 
IVY OO. WOK | Let 


_ TREAT ISI of Part], 
el = _ the axis of an ellipfis, equal ty 
Ver ry + , let G be the center of the elligſ, 


| and the <6 of the parameter as p f b. At , 
raiſe a Er to the axis, and on it take 


GD = 255 and 07 the other fide n the Per- 


pendicular n GK = 19 X _ Tot 


DE and KC be parallel to the axis: take KC = 
25 — f p, and from C as a center, with the radius 


VDCq + br deſcribe a circle meeting the ellipſe 
in P, and the ordinate P.M, en the line DE, ſhal} 
be one of the roots of the propoſed equation. 

Let pM (= y) produced meet AB in R, and 
Ke in N; and calling Du = x, then org = 
NPq + Ncg, that is, 17 + 36 — 2 U + 1 55 
inks = Ib — 2 — a + » + £9\* and there. 
fore, 

x. * + x* — TIS br — O, the equa- 
tion to the circle, which was to be conſtructed. 

And 3 PR7 : GBq — OR: : b : p, there- 


fore y + - A: br 4 „ 6 :; and 
conſequently | 
2*. e + 3 


the equation that was to be conſtructed. 
Now that their interſections will give. the 


roots required, appears thus. | 
| For 
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For * in the firſt equation ſubſtitute the va- 
Jue you deduce for it from the ſecond, viz, 


br — 5 * 20, and there will ariſe 


7455 er NN = DN, | 


that is, 5- = x, and x = 7z; which ſubſtituted 
”y x* and x in the firſt equation, gives 


+ ff + F =* + 9 — br = 0; that 


7 * + bpy + e —bfr = ©. 
And if you ſubſtitute them in the ſecond 


. oy will ariſe 


br 
e + * 7 „ o, that is . * + 


byy* + Fqy — & r = o, the very ſame as be- 
fore; and thus it appears that the roots of the 
equation y* X — bpy* + &F'qy — &r o 
are the ordinates that are common to the circle 
and ellipſe, or that are drawn from their inter- 
ſection. 


End of the TRHIRD PARr. 
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LINEARUM GEOMETRICARUM 
Proprietatibus generalibus. 


NN. E lineis ſecundi ordinis, five ſectionibus co- 
1 nicis, ſcripſerunt uberrime geometræ ve- 


teres & recentiores; de figuris quæ ad ſu- 


NOX periores linearum ordines — pauca 
& exilia tantum ante NR w TON tradiderunt. Vir 
illuſtriſſimus, in Tractatu de Enumeratione Linearum 
tertii Ordinis, doctrinam hanc, cum diu jacuiſſet, ex- 
citavit, dignamque eſſe in qua elaborarent geometris 
oſtendit. Expoſitis enim harum linearum proprietati- 
bus generalibus, quæ vulgatis ſectionum conicarum af- 
fectionibus ſunt adeo affines ut velut ad eandem nor- 
mam compoſitæ videantur, alios ſuo exemplo impulit ut 
analogiam hanc ſive ſimilitudinem quæ tam diverſis in- 
tercedit figurarum generibus bene cognitam & ſatis firme 
animo conceptam atque comprehenſam habere ſtuderent. 
In qua illuſtranda & ulterius indaganda curam operam- 
que merito poſuerunt; cum nihil ſit omnium quæ in 
diſciplinis pure mathematicis tractantur quod pulchrius 
dicatur aut ad animum veri inveſtigandi cupidem oblec- 


tandum aptius, quam rerum tam diverſarum conſenſus 


ve harmonia, ipſiuſque doctrinæ compoſitio & nexus ad- 


mirabilis, quo poſterius priori convenit, quod ſequitur 
ſuperiori 
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ſuperiori reſpondet, quæque ſimpliciora ſunt ad magis 
ardua viam conſtanter aperiunt. 

Linearum tertii ordinis proprietates generales a Ne- 
tono traditz parallelarum ſegmenta & aſymptotos pleræ. 
que ſpectant. Alias harum affectiones quaſdam diverſi 
generis breviter indicavimus in tractatu de fluxionibus 
nuper edito, Art. 324, & 401. Celeberrimus Cteſi bus 
pulcherrimam olim detexit linearum geometricarum 
proprietatem, hucuſque ineditam, quam abſque demon- 
ſtratione nobis communicavit vir Reverendus D. Ro- 
bertus Smith, Collegii S. S. Trinitatis apud Cantabrigi- 
enſes præfectus, doctrina operibuſque fuis pariter ac fide 
& ſtudio in amicos clarus. De his meditantibus nobis 
alia quoque ſe obtulerunt theoremata generalia; quæ 
cum ad arduam hanc geometriæ partem augendam & 
illuſtrandam conducere viderentur; ipſa quaſi in faſci- 


culum congerenda & una ſerie breviter exponenda & de- 
monſtranda putavimus. 


chrkokeckekorkech kee Kere ke ee erk brech 


i 1 
De Lineis Geometricis in genere. 


$ 1. Inez ſecundi ordinis ſectione ſolidi geometrict, 
coni ſcilicet, definiuntur, unde earum proprie- 
tates per vulgarem geometriam optime derivantur. Ve- 
rum diverſa eſt ratio figurarum quæ ad ſuperiores line- 
arum ordines referuntur. Ad has definiendas, earumque 
proprietates eruendas, adhibendæ ſunt equationes gene- 
rales co-ordinatarum relationem exprimentes. Repræ- 
ſentet x abſciſſam ay, y ordinatam PN figure FMH, 
denotentque a, b, c, d, e, &c, coefficientes quaſcunque 
wo mya- 


bo ad * — 1 
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invariabiles; & dato angulo APM f1 relatio co-ordina- 
trum » & y definiatur æquatione quæ, preter ipſas co- 
ordinatas, ſolas involvat coefficientes invariabiles, linea 
MEH geometrica appellatur; quæ quidem auctoribus 
quibuſdam linea algebraica, aliis linea rationalis dicitur. 
Ordo autem linea pendet ab indice altiſſimo ipſius x vel 
y in terminis æquationis a fractionibus & ſurdis liberate, 
vel a ſumma indicis utriuſque in termino ubi hæc ſumma 
prodit maxima. Termini enim &, xy, y* ad ſecundum 
ordinem pariter referuntur ; termini &, **, xy*, ad 
tertium. Itaque æquatio y = ax +b, five y —ax— b=0, 
eſt primi ordinis & deſignat lineam five locum primi 
ordinis, quæ quidem ſemper recta ct, Sumatur enim 
in ordinata PM recta PN ita ut PN fit ad ap ut + a 
ad unitatem ; conſtituatur Ap paralleia ordinate pM 
æqualis ipſi + , & ducta DM parallela rectæ An erit 
locus cui æquatio propolita reſpondebit. Nam pM = 
N + NM = (a Xx AP + AD) ax ＋ . Quod ſi æqua- 
tio fit forme y = ax —b vel y = — ax +6, rea 
ab, vel PN, ſumenda eſt ad alteram partem abſciſſæ ap; 
contrarius enim rectarum ſitus contrariis coefficientium 
ignis reſpondet. Si valores affirmativi ipſius x deſig- 
nent rectas ad dextram ductas a principio abſciſſæ a, 
valores negativi denotabunt rectas ab eodem principio ad 
ſiniſtram ductas; & ſimiliter ſi valores afirmativi ipſius 
y ordinatas repræſentent ſupra abſciſſam conſtitutas, ne- 
gativi deſignabunt ordinatas infra abſciſſam ad oppoſitas 


partes ductas. 
.quatio generalis ad lineam ſecundi ordinis eſt hujus 


itorme 


* — axy + cx? 
2 by — ds — Oz 


+ „ 
B b I 


Fiege 2 
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& æquatio generalis a ad lineas tertii ordinis eſt yz _ 


ax +b x N + xx —dx + dx Te NY + of}, 
+ + = o. Et ſimilibus æquationibus definiuntur li. 
neæ geometricæ ſuperiorum ordinum. 


$ 2. Linea geometrica occurrere poteſt rectæ in tt 
punctis quot ſunt unitates in numero qui zquationis ye 
lineæ ordinem deſignat, & nunquam in pluribus. Oe. 
curſus curve & abſciſſæ ar definiuntur ponendo y = g, 
quo in caſu reſtat tantum ultimus æquationis terminus 
quem y non ingreditur. Linea tertii ordinis ex. gr. oc. 
currit abſciſſæ ar cum F — g + bx - 480 
cujus æquationis ſi tres radices ſint reales abſciſſa focabl 
curvam in tribus punctis. Similiter in æquatione gene. 
rali cujuſcunque ordinis index altiſſimus abſciflz x equal 
eſt numero qui linez ordinem deſignat, ſed nunquan 
major, adeoque is eſt numerus maximus occurſuum cur. 
væ cum abſciſſa vel alia quavis reaa. Cum autem 
æquationis cubicæ unica ſaltem radix fit ſemper reali, 
idemque conſtet de æquatione quavis quinti aut imparis 
cujuſvis ordinis (quoniam radix quævis imaginaria aliam 
neceſſario ſemper habet comitem), ſequitur lineam terti 
aut imparis cujuſcunque ordinis rectam quamvis aſymp- 
toto non parallelam in eodem plano ductam in uno ſal- 
tem puncto neceſſario ſecare. Si vero recta fit aſymp- 
toto parallela, in hoc caſu vulgo dicitur curvæ occurrete 
ad diſtantiam infinitam. Linea igitur imparis cujuſcun- 
que ordinis duo ſaltem habet crura in infinitum progre- 
dientia. Equationis autem quadraticæ vel paris cujuſ- 
vis ordinis radices omnes nonnunquam fiunt 1 IMaginariz, 
adeoque fieri poteſt ut recta in plano lineæ paris ordinis 
ducta eidem nullibi occurrat. | 


\ 3 
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5 3. Æquatio ſecundi aut ſuperioris cujuſcunque or- 
dinis quandoque componitur ex tot ſimplicibus, a ſurdis 
& fractis liberatis, in ſe mutuo ductis quot ſunt ipſius 
zquationis propoſitæ dimenſiones; quo in caſu figura 
rMH non eſt curvilinea ſed conflatur ex totidem rectis, 
quæ per ſimplices has æquationes definiuntur ut in Art. 1. 
dimiliter fi æquatio cubica componatur ex æquationibus 
duabus in ſe mutuo ductis; quarum altera fit quadratica 
altera ſimplex, locus non erit linea tertii ordinis pro- 
prie fic dicta, ſed ſectio, conica cum recta adj uncta. 
Proprietatis autem quæ de lineis geometricis ſuperiorum 
ordinem generaliter demonſtrantur, affirmande ſunt 
quoque de lineis inferiorum ordinum, modo numeri ha- 
rum ordines deſignantes fimul ſumpti numerum com- 


pleant qui ordinem dictæ ſuperioris line denotat. 


Quæ de lineis tertii ordinis (ex. gr.) generaliter demon- 
ſtrantur affirmanda quoque ſunt de tribus rectis in eodem 
plano ductis, vel de ſectione conica cum unica quavis 
recta ſimul in eodem plano deſcriptis. Ex altera parte, 
vix ulla aſſignari poteſt proprietas linez ordinis inferioris 
atis generalis cui non reſpondeat affectio aliqua linearum 
ordinum ſuperiorum. Has autem ex illis derivare non 
ſt cujuſvis diligentiæ. Pendet hæc doctrina magna ex 
parte a proprietatibus æquationum generalium, quas hic 
memorare tantum convenit. 


F 4. In æquatione quacunque coefficiens ſecundi ter- 
mini æqualis eſt exceſſui quo ſumma radicum affirmati- 


varum ſuperat ſummam negativarum; & ſi deſit hic ter- 


minus, indicio eſt ſummas radicum affirmativarum & 
negativarum, vel ſummas ordinatarum ad diverſas partes 
abſciſſæ conſtitutarum, æquales eſſe, Sit æquatio gene- 
talis ad lineam ordinis 2. 


B b 2 b 


— — _ 


* 


Fig. 3. 


ſupponatur u = y — 


dimenſiones ita ſecabit ut ſumma ſegmentorum CU) 
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yY—ax-+ 2x + b x yt + ITY ec, 
ax +2 


„ pro y ſubſtituatur plus 


valor 2 4 


ax 3 0 | ; 
2 & in æquatione transformata deerit 


ſecundus terminus 2 ; ut ex calculo, vel ex doQrin; 


æquationum paſſum tradita facile patet : & hine quo. 


que conſtat, quod per hypotheſim valor quiſque ipſius 
z minor ſit valore correſpondente ipſius y differentia 


ax +6 
7 


; unde ſequitur ſummam valorum ipſius 2 (quo- 


rum numerus eſt ) deficere a ſumma valorum ipfius y 


(quz ſumma eſt ax + 5) differentia — X n =ax 


— 


++ b, adeoque priorem ſummam evaneſcere & ſecun- 
dum terminum deeſſe in æquatione qua 2 definitur, vel 
affirmativos & negativos valores ipſius 2 zquales ſum- 
Ep EIS ax+b 
mas conficere. Si itaque ſumatur P = 8 ut 
2 
fit M = u, rectæ ex utraque parte puncti Q ad curvam 
terminatæ eandem conficient ſummam. Locus autem 


puncti Q eſt rea BD quæ abſciſſam ultra principium a 


55 * : 
productam ſecat in B ita ut AB = 2 & ordinatam AD 


iph PM parallelam in Þ ita ut fit Ap = 5 x b; ſi enim 


hæc recta ordinate PM occurrat in puncto Q, ert 


* 


PQ ad PB (ſeu - + x) ut AD ad AB vel a and n, adeo- 


= , ut oportebat. Atque hinc conſtat 


que PQ = 
rectam ſemper duci poſſe quæ parallelas quaſvis lines 


geometricæ occurrentes in tot punctis quot ſunt _ 
UuLVIS 


paral- 


— G "ER 5 . FATS 8 1 r "a 8 93 


«ay 


, oo, 


— — 2 
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parallel ex una ſecantis parte ad curvam terminatorum 
ſemper æqualis fit ſummæ ſegmentorum ejuſdem ex al- 
tera ſecantis parte. Manifeſtum autem eſt rectam quæ 
duas quaſvis parallelas hac ratione ſecat ipſam neceſſario 
eſſe quæ ſimiliter alias omnes parallelas ſecabit. Atque 
hinc patet veritas theorematis Newtonian, quo contine- 
tur proprietas linearum geometricarum generalis, notiſ- 
{mz ſectionum conicarum proprietati analoga. In his 
enim recta quæ duas quaſvis parallelas ad ſectionem ter- 
minatas biſecat diameter eſt, & biſecat alias omnes hiſce 
perallelas ad ſectionem terminatas. Et ſimiliter recta 
que duas quaſvis parallelas linea geometricæ occur- 
rentes in tot punctis quot ipſa eſt dimenſionum ita ſecat 
ut ſumma partium ex uno ſecantis latere conſiſtentium 
& ad curvam terminatarum æqualis ſit ſummæ partium 
ejuſdem parallelæ ex altero ſecantis latere conſiſtentium 
ad curvam terminatartm, ecdem modo ſecabit alias 


quaſvis rectas his parallelas. 

$ 5. In æquatione quavis terminus ultimus, five is 
quem radix y non ingreditur, zqualis eſt facto ex radici- 
bus omnibus in ſe mutuo ductis; unde ad aliam ducimur 
non minus generalem linearum geometricarum proprie- 
tatem. Occurrat recta pM lineæ tertii ordinis in M, 
n & u, eritque PM & PM X Pu = F — g xt + hy 1. 


decet abſciſſa ap curvam in tribus punctis 1, k, L; & 


a, AK, AL erunt valores abſciſſæ x, poſita ordinata 

So, quo in caſu zquatio generalis dat Fr — g + 

þx — k = © pro his valoribus determinandis, ut in 25 2. 
2 

expoſuimus. ZEquationis igitur x*— * 7 75 

tres radices ſunt Al, Ak, AL; At hæc æquatio 

cmponitur ex tribus x — Al, x — Ak, x — AL in 


B b 3 ſe 


Fig. 1. 


Fig. 4. 


Eæquationis terminus, in hoc caſu, erit fa* — g + 
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ſe mutuo ductis; eſtque x* — 2 + = * < 


* AI XF—AK X K AL 5 — X AP — Ax 


1 
X AP — AL = IP X KP * LP Z + X PM X Pn 


* Pw. Factum igitur ex ordinatis PM, Pm, pw ad 
punctum P & curvam terminatis eſt ad factum ex ſeg- 
mentis 15, KP, LP, rectæ Ap, eodem puncto & cur- 
va terminatis, in ratione invariabili coefficientis f ad 


unitatem. Simili ratione demonſtratur, dato angulo 


Ap M, ſi rectæ Ar, Pu, lineam geometricam cujuſvis 
ordinis ſecent in tot punctis quot ipſa eſt dimenſionum, 
fore ſemper factum ex ſegmentis prioris ad punctum 
2 & curvam terminatis ad factum ex ſegmentis poſ- 
terioris eodem puncto & curva terminatis in ratione in- 
variabili. 


86. In articulo præcedente ſuppoſuimus, cum New- 
ono, rectam Ap lineam tertii ordinis ſecare in tribus 
punctis 1, ki, L; verum ut theorema egregium reddatur 
generalius, ſupponamus abſciſſam Ap in unico tantum 
puncto curvam ſecare; ſitque id punctum A. Quoni- 
am igitur evaneſcente y evaneſcat quoque x, ultimus 


* 


1 
1e x er fene 7 


(fi ſumatur aa verſus p zqualis 77 & ad punctum 6 


erigatur perpendicularis ab = A * x 


27 
AP X aP* + aF =f x AP x bÞ*; unde cum PM * 
n * Pj, fit æqualis ultimo termino fo? g + hn 
ut 
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ut in articulo præcedente; erit PM Y m X Py ad 
ap x be* in ratione conſtante coefficientis F ad unita- 
tem. Valor autem rectæ perpendicularis ab eſt ſemper 
realis quoties recta AP curvam in unico puncto ſecat; in 
hoc enim caſu radices æquationis quadratice * — g x 
+ ſunt neceſlario imaginariæ, adeoque 4 fh major 
quam gg, & quantitas * 4 fh — 2 realis. Cum igitur 
recta quævis in unico puncto A ſecat lineam tertii or- 
dinis, eſt ſolidum ſub ordinatis pM, Pm, Pu ad ſoli- 
dum ſub abſciſſa ay & quadrato diſtantiæ puncti p a 
puncto dato b in ratione conſtanti. Juncta ab eſt ad 


aa, five radius ad coſinum anguli bar, ut V4 fh ad 
9 & ab = JE 2. dem vero punctum 5 ſemper con- 


venit eidem ho AP, qualiſcunque lit angulus qui ab- 
ſciſſa & ordinata continetur. | 


87. Sit it figura ſectio conica, cujus s æquatio generalis 
ſit yy — 4 5 X y + cxx—dx + e Sg o ut ſupra; & 
fi xquationis cxx — dx + e = o radices ſint imaginariæ, 
recta ap ſectioni non occurret. In hoc autem caſu 


quantitas 4 ec ſemper ſuperat ipſam dd; unde cum ſit 


| dd 
tr - du e e A n— Ka (fi ſumatur 


* = — & erigatur ab perpendicularis abſciſſe in 4 


ita ut ab = . —. — 
2c 
ſitque PM X Pm = cxx — dx + e, erit PM X Pm ad bp* 
ut c ad unitatem, Itaque in ſectione quavis conica 
ſi recta Ap ſectioni non occurrat, erit, dato angulo 
APM, rectangulum contentum ſub rectis ad punctum 
? conliſtentibus & ad curvam terminatis ad quadra- 


=c e a + ab* = * by?, 


B b 4 | tum 


Fig. 5. 
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tum diſtantiæ punCi p a puncto dato 5 in ratione con- 
ſtanti, que in circulo eſt ratio æqualitatis. Manifeſtum 
autem eſt eandem methodum adhiberi poſſe lineæ quarti 
ordinis quam abſciſſa ſecat in duobus tantum punctis, 
vel lineæ ordinis cujuſcunque quam abſciſſa ſecat in 
punctis binario paucioribus numero qui figuræ ordinem 


deſignat. 


$ 8. Hiſce præmiſſis, progredimur ad linearum geo- 
metricarum proprietates minus obvias exponendas eo- 
dem fere ordine quo ſe nobis obtulerunt. Utebamur 
autem lemmate ſequenti ex fluxionum doctrina petito, 
quodque in tractatus de hiſce nuper editi Art. 71), 
demonſtravimus ; harum tamen aliquas per algebram 
vulgarem demonſtrari poſſe poſtea obſervavimus. 

Lemma. Si quantitatibus x, y, 2, u, &c. ſimu] flu- 
entibus, ut & quantitatibus x, y, z, v, &c. fit factum 
ex prioribus ad factum ex poſterioribus in ratione con- 


2 
0 J | 


x 1 „ 2 v | . 
= = +=+ + + = Kc. Porro, brevitatis gra- 


; 5 5 - x 
ſtanti quacunque, erit= + 2 + = + = + & 
| * + = V 


tia, quantitates appellamus fibi mutuo reciprocas, qua- 


. 4 . 
rum in ſe mutuo ductarum factum eſt unitas, fic _ di- 
= | . „ „ 
cimus reciprocam eſſe ipſius x, & = ipſius y. 


$ 9. Theor, I. Occurrat rea quavis per punctum 
datum ducta linee geometritæ cujuſcunque ordinis in tat 
pundtis quot ipſa eft dimenſionum ; rectæ figuram in his 
punctis contingentes abſcindant ab alia rect poſitione data 
per idem funftum datum duct ſegmenta totidem bee 
puncto terminata; & horum ſegmentorum reciproca eu 
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dem ſemper conffcient ſummam, modo ſegments ad con- 
trarias partes e dati ſita contrariis 1 gnis Hei- 


antur. 


Sit p punctum datum, PA & ya rectæ quævis duæ 
ex p ductæ quarum utraque curvam ſecat in tot punctis 
A, B, c, &c, a, b, c, &c, quot ipſa eſt dimenſionum. 
Abſcindant tangentes Ak, BL, CM, &c. et ak, bl, cm, 
&c, a recta Ef per punctum datum 7, ducta ſeg- 
menta PK, PL, PM, &c. et Ph, Pl 225 &c. „ 


IA T Kc. = — += 71 += — + &c, 


atque hanc ſummam manere ſemper rw manente 
puncto ? & recta PE poſitione data, 

Supponamus enim rectas ABC, abc motibus ſibi pa- 
rallelis deferri, ita ut earum occurſus p progrediatur in 
recta PE poſitione data; cumque fit ſemper ay x B 
„ c Xx &c ad a Xx by Xx er in ratione conſtanti per 


Art. 5; repræſentet Ap fluxionem ipſius Ap, By fluxi- 
onem rectæ BFH, & CP, Ep, &c, fluxiones recta- 
rum CP, EP, &c, reſpectivas, ut yitetur wk _ 
bolorum u eritque ( per Art, 8) — + — 


+ 4 &e = — +3 be = += — — + Kc. = 


recta AP motu {bi We N deferatur, notiſſi- 


mum eſt ap fluxionem rectæ ap eſſe ad E fluxio- 
nem rectæ EP ut AP ad ſubtangentem PR, adeoque 


I BP EP CP EP aP 
— = —. .gimiliter — =, —, — = —, — 
AP „ BP PL CP PM af 
4 E P 37 E cp b E | EP 
= , =, & — = E, unde — +'— 
CV ß 8. 


+ 


reer 


—— — en 


Fig. 7. 
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Er „ : 
* =. wp + 1p + e, et — 


: : 8 
„„ e ++ +. 


Hzc ita ſe habent quoties puncta k, I, M, &c, et 
þ, I, n, &c, ſunt omnia ad eaſdem partes puncti p, adeo- 
que fluxiones rectarum AP, BP, CP, &c. ap, by, cp, &c, 
omnes ejuſdem ſigni. Si vero, ceteris manentibus, 
puncta quævis M et m cadant ad contrarias partes 
puncti p, tum creſcentibus reliquis ordinatis Ap, By, &c, 


neceſſario minuuntur ordinate cy & cr, earumque 


fuxiones pro ſubdititiis ſeu negativis habendæ ſunt; 


— f * | I 8 1 1 
adeoque in hoc caſu . * * 4 5 


voor ly &c, & generaliter in ſummis hiſce colligendis, 
termini ĩiſdem vel contrariis ſignis afficiendi ſunt, prout 
ſegmenta cadunt ad eaſdem vel ad contrarias partes 
puncti dati p. | 

I 10. Si recta px occurrat curvz in tot punctis p, 
E, I, &c, quot ipſa eſt dimenſionum, ſumma 75 — 


1 1 


— + ＋ &c, quam conſtantem ſeu invariatam 


PL PM | 
manere oſtendimus, æqualis erit ſummæ ſeu aggregato 
I 3 a : 
P h nn pate 1. Ve m 
75 TT wy i. e. ſummæ reciprocaru 
ſegmentis rectæ PE poſitione datæ puncto dato 2 & 
curva terminatis: in qua, ſi ſegmentum quodvis ſit 
ad alteras partes puncti p, hujus reciproca ſubducenda 


eſt, 1 
8 11. 
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$ 11. Si figura ſit ſectio conica, cui recta PE nul- 
ibi occurrat, inveniatur punctum 5 ut in Art. 7, jun- 
gatur pb, huic ducatur ad rectos angulos þd rectam 


: E 0 
pg ſecans in 4, eritque ns + —* > Eft enim 


PA X EB ad b“ in ratione conſtanti, adeoque (per | 


6 
EP ut AP ad PK, BP ad EP ut B ad PL & be ad Ep ut 


T I 2 
561 RS = 


aut. 8) Af + = 2by unde (quoniam Ar eſt ad 


$ 12. Similiter fi recta xp occurrat linea tertii or- 
dinis in unico puncto p, inveniatur punctum 5 ut in 
Art, 6, recta 64 perpendicularis in junctam be occur- 
rat rectæ EP in d, & quoniam AP Xx BÞ x ox eſt ad 


| : ; 3 MN I 
DP x br“ in ratione conſtanti (ibid.) erit = — 


9 . 3 
+ 0 37 3 Si autem Pb perpendicularis fit 


- 2 
in rectam EP, evaneſcet . 


Pd 


$ 123, Aſymptoti linearum geometricarum ex data 
plaga crurum infinitorum per hanc propoſitionem de- 
terminantur ; ez enim conſiderari poſſunt tanquam tan- 
gentes cruris in infinitum producti. Recta PA aſymp- 
toto parallela curyz occurrat in punctis A, B, &c, recta 
autem PE curvam ſecet in D, E, 1, &c, ſumatur in hac 


recta PM ita ut 77 ſit æqualis exceſſui quo ſumma 
bs _ + KPA + &c, ſuperat ſummam - + : 
eo *: 28 © v2 a PK D * 


PL 
&c, & aſymptotos tranſibit per u, fi vero æquales fint 


bz 


Fig. 8. 


Fig. 9s 


Fig. 10, 


3 — —— 


4 ——— „ ——— — — — 
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be ſummæ, crus curve parabolicum erit, uy wptets 


Fig. 11, 


Fig, 12. 


abe unte in infinitum. 

1 | 

8 14. Ad curvaturam linearum geometricarum unico 
theoremate generali definiendam, fit cDR circulus cui 
occurrant recta pR in D & R, & recta PC in & x; 
ſecet tangens cM rectam PD in M, atque manente 
recta DR, ſupponamus rectam PCN deferri motu ſibi 


ſemper parallelo donec coincidant puncta p, D, c, & 
„ A 8 I I 
quzratur ultimus valor differentis — — —. In reQa 
e 06'S > 


PN ſumatur punctum quodvis 9, occurrat qv parallela 


tangenti cu rectæ DR in v; ducatur DQ parallela 


ipſi PN. & Q (parallela rectæ eirculum contingenti 
I 


. T- 
in p) ſecet DR in v. Erit itaque — 


. cu = . CM* X PM 
8 - (quoniam DM X MR = ITT 
| V* X PM 
__ e (cum un 


ph c MR N I T FD X MR KN MD 
X Mp, ſeu ch, fit ad PM* ut f. ad pp*) = 
gV* X PM | 9 
Py* XMR X PM + 7 X Pu — X MRT X Pu 
cujus ultimus valor, ee PM & coincidentibus 


. Atque idem 


D 
qv & yv cum gy & v, eſt — r 


| PD 
in arcu lineæ cujuſyis ejuſdem curvature cum circulo 
es. | | 


; ; 5 | 
eſt valor Merits differentiz _ — ſi p & c ſint 


$ 15. Theor, Il. Ex puncto quovis p lineæ geome- 
trice ducantur due quævis rectæ DE, DA, gquarum 
utraque eam ſecet in tot punctis D, I, E, Cc, & P, A 
| By 


# 
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5, Sc, quot iſa e dimenſionum; abſcindant tangentes 
AK, BL, Ec, a recta DE ſegmenta DK, DL, &c. occurrat 
refla quavis, Q agen DT Farmen ibis DA & DE 
me & v, ſitque QM ad Dv* ut mad 1; ſumatur in 


mM 
DE redta DR ita ut 75 ægualis fit exceſſus ſummæ 


57 4 — + Sc, ſupra ſummam — + — mY Sc, S 


W "Agel chordam DR defevioins 4 DT contin- 
gens erit circulus ofculatorius, ſtue ejuſdem curvaturæ 


cum linea geometrica | p ita, ad punctum p. 


Oſtendimus enim in Art. 10. (Fig. 6) generaliter 


I I 1 1 1 
ſummam — — — + & — —— 
PK 85 PL + PM PD 5 E 


+ — + Ke, & in Art. præcedente invenimus valo- 
of 


. = . I : I - LET * 
rem ultimum differentiæ „ coincidentibus 


v2 an : 
| = —= —- #1 circulus 
DV* X DR 


ejuſdem curvaturæ cum linea geometrica ad punctum D 


punctis ?, D & c, 


a - - 
rectæ DE occurrat in x. Unde ſequitur fore — = 


. c. — Kc, ſive recipro⸗ 
+ + XC, 7 55 5 P 


3 1 
cam ipſi — X DR eſſe æqualem exceſſui quo ſumma 


reciprocarum ſegmentis puncto D & curva termi- 
natis ſuperat ſummam reciprocarum ſegmentis eodem 
puncto & tangentibus Ak, BL, &c. terminatis. Quo- 
ties autem exceſſus hic evadit negativus, chorda DR 
fumenda eſt ad alteras partes puncti p, ſemperque ad- 
hibenda eſt regula ſuperius deſcripta pro ſignis termino- 


rum dignoſcendis. Si recta DA \ bilecet angulum EDT 
| recta 
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recta pz & tangente DT contentum, theorema, ſit pays 
lo * Hoc enim in * * = DV, m = 1; 


& 55 8 exceſſui quo — + — + &c; ſuperat 


§ 16. Ex eodem principio conſequitur theorema ge- 
nerale quo determinatur variatio curvaturæ vel menſura 
anguli contactus curva & circulo oſculatorio contenti, 
in linea quavis geometrica; præmittenda tamen eſt ex- 
plicatio brevis variationis curvature, cum hæc non ſatis 
dilucide apud auctores deſcripta fit. Linea quzvis curya 
a tangente flectitur per curvaturam ſuam, cujus eadem 
eſt menſura ac anguli contactus curva & tangente con- 
tenti ; & ſimiliter curva a circulo oſculatorio inflectitur 
per variationem curvaturz ſuæ, cujus variationis eadem 
eſt menſura ac anguli contactus curva & circulo oſcula- 
torio comprehenſi. Occurrat recta TE tangenti Dr 
perpendicularis curvæ in E & circulo oſculatorio in r, & 
variatio curvaturæ erit ultimo ut Er ſubtenſa anguli 
contactus EDr fi detur or; cumque dato angulo con- 
tactus EDr ſit Er ultimo ut DT?, ut ex Art. 369, trac- 
tatus de fluxionibus colligitur, generaliter curvaturæ 


„ = Tp Er 5 0 | 
yariatio erit ultimo ut 7 Utimur circulo ad cur- 


vaturam aliarum figurarum definiendam; verum ad va- 
rationem curvaturæ menſurandam, quæ in circulo nulla 
eſt, adhibenda eſt parabola vel ſectio aliqua conica. 
Quemadmodum autem ex circulis numero indefinitis 


qui curvam datam in puncto dato contingere poſſunt; 


unicus dicitur oſculatorius qui curvam adeo intime tan- 
git ut nullus alius circulus inter hunc & curvam duci 
poſſit; ſimiliter omnium parabolarum quæ eandem ha- 


bent curvaturam cum linea propoſita ad punctum datum 
(ſunt 
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(ſunt autem hæ quoque numero infinitæ) ea eandem 
ſimul habet curvaturæ variationem, quæ, non ſolum 
arcum curvæ tangit & oſculat, ſed adeo premit ut nullus 
alius arcus parabolicus duci poſſit inter eas, reliquis om- 
nibus arcubus parabolicis tranſeuntibus vel extra vel in- 
tra utraſque. Qua vero ratione hæc parabola determi- 
nari poſſit, ex iis quæ alibi fuſius explicavimus facile in- 
telligitur. 

Sit DE arcus curvæ, DT tangens, TEE recta tan- 
genti perpendicularis, fitque rectangulum ET X TK 
' ſemper æquale quadrato tangentis DT, & curva SKF 
locus puncti k, qui rectæ Ds curve normali occurrat 
in s, quemque tangat in s recta sv tangentem Tp ſe- 
cans in v. Recta Ds erit diameter circuli oſculatorii, 
& biſecta ps in ½ erit / centrum curvaturæ; junta 
autem /, ft angulus sDN conſtituatur æqualis angulo 
ſvp ex altera parte rectæ ps, & recta p circulo 
oſculatorio occurrat in N; tum parabola diametro & 
parametro DN deſcripta, quæque rectam DT contin- 
git in p, ipſa erit cujus contactus cum linea propoſita 
in p intimus erit atque maxime perfectus ſeu proximus. 
Omnes autem parabolz alia quavis chorda circuli ofcu- 
Jatorii tanquam diametro & parametro deſcripta, & 
rectam DT contingentes in b, eandem habent curva- 
turam cum linea propoſita in puncto p. Qualitas cur- 
vaturæ a Neꝛotono in opere poſthumo nuper edito expli- 
cata eſt potius variatio radii curvaturæ; eſt enim nt 
fluxio radii curvaturæ applicata ad fluxionem curvæ, vei 
(fi R denotet radium circuli oſculatorii & s arcum curvz 


ut = Ipſa autem curvatura eſt inverſe ut radius R, 


& variatio curvature ut -, quz eſt menſura an- 
RR 
guli 


Fig. 14. 
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guli contactus curva & circulo oſculatorio content], 
Harum autem una ex alter4 data facile derivatur. Va. 
riatio radii curvature in curva quavis DE eſt ut tan- 
gens anguli DVS vel Dv/, & in parabola quavis eſt 
ſemper ut tangens anguli contenti diametro per pun- 
ctum contactus tranſeunte & rectà ad curvam perpendi- 
culari. Hæc ex theoremate ſequenti generali deduci 
poſſunt. 


§17. Theor. III. Sit 5 pundtum in linen quavis 


geometrica datum, occurrat DS diameter circuli oſcula- 
torii per D ducta curve in tit pundtis D, A, B, Cc, 


quot 27 eft dimenſionum; ducatur DT curvam contin- 
gens in Db, que curvam ſecet in punctis 1, Sc. binaris 
pauctoribus, & occurrat tangentibus AK, BL, Cc, in 
k, L, Ce, eritque variatio curvature, ſive menſura an- 
guli contactus curva & circulo oſculatorio comprehenſi, di- 
recte ut exceſſus quo ſumma reciprocarum ſegmentis tan- 
gentis DT puncto contactus D & tangentibus AK, BL, 
&c, terminatis ſuperat ſummam reciprocarum ſegmentis 
eodem 12275 & curva N & . ut radius 
I 


* - Ds DE T DL F DI 
Oc. 


Ducatur enim recta p, curvam ſecans in e, i, &c, 
circulum oſculatorium in R; ſitq ue angulus &#DT quam 
minimus ; hujus ſupplementum ad duos rectos bifecetur 
recta Dab, que lineæ geometricæ propoſttæ occurrat 
iu punctis D, a, ö, &c, & ductæ tangentes ah, bl, &c, 
ſecent rectam pꝰ in punctis &, I, &c, eritque per pro- 


pofiti Ld DS 
poſitionem præcedentem 5 = — wry 


1 Re 1 
, &c. Und — — — (ive = 
* DR pe (i DR X De Dz 
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11 .. — &c. Proinde coincidentibus rectis 


D* D | 
p & bk, ſeu evaneſcente angulo E, erit ultimo 
3 1 I . 
æqualis — — — — — — &c. Sit err per- 
DR X De en DL 


pendicularis tangenti in 7, atque occurrat circulo oſcu- 
latorio in r; cumque fit re ultimo ad Re ut er ad pe, 


, - Re re re X DS 
erit ultimo = = - ſive 
d DR X DT 
re X DS | IE 5 
. Menſura autem anguli contactus rDe curva 
DT 
& circulo oſculatorio contenti, ſive variatio curvaturæ, 
re I „„ l x 
—— adeoque ut — x — — — — — &c 
eſt ut DT3 q Ds v5: we DL of 


U 


18, Variatio autem radii curvaturæ, five hujus qua- 
litas a Newtono deſcripta, ex priori facillime colligitur. 
Junctis enim sI, sk, SL, &c. erit hæc variatio radii oſ- 
culatorii ut exceſſus quo ſumma tangentium angulorum 
DKS, DLS, &c. ſuperat ſummam tangentium angu= 
lorum Dis, &c. Creſcit autem curvatura a puncto p 
verſus e, & minuitur radius oſculatorius, quoties arcus 
De tangit circulum oſculatorium DR interne, vel cum 


I 1 | 1 1 
— + — + &c ſuperat — + &c, at contra minui- 
DK DL 21 : 


tur curvatura a p verſus e, & augetur radius circuli 
oſculatorii, quoties arcus curve pe tangit arcum circu- 
larem externe vel tranſit intra circulum & tangentem 
adeoque cum DR fit ultimo minor quam De vel eum 


1 1 9 1 
5 + &c ”_ * 5 + &c, 


§ 19. Sumatur igitur in tangente DT recta p ita ut 


33 I & I 5 
5 „ + & — 5 &c, jungatur ſv, 


Te | conſtitu- 


Fig · 15. 
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conſtituatur angulus sDN æqualis Dv/, atque occurrat 
recta DN circulo oſculatorio in N; & parabola diame. 
tro DN deſcripta, cujus parameter eſt D, quzque rec. 
tam DT contingit in D, eandem habebit variationem 
curvature cum linea geometrica propoſita in puncto p. 
Ex iiſdem principiis alia quoque theoremata deducuntur, 
quibus variatio curvaturæ in lineis geometricis genera- 
liter definitur. 


$ 20. Ut hæc theoremata ad formam magis geome. 
tricam reducantur, lemmata quædam ſunt præmittenda, 
quibus doctrina de diviſione rectarum harmonica am- 
plior & generalior reddatur. In recta quavis PI, ſump- 
tis æqualibus ſegmentis DF & rr, ducantur a puncto 
quovis v quod non eſt in rectà p1 tres rectæ vD, vr, 
VG, & quarta vL ipſi D1 parallela, atque he quatuor 
rectæ, a Cl. D. De la Hire, Harmonicales dicuntur, 
Recta vero quævis, quæ quatuor harmonicalibus oc- 
currit ab iiſdem harmonice ſecatur. Occurrat rea 
DC harmonicalibus vp, vr, vo, & vl in punctis p, 4, 
B, c; eritque DA ad DC ut AB ad Bc. Ducatur enim 


per punctum A recta MAN ipſi D1 parallela, quæ oc- 


currat rectis vo & vG in M & N; & ob zquales DF 
& FG, æquales erunt MA & Ax. Eft autem Da ad 
DC ut AM (five An) ad vc, adeoque ut AB ad BC. 
Manifeſtum eſt rectam, quæ uni harmonicalium pa- 
rallela eſt, dividi in æqualia ſegmenta a tribus reli- 
quis. Occurrat recta Ba parallela ipſi ve reliquis 
VG, VC, vp in B, k, & E; eritque VK ad KB ut FG 
(vel pr) ad vr adeoque ut vx ad KH, & proinde 
BK = KH. 


$ 21. Hine ſequitur, fi recta quævis a quatuor rectis 


ab eodem puncto ductis ſecetur harmonice, aliam quam- 
| | vis 
/ 


ISO 
ao 3 md Www [| co 
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vis rectam quæ his quatuor rectis occurrit harmonice 
ſecari ab iifdem z eam vero quæ parallela eſt uni qua- 
tuor rectarum in ſegmenta æqualia dividi a tribus reli- 
quis. Sit DA ad DC ut AB ad Bc, jungantur va, 
vB, VC, & vp; occurrant rectæ MAN, DFG iph vc 
parallels rectis vp, VA, & vB in M, A, N & p, 
7, C; eritque MA ad VC ut DA ad DC, vel AB ad 
BC, adeoque ut AN ad ve; MA = AN, & DF 
= FG, &, per præcedentem, recta quævis quæ ipſis 
yo, VA, VB, Ve occurrit harmonice ſecabitur ab 
iiſdem. | 

$22. Ex puncto p ducantur duæ rectæ DAC, Dac 
rectas VA & vc ſecantes in punctis a, c atque a, c; 
junctæ Ac & ac ſibi mutuo occurrant in Q, & ducta 
vQ harmonice ſecabit rectam Dc vel aliam quamvis 
rectam ex puncto Þ ad eaſdem rectas ductam. Secet 
enim v rectam AC in B, & per punctum Q ducatur 
recta MN parallela ipſi Dc, quæ occurrat rectis Da, 
vA & vc in punctis M, Rx, & N; cumque fit MR ad 
MQ ut DA ad Dc, & Md ad MN in eadem ratione, 
erit quoque R ad N ut DA ad Dc. Sed RQ eſt ad 
Gut AB ad Bc, Quare Da eſt ad Dc ut AB ad Bc. 
Hæc eſt Prop. 20ma, Lib. I, ſectionum conicarum Cl. 
De la Hire. 


§ 23. Sit DA ad De ut as ad BC, —_ T 
zqualis ſummæ vel differentiæ ipſarum — & — 
DA DC 

prout puncta a & e ſunt ad e vel contrarias partes 
puncti p. Sint imprimis puncta A & c ad eaſdem partes 
puncti p, cumque fit DA X BC = DC X AB, i. e. DA X 
DC — DB = DC * DB — DA, vel DA X DB — DC 


& DC * DA — DB erit 2DA X Bc = DA X DB + 
Ce 2 De 


Fig. 16. 


n. I. 


by , 
— — — 
2 py 


— — 8 bs 3 — 2 3 — S AM — 2 8 n — 2 
SK — AA AA Ä — Ba 8 ä 
Þ . 4 —_—_ 2 2 r 2 5 N 32 KIM — 
28 . — 5 A * A nk hath oe ME — 2 =D : - — 
5 — S e | — — —_ 
= A —_ 4 V4 7 8 . — A $ 


2 


7 * bs; * 
n t. : 
r 2 


r 


— ESY, 


3 


9 — 


XD E SF 


* — . ————— — I —— —————y — 
x © 


n. 2 & 3. 


ee art 2 
DB + DC = DC X DB — DA, adeoque — = — 
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DC X Dr. adeogue == + : Sint 5 
5 ; q py 7 DA. Pe nunc 


puncta A & c ad contrarias partes puncti p, eritque 


vel DA X DB — DC =-DC X DB + Da, vel DA x 
| 1 


DB de 
r eum puncta B & c ſunt ad eaſdem partes puncti 


| 4 
D, vel — = — — Tm quoties puncta A & B ſunt 


DB pA 
ad eaſdem partes puncti p. Si igitur, datis puncto 5 
& rectis vr & vc poſitione, ducatur ex puncto p recta 
quzvis illis occurrens in punctis A & c, & in eadem 


EF, 5 1 1 
recta ſumatur ſemper DB ita ut 5 = F 57 7 50 


N * 8 . oO I | I oo 0 0 
ubi ſupponitur terminos — & — iiſdem vel contrariis 
. DA DC 


fignis afficiendos eſſe prout puncta A & c ſunt ad eaſ- 
dem vel contrarias partes puncti D, erit locus pundti 3 
ipſa harmonicalis vo quz rectam pro rectæ vc pa- 
rallelam ſecat in 6 ita FG = DF; quzque tranſit per 
punctum Q ubi (ductaà pac que iifdem reQis vr & 
VC occurrat in à et 0) JO Ac et ac ſe mutuo de- 
euſſant. | | 


§ 24. Si in recta Da ſumatur ſemper Db ita ut 
I I I | 
r —— C 
„ „ 5 ducatur DF parallela rectæ v 
quz rectæ vr occurrat in r, & DH parallela rectæ vr 
quæ rectæ vc occurrat in H, & ducta 3 HF 

2 

erit locus puncti b; nam ex hy potheſi 5 2555 


DB = 25; adeoque cum vo ſit locus puncti E erit 


punctum Pg ad rectam Hr, fi puncta a & c fint ad 


eaſdem 


wo | Had — a 0 
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eaſdem partes puncti D. Si autem ſupponatur 7 = 


. conſtructio inſerviet pro determi- 
Dpa DC 
nando puncto 5, fi ſubBituatur loco rectæ vc alia vc 


rectæ vc parallela ad æqualem diſtantiam a puncto D D 
ſed ad contrarias partes. 


§ 25. Ex puncto dato Þ ducatur recta quævis DM 
quæ tribus rectis poſitione datis occurrat in punctis A, 


a I I 
c, E; & ſumatur ſemper DM ita ut 5 + 


— + 57 — ( ubi termini ſunt contrariis ſignis afficiendi 
quoties "ett 'DA, DC on DE ſunt ad contrarias partes 


puncti p); ſupponatur — — 1 — = = eritque L 
ad rectam poſitione Py 25 præcedentem; adeoque, 
eum ſit _ = — + —, erit punctum M ad poſi- 
tione datam, per eandem. Compoſitio autem proble- 
matis facile ex dictis perficitur. Sint va, ve & vE 
tres rectæ politione datz, & compleatur parallelogram- 
mum DFVH, ducendo DF & DH rectis vc & vr re- 
ſpective parallelas, & occurrat recta ve diagonali in 
v; deinde compleatur parallelogrammum pfob ducen- 
do rectas Pf & ph rectis vE & Hr parallelas quæ 
rectis HE & ve occurrant in punctis F & ; & diago- 
nalis Ferit locus puncti x. Occurrat enim recta DA 
rectis HF & H in L & M; eritque, ex præcedentibus, 
I I I I „ 
3 „ Alia conſtructio 
ex Art. 22 deducitur. | i 


Ce 3 - I 26, 
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2 9 n . 
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: 9 26. Recta quævis ex puncto dato p ducta occut- 
rat rectis poſitione datis in punctis A, B, c, E, &c. et in 


| | I I I 
hac recta ſumatur ſemper — = — F — + | 


I . ; 
＋ 5 &c, eritque locus puncti M ſemper ad reqqam 


poſitione datam. Demonſtratur ad modum præce. 
dentis. * 


Fig. 18. $ 27. Theor. IV. Circa datum punctum p revoluatur 
3 recta PD que occurrat linee geometricæ cujuſcunque u. 
dinis in tot punts D, E, I, Oc, quot ipſa eft dimm 

fionum, & fi in eadem recta ſumatur ſemper PM ita ut 


t 1 1 1 57 
— = — . —  — r Cc, (ubi ſigna terminorun 
D TTC (Abi fig 


regulam ſepius deſcriptam obſervare ſupponimus) erit h. 
cus puncti M linea rgfta. 

Ducatur enim ex polo p rea quævis poſitione data 
PA, quæ curvæ occurrat in tot punctis A, B, c, &, 
quot ipfa eſt dimenſionum. Ducantur rectæ AK, BI, 
c curvam in his punctis contingentes, quæ occurrant 
rectæ PD in totidem punctis k, L, N, &c, et per 


1 1 1 1 I 
| TE Tax Om RM ue © vs 


I 1 o 8 
* &c. Unde 8 æqualis eſt huic ſummæ, cum- 
| wo 7-2 ; 


que poſitione detur recta Pa, & maneant rectæ AK, BL, 
CN, &c, dum recta pp circa polum Þ revolvitur, erit 
punctum M ad lineam rectam, per articulum præce- 
dentem ; quz per ſuperius oſtenſa ex datis tangentibus 
| | AK, BL, &c, determinari poteſt. 


| $ 28. Sicut recta pm medium eſt harmonicum inter 
NT 1 : 
duas rectas pD & PE, cum — = — + — ; fim- 
| | 1 PE 
| liter 
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liter pm dicatur medium harmonicum inter rectas quaſ- 
libet PD, PE, PI, &c, quarum numerus eſt zz, cum 
1 3 5 1 

— = + ＋ r &c. Et ſi ex puncto dato 
p rea quævis ducta lineam geometricam ſecet in tot 
punctis quot ipſa eſt dimenſionum, in qua ſumatur ſem- 
per m medium harmonicum inter ſegmenta omnia ductæ 


ad punctum datum y & curvam terminata, erit punctum 
| : : 1 72 c 
ineam. Erit enim — = — adeoque 
m ad rectam lineam 0 8 9 


pm ad PM ut # ad unitatem; cumque punctum M fit 
ad rectam lineam, per præcedentem, erit zz quoque ad 
rectam lineam. Atque hoc eſt theorema Coteſii, vel 
eidem affine. 


§ 29. Sint a, 5, c, d, &c, radices æquationis ordinis 
n, v ultimus ejus terminus quem ordinata ſeu radix y 
non ingreditur, P coefficiens termini penultimi, M me- 


0 o » . 1 4 I 
dium harmonicum inter omnes radices, ſeu * — 


E RS 7 + &c. Cum igitur ſit v factum ex 


* 1 a, b, c, &. in ſe mutuo ductis, ſit- 
que P ſumma factorum cum radices omnes una dempta 


0 : v 
in ſe mutuo ducuntur, erit p = = + + + = + E 
a b c 4 


. 


uv E 
Te = —, adeoque M = — Sic, ſi æquatio 


ſit quadratica, cujus radices duæ fint a et 5, erit 


2ab 3 5 . 
* 2 7 (aſſumpta æquatione generali ſectionum 


2 cxx - 24x + 2e 
LIM 
ax — 5 


#quatione cubica cujus tres radices ſunt a, b, c, erit 
3abe' | 


ab + ac + be 


conicarum Art, 1 propoſita) = 


(11 aſſumatur æquatio gene- 
C0 4 ralis 
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ralis linearum tertii ordinis ibidem propoſiti) = 


af x? — 32x* + 35 — 3& 


cxax—dx+e 


§ 30. Occurrant rectæ quævis duz mn & py, ex 
puncto p ductz, lineæ geometricæ in punctis p, E, 1, 
&c, et d, e, i, &c, ſitque pm medium harmonicum 
inter ſegmenta prioris ad puntum p & curvam termi. 
nata, & Pu medium harmonicum inter ſegmenta ſimilia 
poſterioris rectæ; juncta um occurrat Hbiciſle ap in ;, 


= uv | 3 | 
eritque PH = —, vel PH ad Pm ut P ad -. Secet 
V * 


enim abſciſſa curvam in tot punctis B, c, F, &c, quot 
pſa eſt dimenſionum; cumque ultimus terminus æqua- 
tionis (i. e. v) fit ad B x c X FP Xx &c, in rations 


IRS SOLE.  DNIIIs  - = &c adeoque — 

v pF © ce © er l 4 a. 
CC 8 58 8 uVx ( . 
— — — Py "2 9 1 
CP 88 FP 5 A 5 ; v q 2 855 


uv | Px . : 
recta PM = — = Pm Xx —, In ſectionibus coni- 
| v 5 
cis eſt PH ad pm ut ax — h ad 2cx — 4; & in lineis 
tertii ordinis ut xx — dx + e ad 3fxx — 2gx +). 


§ 31. Si deſideretur propoſitionis præcedentis demon- 
ſtratio ex principiis pure algebraicis petita, ea ope ſe- 
quentis Lemmatis perfici poterit. Sit abſciſſa ay = 
ordinata PD = y, ultimus terminus æquationis lineam 

97 | q 

geometricam definientis y = Ax" + Bu" + oxy 
+ &c, penultimi coefficiens P = ax" + bx" + 
* + &c; et ſit Q quantitas quæ formatur du- 


cendo terminum quemque quantitatis v in indicem ip- 
| | ſius 
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ſius x in hoc termino & dividendo per &, i. e. fit 
Q= nag + n—1X BY? + n—2 x C3 


+ &c, (quz ipſa eſt quantitas quam — dicimus.) Du- 
* 
catur ordinata Dp quæ angulum quemvis datum ApD 
cum abſciſſa conſtituat, ſintque rectæ Pp, pp et rp ut 
datæ l, r et &; dicatur pD , Ap = 2, & tranſmute- 
tur æquatio propoſita ad ordinatam & abſciſſam z ; & 
æquationis novæ, cum fit s = ar, terminus ultimus 
v erit æqualis ipſi v, penultimi autem coefficiens p erit 


& + pl 
æqualis 4 = . | 
Cum enim ſited (= y) ad pD (= a) ut / ad x, erit 
Is | | | 
= =; lit autem Pp ad pp (= z) ut & ad x, erit 


| hu i 
Pp = mm AP.-= x = Ap K Pp = 2 + His 
2 F | 

autem valoribus pro y et x ſubſtitutis in æquatione pro- 
poſita lineæ geometricæ, prodibit æquatio relationem 
co-ordinatarum 2 et 1 definiens. Ad hujus ultimum 
terminum v & penultimum px determinandum, ſufficit 
hos valores ſubſtituere in ultimo v, & penultimo Py, 
æquationis propoſitæ, atque terminos reſultantes colli- 
gere in quibus ordinata 2 vel non reperitur, vel unius 
tantum dimenſionis; horum enim ſumma dat pu, il- 


lorum v. Subſtituatur pro x ipſius valor z + 3 
FP 4 


. 77 ann | cm 2, 
quantitate v vel Ax» + Bx + cx" + &c, et 
1 AR ku 


termini reſultantes az” r — + 32 ˙*—1 4 
* ; : 
. | cz 03 
r 


&, ſoli ad rem faciunt de qua nunc agitur. Subſtitu- 


. . ; 7 / 
atur deinde pro x idem valor, & pro y ipſius valor _ 


* 
0 


5 in 
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in quantitate py A ＋ bx 0 + c s + & + & 
* y; & termini reſultantes ſol: 


2 — 4 525 —2 + c2"—3 ＋ &c X = ſunt nobis re 


tinendi. e nunc æ = x, & ſumma priorum 


— „& 8 ſumma = wo 
Fr 


fit æqualis v = 
Unde 1 eſt ultimum terminum æquationis 
5 + C 

＋ 


novæ o = v, & penultimum pu = * 1. 
§ 32. Sit nunc pm medium harmonicum inter ſeg. 
menta PD, PE, PI, &c, et Pi medium harmonicum 
inter ſegmenta Pd, Pe, Pi, &c, ut in Art. 30; juncta 
um ſecet abſciſſam in H; & ſupponamus py ordinatæ 
pn parallelam eſſe. Ducatur ws abſciſfe parallela, que 
rectæ Pm occurrat in 5; eritque Ps ad Py ut Pp ad 
pp vel ut I ad r, et ws ad Pu ut ad r, Cumque fit 


* ** 15 (per Articulum præcedentem) = ——, erit 


el + q4 
n. rn K r. ＋ & = 4 £m 
* JJ 
„ Eſt autem ms ad 54 ut Pm ad PH, i. e. 
P X Þ/ = qt | 
uv nv 


ut pm ad PH; adeoque Q 


. a 
1 * A PEQ 
ad p ut pm ad PH, vel PH = = Pm N = vel =, Cum 


igitur valor rectæ vn non pendeat a quantitatibus, , 4 
et 7; ſed, his mutatis, fit ſemper idem, erit punctum 
FN ad rectam poſitione datam, ut in Theor. 4 aliter 
oſtendimus. Quin & valor rectæ pr is eſt quem in 
Art. 29 alia methodo definivimus; & recta Hm omnes 
rectas ex Þ ductas ſecat harmonice, ſecundum defini- 


tionem 
* 
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tionem ſectionis harmonicæ in Art. 28 generaliter pro- 
poſitam. 


MN KN MEM NN MMA 


TECTID 16 
De Lineis ſecundi ordinis, ue ſectionibus 


conicis. 


§ 33. X iis quæ generaliter de lineis geometricis 

in ſectione prima demonſtrata ſunt, ſponte 
fluunt proprietates linearum ſecundi, tertii, & ſuperi- 
orum ordinum. Quæ ad ſectiones conicas ſpectant 
optime derivantur ex proprietatibus circuli, quæ figura 
baſis eſt coni. Verum ut uſus theorematum præceden- 
tium clarius pateat, & figurarum analogia illuſtretur, 
operæ pretium erit harum quoque affectiones ex premiſſis 
deducere. Doctrina autem conica de diametris, earum- 
que ordinatis (quibus parallele ſunt rectæ ſectionem 
contingentes ad vertices diametri) & de parallelarum 
ſegmentis quæ rectis quibuſcunque occurrunt, & aſymp- 
totis, tota facillime fluit ex iis quæ Art, 4 et 5 oſtenſa 


ſunt. 


* 


$ 34. Rectæ AB & ro ſectioni conice inſcriptæ 
occurrant ſibi mutuo in puncto Pp; ductæ AK, BL, 
FM, GN ſectionem contingentes occurrant rectæ PE, 
per r ductz in punctis k, L, M, N; eritque ſemper 
I 4: I | 
* — (ii recta PE curvæ occurrat 
. „ 1 3 
in punctis d & E) = + - tis aute 
p E) 3 dank autem 


x 


Fig. 21. 


Fig. 22. 


Fig. 23. 
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que ſunt ad eaſdem partes puncti p eadem præponuntur 


ſigna; iiſque quæ ſunt ad oppoſitas partes puncti p 
ſigna præponuntur contraria. Hine ſi biſecetur p; in p, 
& ex puncto p ducatur rea quævis ſectionem ſecans 
in punctis A et B, unde ducantur rectæ AK et BL curvam 
contingentes quæ rectam DE ſecent in k et L; erit 
ſemper PK = PL. Quod fi DE ſectioni non occurrat, 
ſitque ? punctum ubi diameter quæ biſecat rectas ipſi 
DE parallelas eidem occurrit; erit in hoc quoque caſy 
r. 5 


$ 35. Concurrant rectæ AB et FG ſectioni conice 


inſeriptæ in puncto p; ducantur rectæ ſectionem con- 


tingentes in punctis A et F quæ ſibi mutuo occurrant 


in k, & juncta PK tranfibit per occurſum rectarum 


quæ ſectionem contingunt in punctis B et G. Si enim 


recta PK non tranſeat per occurſum rectarum ſeQio- 


nem tangentium in B et 6, huic occurrat in & illi in L; 


I I I I 
cumque — F — =— F r per præcedentem, erit 


PL = PN; & coincidunt puncta Let N contra hy- 
potheſin. 


$ 36. Eadem ratione patet rectas aG et BF ſibi 
mutuo occurrere in puncto rectæ LEK; adeoque 
puncta p, k, 2, L eſſe in eadem recta linea. Hine 
datis tribus punctis contactus A, B, et , cum duabus 


tangentibus AK et FRE, ſectio conica facile deſcribitur. 
Revolvatur enim recta Kk p circa tangentium occur- 


ſum k ut polum, quæ occurrat rectis AB et FB in 
punctis P et 2; & qunctæ Arr, FP occurſo ſuo 6 
deſcribent ſectionem conicam que tranſibit per tria 
puncta data A, B, F & continget rectas AK et Fk in 
A et t. 


$ 37. 


ent — — 8 
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S 37: Cæteris manentibus, occurrant rectæ AF et BG 
ſibi mutuo in puncto p, tangentes AK et BL in R, atque 
tangentes Fk et GL in ; & puncta R, x, Cet p erunt 
in eadem recta linea; ſimiliter occurrant tangentes AK 
et Qin n; tangentes BR et Fk in n; et puncta p; 
m, u, p erunt in eadem recta linea. Demonſtratur ad 
modum Art. 35. | | 


$ 38. Hine datis quatuor punctis contactus, a, B, , 
cum unica tangente AK, occurſus rectarum AB et FG, 
AF et BG, atque AG et BF, dabunt puncta p, p, et 23 
junctæ autem Pp, Pr, et pr ſecabunt tangentem datam 
A in tribus punctis n, K et R unde ductæ m, FK, RB 
ſectionem conicam contingent in punctis datis 6, F 
et B. 1 | 


$ 39. Datis quatuor tangentibus RK, Kq, QL, LR 
et unico puncto contactus A, occurſus tangentium RK 
et LQ, LR et QK dabunt punQa m et n. Jungantur 
LK et um; & occurſus rectarum LK et RQ, LK et nm, 
RQ et nm, dabunt puncta , P et p; junctæ vero PA, 
rA et, pa ſecabunt tangentes RL, & et QL in pundctis 
contactus B, G et F. N 


FS 40. Datis quinque punctis contactus A, B, F, G, 
et ff, junctæ GF et Gf rectæ AB occurrant in punctis P 
et x; junctæ AF et A occurrant rectæ BG in p et &; & 
junctæ Pp, Xx occurſu ſuo dabunt punctum u; unde 
ductæ mA et mG ſectionem conicam tangent in A et G; 
& ſimiliter determinantur rectæ quæ curvam contingent 
in punctis reliquis B, F et F. 


§ 41. Dentur quinque rex ſectionem conicam con- 
tingentes, VK, K Q, GI., Lu, et uV; occurſus tangen- 
tium YK et LA dabit punctum ; occurſus tangentium 


2 


f | " 


Fig. 25. 


Fig. 26, | 


N. 2. 
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KQ et Ly dabit punctum ; jungantur mn, Lk, vl. et 
mu; recta Lk ſecabit rectam mn in P; & recta Ly ſe. 
cabit ipſam mu in x; juncta autem Px ſecabit tangen- 
tes vk et 4L in 1 ch contactus A et B. Similiter re. 


liqua puncta contactus determinantur. 


* 


§ 42. Datis tribus tangentihus AR, Bk, et Rl, cum 


duobus punctis contactus A et B, facillime determinatur 


tertium, per Art. 35. Occurrat enim tangens RI re- 
liquis tangentibus in R et L, atque junctæ AL et Bk, fe 
mutuo decuſſent in =, juncta kx ſecabit tangentem Rl. 
in tertio puncto contactus F; & ſectio conica deſeribi 
poteſt ut in Art. 36. | 


$ 43. Dentur quatuor tangentes KQ, QL, LR, & 


RR cum unico puncto p ſectionis conicæ quod non ſit 


in aliqua quatuor tangentium. Inveniantur puncta p, 
pet v ut in Art. 39. Jungantur pp, pp, et ap; et 
ducta z rectæ pp parallela occurrat rectæ RO in 2; 
& bifariam ſecetur PZ in s; & ducta ps ſecabit rectam 
PD in E puncto curve; vel occurrat PD rectæ x in 
x, et (per Art. 23) ſecetur pp harmonice in z et k. 


Ducta autem Dx ſecabit junctam pE in e, et Ex ſecabit 


ipſam pp in 4, ita ut hæc quoque puncta d, e ſint ad 
curvam. 


I 44. Ex puncto x ducantur duæ tangentes ad ſec- 


tionem conicam in A et B; ex puncto A ducantur 


rectæ duæ AF et AG ie occurrentes in F et G; 
juncta BG ſecet AF in p, et juncta BF ſecet rectam A 
in 7; eruntque puncta p, Kk, x in eadem recta linea, per 


Art. 36. 


Verum propoſitio hzc generalior eſt. Si enim 2 
puncto quovis K ducantur duæ rectæ k Aa, KBb ſec- 
| | tionem 
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tionem ſecantes in punctis a, a et B, 6; et ex punctis 
a et à ducantur rectæ ad ſectionem AF et as; juncta 
autem BF ſecet aG in p, & ducta bs ſecet Ar in æ, 
erunt puncta p, k, in eadem recta linea; quod variis 


modis alias demonſtravimus, unde expeditam methodum 


olim de duximus ſectionem conicam deſcribendi per 
data quævis quinque puncta. Sint A, a, B, b, et F 
puncta quinque data; concurrant rectæ aa et Bb in k; 
jungantur AF et BF ; revolvatur recta Px circa polum 
x) quæ occurrat his rectis in æ et ; et ductæ a, br 
concurſu ſuo 6 ſectionem deſcribent. 

$ 45. Sit v punctum datum extra ſectionem coni- 
cam, _—_ ducta 19 ſectioni occurrat in p et E; 
et fi * 7 — — Exit M ad lineam rectam AB que 

PM PD 

ſectioni occurrit in ns A et B, ita ut ductæ PA et 
?B, erunt contingentes ſectionis. Si vero punctum 5 
ſit in medio e rectæ AB intra ſectionem, ſitque 


LEES. 
= = — 7 * locus puncti m erit recta ab per Þ 
ducta ipſi AB parallela. Tangentes ad puncta p et E 
ſemper concurrunt in recta AB, et tangentes ad puncta 


d et e in recta ab. 


$ 46. Contingat recta DT ſectionem in p, unde du- 
cantur duæ quævis rectæ DE et DA, quæ ſectioni oc- 
currant in E et a, Occurrat DE rectæ A ſectionem 
contingenti, in K; et ductæ EN, KM tangenti DT pa- 
rallelæ ſecent DA in N et Ma, ſumatur in recta pe, 
DR ad EN ut KM ad KE, & circulus ejuſdem cur- 
vaturæ cum ſectione in p tranſibit per Rx. Nam per 


ä * 1 I KE ; 
| DV” X DR DE DK DE X DK 


» DR 


Fig. 28, 


Fig, 29. 
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DE: M-DE y? 
pr = 2 * N 
KE 


(quoniam Qy : Dy :: Ku: 
KM X EN 


t fuer; 
2 Qu fuerit tan. 


gens Ak parallela rectæ DE, (i. e. fi DE ſit ordinata dia- 


2 


- . N 3 | EN 
metri per 4 tranſeuntis) erit DR = —, vel ps ad pg 


in n 


ut EN* ad DE*; ut alibi demonſtravimus Art, 373 


tractatus de fluxionibus. Si in hoc caſu DE ſit diameter, 
„EN“ | a , . 
erit ——, adeoque DR, æqualis parametro diametri px; 


ut ſatis notum eſt. 


$ 47. Ducantur rectæ DT, DE, quarum prior ſeQio- 
nem conicam contingat in D, poſterior eidem occurrat 
in FE, Ducatur DA quæ biſecet angulum EDT et ſec- 
tioni occurrat in A; jungatur AE, cui occurrat in v 
rea Dy parallela rectæ quæ curvam contingitin az et 
ducts VR parallela rectæ Da, hæc ſecabit DE in R uhh 
circulus oſculatorius occurrit rectæ DE; eritque DR 
diameter curvature ſi angulus EDT fit rectus. Erit 
enim vx ad AD ut ER ad DE, et ut DR ad pk; unde 


I I I 
DR ad DK ut DE ad EE, adeoque — = — — —, ut 
DR. *- a8 DK 


oportebat, per Art. 15. Si autem fit tangens Ak paral- 
lela rectæ DE (quo in caſu tangentes AK et DT æquales 
conſtituunt angulos cum recta pA quæ proinde perpen- 


dicularis eſt axi figuræ) coincident puncta R et E, & 


circulus oſculatorius tranſibit per punctum E. Sequitur 
quoque ex dictis rectas EK, DE, et ER eſſe in 8 


; geometrica. 


$ 48. Occurrat recta quævis DE ſectioni conicæ in 
D et E, concurrant rectæ curvam contingentes ad p et E 


9 ä a IN 
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in puncto v. Sit po diameter per p curvæ, & fi 
conſtituatur angulus DVvr = Epo, erit DR (= 2 ) 
chorda circuli oſculatorii. Ducatur enim AK ſectionem 
contingens quæ rectæ DE occurrat in k, et tangtnti 
Ev in Z; ducatur EN parallela tangenti DT rectam 
DA ſecans in x; cumque fit DR ad KA ut EN ad EK; 
ſitque KZ (= ZaK) ad EK ut vp ad DE, erit vp ad 
DE ut ZDR ad EN; adeoque triangula DVvr et EDN ſimi- 


lia et angulus pvr æqualis angulo EDo. Hanc me- 


thodum determinandi circulum oſculatorium demonſtra- 
vimus in tractatu de fluxionibus, Art. 375, ſed non adeo 
breviter. 


$ 49. Variatio curvaturz, five tangens anguli con- 
tactus ſectione conica & circulo oſculatorio comprehenſi, 
eſt directe ut tangens anguli contenti diametro quæ per 
contactum ducitur & normali ad curvam, & inverſe 
ut quadratum radii curvaturæ. Sit enim DR diameter 
curvature, & hæc variatio ad punctum p erit. Quod fi 


1 
recta ut r Art. 17; adeoque, cum fit Dy ad 
0 DR X DV, * 75 Jes 
EN 
dr ut DE ad EN, ut * Variatio autem racks 


curvaturz eft ut tangens anguli EDO. Quod ft recta 
po circulo oſculatorio occurrat in z, parabola diametro 
& parametro pn deſcripta, quzque contingit rectam p 
in D, ea erit cujus contactus cum ſectione eſt intimus, 
per Art. 19. 


$ 50. Cæteris manentibus, ex puncto v ducatur recta 
YH circulum. oſculatorium contingens in EH; jungatur 
HD, cumque fit angulus RDH complementim an- 
guli pry ad rectum erit RDHn = Dvr = EDO; 
adeoque variatio radil curvature erit ut tangens anguli 


12 5 D d * 5 RDH; 


Fig. 32. 


Fig. 32. 
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RDH ; & coincidentibus rectis DR et DH variatig 
evaneſcit. | 


MN N NNNNNNENNNNNNMNNM NN 
i . 
De Tineis tertii Ordinis. 
§ 51, E lineis tertii ordinis five curvis fecundi 
generis, uberius nobis agendum eſt, Doc- 


trinam conicam, variis modis uſque ad. faſtidium fere, 
tractarunt permulti. Hanc autem geometriæ univer- 


ſalis partem, pauci adtigerunt; eam tamen nee ſteri- 


lem eſſe nec injucundam ex ſequentibus, ut ſpero, 
patebit, cum præter proprietates harum figurarum a 
Newtono olim traditas, aliæ ſunt plures geometrarum 
attentione non indigne, Oftendimus ſupra, rectam ſe- 
care poſſe lineam tertii ordinis in tribus punctis, quo- 
niam æquationis cubicæ tres ſunt radices, quæ omnes 
reales eſſe poſſunt, Recta autem quæ lineam teriii 
ordinis in duobus punctis ſecat, eidem in tertio aliquo 
puncto neceſſario occurrit, vel parallela eſt aſymptoto 


curvæ, quo in caſu dicitur ei occurrere ad diſtantiam 


infinitam: æquationis enim cubicæ ſi duæ radices ſint 
realis, tertia neceſſario realis erit. Hinc recta quæ li- 
neam tertii ordinis contingit, eam in aliquo puncto 
ſemper ſecat; cum contactus pro duabus interſectioni- 


bus coincidentibus habendus ſit. Recta autem quæ 
curvam in puncto flexus contrarii contingit, ſimul pro 
ſecante habenda eſt. Ubi duo arcus curvæ ſibi mutuo 
occurrent, punctum duplex formatur, & rea quæ al- 


terum arcum ibi contingit in eodem puncto alterum 
| E ſecat, 


ſecat. Recta autem alia quævis ex puncto duplice 
ducta in uno alio puncto curvam ſecat, fed non in plu- 


ribus- 


$ 52. PROP, I. Sint duæ parallelz, quarum 
utraque ſecet Iineam tertii ordinis in tribus 
punctis; recta que utramque parallelam ita 
ſecat ut ſumma duarum partium parallelæ ex 
uno ſecantis latere ad curvam terminatarum 
æqualis ſit tertiæ parti ejuſdem ex altero ſe- 
cantis latere ad curvam terminatæ ſimiliter ſe- 
cabit omnes rectas his parallelas quæ curvæ in 
tribus punctis occurrunt; per Art. 4. 


§ 53. PRor. II. Occurrat recta poſitione data 
linez tertii ordinis in tribus punctis; ducantur 
duæ quævis parallelæ quarum utraque curvam 
ſecet in totidem punctis; & ſolida contenta ſub 
ſegmentis parallelarum ad curvam & rectam 
poſitione datam terminatis erunt in eadem ra- 
tione ac ſolida ſub ſegmentis hujus rectæ ad 
curvam & parallelas terminatis, per Art. 5. 


He duæ proprietates a Netotono olim expoſitæ fu- 
erunt. a 


$ 54. PRor. III. Cæteris manentibus ut in 
propoſitione præcedente, occurrat recta poſiti- 
one data lineæ tertii ordinis in unico puncto a, 
& ſolidum ſub ſegmentis p, pm, pp unius pa- 
rallelæ contentum erit ſemper ad ſolidum ſub 
ſegmentis PN, pn, pv, alggrius parallelæ ut ſo- 
lidum ap x Y contentum ſub ſegmento ap & 
1 quadrato 


Proprietatibus generalibus. 405 


Fig. 33. 


— 
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quadrato diſtantiæ 4p punti y a puncto quo- 
dam b ad ſolidum ap & p contentum ſub ſeg- 
mento ap et quadrato diſtantiæ puncti 9 ab 
eodem puncto &, per Art. 6. 


Fig. 34. 8 55. PRoy. IV. Ex dato quovis puncto: 
n. 1. ducatur recta Pp quz lines tertii ordinis oc. 
currat in tribus punctis b, E, r, & alia quævi 
recta Pa quæ eandem ſecet in tribus punctis a, 
x, c. Ducantur tangentes AK, BL, CM, quæ 
rectæ pp occurrant in k, L, et M; et medium 
harmonicum inter tres rectas Pk, PL, PM, coin. 
cidet cum medio harmonico inter tres reds 
n. 2. pp, PE, et PF, per Art. 10 & 28. Si autem 
recta PD curve occurrat in unico puncto p, in- 
veniatur punctum 4 ut in Art. 6 & medium 
harmonicum inter tres rectas Pk, PL, PM, erit 
ad medium harmonicum inter duas rectas 5 

& zd in ratione 3 ad 2, per Art, 12. 
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§ 56. Prov. V. Revolvatur recta pp circa 
polum y, ſumatur ſemper pu in recta PD 
æqualis medio harmonico inter tres rectas pb, 
PE, et pr, eritque locus puncti M linea recta, 
per Art. 28. 


- — 22 4 "I _ b _ 
2 25x _ bas ro ne re, WR 
r i2 — 

n . 


Atque hæc eft proprietas harum linearum a Citi 
inventa. | 


Fig. 35. Þ 57. Pray. VI. Sint tria puncta lineæ ter- 
tii ordinis in eadem recta linea; ducantur rec- 

tz curvam in his punctis contingentes, quæ 

c | eandem 
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eandem ſecent in aliis tribus punctis; atque 
hec tria puncta crunt etiam in recta linea. 


Occurrat recta FGH lineæ tertii ordinis in tribus 
punctis F, o, et H. Rectæ FA, GB, HC, curvam in 
his punctis contingentes eandem ſecent in punctis A, B, . 
c; & hæc puncta erunt in recta linea, Jungatur enim 
aB, & hæc tranſibit per c; ſi enim fieri poteſt, oc- 
currat curve in alio ay M, agen HC in N et 
8 | 


FGH In P; cumque fit — — a. a | 
Ow : T * * 00 


_ — — per Prop. IV, erit N = 
. F 5 * „ p· P PM; | 
quod fieri nequit niſi coincidant puncta N, M, et c. : 
Recta igitur AB trankt per c. | 


8 58. Corel. Hine ſi A, B, c, {int tria pundia lineæ 
tertii ordinis in eadem recta linea, ductæ autem AF et 
8G curvam contingant in F et 6, et juncta FG curvam 
denuo ſecet in n, juncta ch curvam continget in E. 
Si enim recta curvam contingeret in H quæ eandem ſe- 

earet non in c ſed in alio quovis puncto, foret hoc pune- 
tum cum tribus aliis A, B, c, in eadem recta que 
igitur ſecaret lineam tertii ordinis in quatuor punctis. 
Hoc autem fieri non poteſt. Incidi autem primo in 
hanc propoſitionem via diverſa ſed minus expedita, ean- 
dem deducendo ex Prop. II. Similiter fi recta af cur- 
vam quoque contingat in 7, & ducta Gf curve occurrat 
in y, juncta ch erit tangens ad punctum h. Et fi a ll 
punctis A, B, c, lineæ tertii ordinis in eadem recta ſitis, | 
ducantur tot rectæ curvam contingentes quot duci 
poſſunt, erunt ſemper tres contactus in eadem recta. 


— r - 


§ 59. PRop. VII. Ex puncto quovis lineæ Fig. 36, * | 
tertii ordinis ducantur duz rectæ curvam con- i 


Dd 3 tingentes, j 
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tingentes, & recta contactus conjungens denuo 
ſecet curvam in alio puncto, rectæ curvam in 
hoc puncto & in primo puncto contingentes ſe 
mutuo ſecabunt in puncto aliquo curvæ. 


Ex puncto A ducantur rectæ curvam contingentes in 
F et o, juncta FG curvam ſecet in h, eandemque con- 
tingat in # recta He quæ curve occurrat in c, & duct 
AC erit curve tangens ad punctum A. Sequitur ex 
Coreollario præcedente, coincidentibus enim A et 8 rech 
CA fit tangens ad punctum A. : 


§ 60. Corol. 1, Si ex puncto curve c ducantur dux 
rectæ eandem contingentes in A et H, & ex puncto 
.alterutro A contingentes AF et AG ad curvam, rech 
per contactus et G ducta tranſibit per alterum punc- 
tum E. | 


§ 61, Corel. 2. Contingat recta Ac curvam in a, 
eamque ſecet in c, ductæ autem AF et CH curvam con- 
tingant in F et E, recta per contactus ducta eam denuo 
ſecet in 6, & juncta AG curvam continget in G. Quod 
fi alia recta ch ex puncto c ducatur ad curvam eam 
contingens in ; & junctæ be, bo, curve occurrant 
in Fet g, ductæ 1 et ag erunt genes ad puncta 


f et g. 


§ 62. Corol. 3. Sit a punctum flexus contrarii unde 
ductæ AF et AG curvam contingant in F et G juncta 
FG ſecet curvam in H, & ducta AH curvam continget 
in H. Si enim tangens ad punctum E curvæ in alio 
quovis puncto ab A e occurreret, recta ex hoc oc- 
curſu ad punctum flexus contrarii A ducta curvam in 4 
contingeret, quot fieri nequit. Manifeſtum autem cli 


tres tantum duci poſſe rectas ex puncto flexus contrati 
Ccurvam 
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curvam contingentes præter eam quæ in hoc ipſo puncto 
ſimul tangit & ſecat, atque tres contactus cadere in ean- 
dem rectam lineam. Ex ſolo puncto flexus contrarii 
tres rectæ ductæ curvam ita contingunt ut tres contacius 
ſint in eadem rectà. Sint enim F, 6, E, in eadem recta, 


unde tangentes ductæ conveniant in eodem puncto 


curve a, quod non ſit punctum flexus contrarit ; ; duca- 
tur a8 curvam contingens in a, quæqus ei occurrat in 
e, & junta en curvam tanget in , per hanc propoſi- 
tionem; adeoque rectæ en et ah curvam contingerent 


in eodem puncto H. ©. E. 4. 
8 67. PROp. VIII. Ex puncto quovis lineæ 


tertii ordinis ducantur tres rectæ curvam con- 
tingentes in tribus punctis; recta duos quoſvis 
contactus conjungens occurrat denuo curvæ, 
& ex occurſu ad tertium contactum ducta cur- 
vam denuo ſecabit in puncto ubi recta ad pri- 
mum punctum ducta curvam continget. 


Ex puncto A, linez tertii ordinis ducantur tres rectæ 
AF, AG, et A, curvam contingentes in tribus punctis 
r, G, et 7; recta , quæ horum duo quævis con- 
jungit ſecet curvam denuo in N, et recta ex hoc puncto 
ad tertium contactum F ducta curyam ſecet in g, tum 
juncta Ag curvam continget in g. Ducatur enim recta 
ac curvam contingens in A quæ candem ſecet in c; 
cumque puncta 6, N, et /, ſint in eadem resta, & tan- 
gentes ad puncta G et F tranſeant per a, ſequitur (per 
Prop. VII) tangentem ad. punctum N tranſire per c. 
Cumque puncta g, N, g, ſint in eadem rectà, tangentes 
autem FA et NC curvæ occurrant in A et c, ſitque 
AC tangens ad punctum Aa, tangens ad punctum g 


tranſibit per A. 


Fig. 37. 
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8 64. Grol. Hine ſi curva deſcribatur, ex datis tri- 


bus punctis contactus ubi tres rectæ ex eodem puncto 


curve ductz eam contingunt, invenitur quartum pune. 
tum contactus ubi recta ex eodem puncto curvæ du; 
eam contingit. Atque hinc colligitur ex eodem curvæ 
puncto quatuor tantum rectas duci poſle lineam terti 


ordinis contingentes præter rectam quæ in hoc ipſo 


puncto curvam contingit. Si enim rectæ ex eodem 
curvæ puncto duci poſſent eam in quinque punctis con- 
tingentes, plures rectæ numero indefinitæ curvam con- 
tingentes ex eodem puncto duci poſſent; ut ex præmiſſis 
facile colligitur. Hoc autem Corollarium poſtea fa- 
cilius demonſtrabitur. Vide infra, Art. 77. 


$ 65. PRoy. IX. Ex puncto flexus contrarii 
ducantur tres tangentes ad curvam, & recta 
contactus conjungens harmonice ſecabit rectam 
quamvis ex puncto flexus contrarii ductam & 
ad curvam terminatam. 


Sit a punctum flexus contrarii, Ar, AG, et AH, 
retz curvam contingentes in punctis F, G, et H. Ex 
puncto A ducatur recta quævis curvam ſecans in 8 et c, 
& rectam FH in P; eritque PB ad PC ut BA ad Ac. 
Cum enim tres tangentes ad puncta F, G et Hh in eo- 


dem punto A conveniant, erit per Prop. IV, w= + 72 


PA 
TY I 3 . 
— — — = adeoque — —__ _ .... e. PA eſt 
PC PA PR C PA þ 


medium harmonicum inter 3 rectas PB et pc ad 
curvam terminatas. Quz linearum tertii ordinis pro- 
prietas eſt ſimplicitatis inſignis. 


966. 
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8 66. Corol. 1. Recta quæ duas quaſvis rectas ex 
puncto flexus contrarii ductas ad curvam ſecat harmo- 
nice, ſecabit quoque alias quaſvis rectas ex eodem puncto 
eductas & ad curvam terminatas. 8 | 


$ 67. Corol. 2. Si recta aſymptoto i per punc- 
tum flexus contrarii ducta occurrat rectæ FH in R & 


3 2 
in o, erit — = —, adeoque RA = 2RO. 


$ 68. Proy. X. Recta duo puncta flexus 


contrarii conjungens vel tranſit per 3¹ punc- 
tum flexus contrarii vel dirigitur in eandem 
plagam cum crure infinito curve. 


Fig. 39. 


Sint A et a puncta flexus contrarii, junta Aa curve 


occurrat in a, eritque a quoque punctum flexus contra- 
rii, Si enim tangens figuræ in puncto a curve occur- 
reret in alio quovis puncto e, forent A, a, e, in eadem 
recta. Verum ex hypgtheſi ſunt A, a, et a in eadem 
rectæ, quæ igitur linea tertii ordinis occurreret in punctis 
quatuor. Sit A punctum flexus contrarii, & rea ao 
aſymptoto parallela curve occurrat in o ducatur o 
curvam contingens in o, & ſecans in Q, junta aq, 
tranſibit per D ubi curva aſymptoton ſecat. 


J 69. Proy, XI. Ductis ex puncto flexus 
contraril A tangentibus ad curvam AF, AG, AH; 
& duabus ſecantibus quibuſcunque anc, Ac, 
zune Bb et cc vel gc et bc ſe mutuo ſecabunt 
in recta h quz contactus conjungit. 


Occurrat enim recta Bb ipſi Rh in Q, et Bc eidem 


in P; jungantur QA et Q; cumque fit AB ad Ac ut 


PB ad pe, per Prop. IX erunt QA, QB, QP et Qc, 
| harmo- 


Fig. 38. 


— 


6G = FS 


——— — — 222 
% 
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harmonicales, adeoque ab ſecabit rectam Oe in c et 
ipſam FH in p, ita ut ab fit ad Ac ut p ad pc; & pro. 
inde erit c punctum curvæ, per Prop. IX; unde ſequitur 
converſe rectas Bb et cc convenire in puncto Q reqz 
FH; & ſimiliter oſtenditur rectas Be et 4c ſibi mutug 
occurrere in puncto 7 ejuſdem rectze. 


$ 70. Corol. 1. Ex puncto quovis Q rectæ FH du. 
cantur ad curvam rectæ QB, Q, eam ſecantes in 
punctis 8, 5, M et c, c, N; tum junctæ CB, cb, un 
convenient in puncto flexus contrarii A; junctæ 8c et 
bc, Me et Nb, Bb et Cc, NB et MC, convenient in recta 


FH. 


§ 71. Corol. 2. Tangentes ad puncta s et c conve- 
niunt in puncto aliquo T rectæ FH; & ſi a puncto quo- 
vis in recta FH ſito ducantur tangentes ad curvam, 
rectæ contactus conjungentes vel tranſibunt per punctum 
flexus contrarii, vel convenient in recta FH. 

x K 4 $0 

§ 72. Grol. 3. Dato puncto flexus contrarii a, & 
punctis B, c, 6, e, ubi duæ rectæ ex eo ductæ curvam 
ſecant, datur recta FH poſitione; junctæ enim Bb et ce 
occurſu ſuo dabunt punctum Q, & junctarum ze et bc 
occurſus dabit , ductaque Q ea eſt quæ contactus x, 
G, et H, conjungit. His autem quinque punctis datis 
cum aliis duobus 11 et , determinatur linea tertii or- 
dinis quæ per hæc ſeptem puncta A, B, c, 3, c, M-, n, 
tranſit & in puncto A habet flexum contrarium. Ex 
punctis enim M et mn dantur N et , ubi ductæ am et 
am curvam ſecant, & his novem conditionibus linea 
determinatur. Si autem dentur tria puncta M, u, et s; 
hæc dabunt tria alia v, u, et ; unde darentur undecim 


conditiones ad hguram determinandam, quæ nimiz 
ſunt, 


—- 
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ſunt. Similiter dato puncto flexus contrarii A cum 
punctis r, G (adeoque tangentibus AF et AG) et punctis 
M et n quibuſcunque, datur recta FG, adeoque puncta 
N et u, et determinatur curva. 


$ 73. Corel. 4. Contingant rectæ ns, nc, curvam 
in B et c, et junta cB tranſibit per Aa, junctæ c et 
FB concurrent in puncto curvæ v, et ducta va curvam 
continget in v. Tangens autem ad punctum flexus 
contrarii A determinatur ducendo Av cui occurrat in T, 
recta PL ipſi An parallela & biſecanda PL in x; juncta 
enim Ax erit tangens ad punctum A. Oeinem enim 


1 2 
tangens ad A rectæ FH in s; eritque — + — 

PS PH 
I I I I I 
— =_ — — —., adeoque — ＋ . 
PH PG PF PS PH PG pr 


(quoniam Ac ſecatur harmonice in P et B, adeoque 


. 2 «fv 
VA, VF, VP, et VG, harmonicales) = my Eft igitur 


PK medium harmonicum inter Ps et PH; unde fi pL 
as rectæ AH occurrat rectis Av et As in x et 1, 


$ 74. Prop. XII. Ex puncto lineæ tertii 
ordinis A ducantur duæ rectæ curvam contin- 
gentes in F & 6, juncta G curvz occurrat in 
H, & tangens ad punctum a fecer curvam in 
M; jungatur HM, Cui occurrat FLK ipſi an 
parallela in L, & ſumatur FR = 2FL; tum 
juncta HK, recta quævis AB ex Aa ducta har- 
monice ſecabitur a rectis HK et HF in N, P, et 
a curva in B, c; ita ut NB erit ad NC ut Br 
ad pc, | | 
I® Occurrat 


— 


= R — 
— 8 Wn... _ = 
ac SD ;4 :-=4 n — * 
; - Io: EN * 2 
y — — 4X 
. 2 N 2 10 = * — Ix =: - 
. pen 2 __— ; — % E ODS ERPs 2, . 
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Occurrat enim recta as tangenti HM in T, eritque 
OT 1 3 I 
PB | PA PC A we” PB re 
I 


= — — r conſtructionem & harmoni 
— + (pe , onice) 


2 
= = Unde ſequitur rectam xc ſecari harmonice in 


punctis B et p, vel un eſſe ad NC ut By ad PC, 


§ 75. Grol. 1. Hine ſi duz quzvis rectæ ex a ductæ 
ſecentur in N harmonice ita ut Cc fit ad ps ut c ad Bx, 
omnes rectæ ex A eductæ a rectis HF et HK ſimiliter 
harmonice ſecabuntur. 


§ 76. Coral. 2. Si curva puntum duplex non ha- 
beat, eamque ſecet recta HE in duobus punctis F et g, 
ductæ Af et ag erunt rectæ curvam e in his 
punctis. Coincidat enim punctum B cuW puncto x, 
quando & pervenit ad F occurſum rectæ HK cum 


1 i 2 1 
curva; adeoque cum — FT — = T, erit — = 
PB PC PH. PC 


1 . . * 
72 et coincidit e cum B, & recta ex A ducta curvam 


tunc contingit. Ex altera parte, fi recta af curvam 
contingat tranſibit recta HK per /; ob æquales enim 
PB, PC, in hoc caſu, * puncta B et C 
cum N. 


§ 77. Corel. 3. Si recta HK in ſolo puncto x curve 
occurrat, duz tantum tangentes duci poterunt a puncto 
A ad curvam, viz. AF et AG. Quatuor tantum ad 
ſummum tangentes duci poſſunt a puncto quovis lineæ 
tertij ordinis ad curvam ut AF, AG, Af, Ag. Si enim 
alia quzvis tangens duci poſſet a puncto A ad curvam 
ut Ap, recta HK ä per punctum p, et quatuor 
puncta 
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puncta linez tertii ordinis forent in eadem recta, viz. 
H, 2 85 Oe 2. E. A. 


$ 78. PRop. XIII. Si ex puncto lineæ tertii 
ordinis duci poſſunt quatuor rectæ curvam con- 
tingentes, rectæ contactus conjungentes conve- 
nient ſemper in puncto aliquo curvæ, & recta 
quævis a primo puncto ducta harmonice ſeca- 
bitur a curva & rectis binos contactus conjun- 
gentibus. 


b | 

Sit a punctum curve, AF, AG, af, et ag, rectæ 
curvam contingentes in punctis r, 6, /, 'et g. Jun- 
gantur FG et fg, quibus occurrat recta quævis ABC 
(ex A ducta curvamque ſecans in Betc) in p et N; & 
recta Nc harmonice ſecabitur in B et p, ita ut ſemper 
fit Nc ad NB ut c ad ps: ſequitur ex Corol, 2. præ- 
cedentis. Rectæ autem FG et fg concurrunt in puncto 
curve H; & ſimiliter rectæ FF et 6g conveniunt in E, 
atque Fg et , in R; et ER erunt puncta curvæ, per 
idem corollarium. Atque hec eft poſterior duarum 
proprietatum linearum tertii ordinis quas deſcripſimus 
in tractatu de luxionibus, Art. 402. Quod fi recta am 
curvam contingat in A, et ſecet in u, junctæ ME, MR, 
MH, curvam tangent in punctis E, R, H; & rectarum 
AE et HR, AR et HE, AH et RE uh erunt quoque 
in curva x. 


$ 79. Grol. Cum igitur ſint rectæ Hk, HB, He, et 
Ac, harmonicales; fi rectæ HR et He cutrvæ occur- 
rant in þ et c; erunt puncta A, 2, et c, in eadem recta 
linea. Occurrat enim juncta ab curvæ in 6b et c at- 


* Supple quz deſunt in Schemate. 
| — que 


F ig. 42. 


juncta nm tranſibit per punctum duplex o. 
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que ipſi HF in p, et HK in n; cumque ſit nc ad ub ut 
pc ad pb, patet c eſſe in recta c; & reciproce, i: 
fit in recta nc et b in recta HB, erunt A, b, c, in eadem 
recta. 


$ 80. Proy. XIV. Habeat linea tertii ordinis 
punctum duplex o. Ex puncto quovis curve 
A ducantur duz rectæ AF et a6 curvam con- 
tingentes in F et ; ducta ro curvam ſecet in 


u; jungatur oH. Recta quævis 4B ex a ducta 


curve occurrat in punctis B et c, rectæ pc in 
p, & rectæ oH in N; & recta N harmonice 
ſecabitur in punctis s et c, ita ut PB {it ad pc 


ut BN ad Nc. 


Jungatur enim ao quæ rectæ FG occurrat in þ et 


| tangenti HL in r; cumque fit o punctum duplex, crit 


2 I 5 I EL 4 
VW 


Secatur igitur pA harmonice in ? et o, ita ut p; ſit ad pa 
ut to ad oa, et harmonicales funt Hp, Hr, Ho, et 
HA. Occurrat recta pA tangenti LH N r, cumque 


US 8 1 2 3. ul I 
PC * 2 7 7 i re + PB 


EIS A 
— + — = —; conſequenter pc eſt ad NC ut PB 
PA PT PN l 


ad BN. 


I Br. Grol. Si tangens ar. occurrat rectæ 0 ipſi 
AH parallelæ in 2, & ſumatur GV = 202, ductæ Hy 


tranſibit per punctum duplex o, ſi modo curva tale 
punctum habeat. Vel fi recta Gra occurrat rectis An 


et HR in a et 7, junctæ 7A et Ra, ſe decuſſent in , 


8 82, 
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& 82, Prop. XV. Ex puncto lineæ tertii 
ordinis ducantur duæ tangentes, & ex alio 


quovis ejuſdem puncto ducantur rectæ ad con- 


tactus curvam in duobus aliis punctis ſecantes; 
tangentes ad hæc duo nova puncta in eodem 
puncto curvæ convenient. 


Ex ͤpuncto A ducantur rectæ AF et AG curvam con- 
tingentes in F et 6. Sumatur punctum quodvis curve 
p, jungantur PF et PG curvam ſecantes in punctis K et 
L; atque tangentes ad puncta K et L concurrent in 
puncto aliquo curvæ 3. Determinatur autem punctum 
B, ducendo rectam pc quæ curvam contingit in r, et 
ſecat in c; ft enim jungatur Ac occurret denuo curve 
in puncto B. oy 


Cum enim puncta F, k, P, ſint in eadem rea, & 
tangentes ad puncta F et P curvam ſecent in A et c; 
ſequitur tangentem ad punctum E tranſituram per B. 
Et ob rectam Lor, tangens ad punctum L. tranſibit 
quoque per E. | | 


88 3: Corol. Sint igitur A et B duo quævis puncta in 
linea tertii ordinis; ex utroque ducantur quatuor rectæ 
curvam in aliis quatuor punctis contingentes, viz. AF, 
As, Ay, Ag; et BK, BL, BI, BI. Junctæ Fk et Gr, 
FL et GK, F/ et /, ol et y; ſibi mutuo occurrent 
in quatuor punctis curvæ, r, Q, 9, p; & fi ducantur 
tangentes ad hæc quatuor puncta, he occurrent curvæ 
& ſibi mutuo in puncto c ubi recta As curvam ſecat. 
Unde ſi ſint tria puncta linea tertii ordinis in eadem 
rect, & ex ſingulis ducantur quatuor rectæ curvam 
contingentes in quatuor aliis punctis, rea per duo 
quævis puncta contactus ducta curvam ſemper ſecabit in 


alio 


Fig. 43. 


7 = 
5 —_ 
SZ ER IEA EASY 
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Fig. 43» 


in eadem recta. 
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alio aliquo puncto contactus; & quatuor hujuſmodi rectæ 
per idem punctum contactus ſemper tranſibunt. 


$ 84. PRor. XVI. Sint v et o puncta duo 
linez tertii ordinis, ita ſumpta ut rectæ xa et 
oA curvam in his punctis contingentes conve- 
niant in puncto aliquo curve a. Sumatur in 
curva aliud quodvis punctum p, unde ducan- 
tur ad puncta F et 6 rectæ pr et PG quæ curve 
occurrunt in K et L; Jungantur FL et GK, at- 


que harum occurſus & erit in curva. Tan- 


gentes autem ad puncta k et L ſibi mutuo & 
curvæ occurrent in puncto aliquo curvæ 3, 
atque tangentes ad puncta y et C convenient in 
puncto curvæ c, ita ut tria puncta à, B, c, ſint 


Ducatur enim tangens ad punctum ? quæ curvæ oc- 
currat in c, & ducta ac ſecet eandem in B; & ductæ 
BK, BI, erunt tangentes ad puncta k et 15 per præ- 
cedentem, Occurrat recta LF curvæ in Q; & fi rea 


GK non tranſeat per Q, occurrat curvæ in 2. Quo- 


niam igitur tria puncta E, r, Q, ſunt in eadem rect, 
tangentes vero ad L et F curvam ſecẽht in ; et a, ſe- 
quitur (per Prop. VII.) tangentum ad punctum Qtranſ- 
ire per punctum o. Similiter, cum ſint puncta 6, k, 
et 9, in eadem recta, tangentes autem ad puncta G & K 
tranſeant per A et B, tangens ad punctum g tranſibit quo- 
que per punctum . Utraque igitur recta c, cg, 
curvam contingit-prior in Q, poſterior ing. Coincidunt 
igitur puncta Qet 4, fi enim diverſa eſſe ponamus, ſe- 
quitur per Prop. VIII. plures quam quatuor tangentes 
duci poſſe ad curvam ex codem puncto c. Sint — 

| * | 5 
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af et Ap rectæ que curvam contingant in * & g, & 
ductæ Lf, Lg, curvam ſecent in m & n; & rectæ Cm, 
cn, erunt tangentes ad puncta : et n. Quare haberemus 
quinque tangentes ex c ad curvam ductas, cp, co, Cm, 


cn, & cq ; quod repugnat Corol. 3. Prop. XII. 


$ 85. Corol, 1. Dato puncto r, ubicunque ſuman- 
tur punta r & o, modo tangentes ad hæc puncta in 
curva conveniant, datur punctum Q, ubi juncte FL & 
cx occurrunt ſibi mutuo & curve, Et fi a puncto p 
ducatur recta quævis PNM quz curve occurrat in N et 
u, & junctæ QM, QN, eam ſecent in & 7x; erunt 
puncta p, n, & m, in eadem recta linea. Oſtendimus 
enim tangentes ad puncta » & Q, ſe mutuo decuſſare 
in puncto curve *. | 

$ 86. Corol. 2. Si ſumantur quatuor puncta p, G, 
k, L, in linea tertii ordinis, ita ut tangentes ad puncta 
& 6, conveniant in aliquo puncto curvæ, & tangen- 
tes, ad puncta K et 1, conveniant quoque in aliquo 
puncto curve, ductæ FK et GL concurrent in puncto 
curvæ, & ductæ FL & GK ſibi mutuo occurrent in 
puncto curvæ. 


§ 87. Prop, XVII. Sint r et 6 duo quæ- 
vis puncta lineæ tertii ordinis, ubi fi rectæ du- 
cantur curvam contingentes, hæ ſe mutuo ſeca- 
bunt in puncto aliquo curvæ. Sumantur alia 
quatuor puncta curve L, k, /, g, ita ut ductæ 
LF et GK conveniant in curva, atque rectæ rf 
et Gp, in ea quoque conveniant; tunc ductæ 
Het gk, ſe mutuo ſecabunt in curva, ut & 


ductæ Lg et kf. 


_ * Supple quod deeſt in Schemate. 
| E e e Tan. 


Fig. 43. 


Fig. 45. 


n. I. 


n. 2. 


Fig. 46. 
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Tangentes enim ad puncta F et g ſe mutuo decuſſant 
in curva, per Prop. XIV, ut & tangentes ad puncta x 
et L, per eandem. Adeoque per Corol. 2 præcedentis, 


junctæ fL et Kg conveniunt in curva, ut et x et 


8L. 


I 88. Lemma. Dentur tres rectæ 1c, 1n, et ch, 


poſitione; & tria puncta g, G, s, quz ſint in 2 


* 


recta linea. Sumatur punctum quodvis Q in recta ic, 
juncta qQy occurrat rectæ IH in L, & juncta Os rect 
HC in p; jungatur FP, ducta SL occurrat rectis pp et 
O in æ et x; atque puncta & et N erunt ad rectas poſi. 
tione datas. Jungatur enim 1N, quæ occurrat red 
Gs in m, & ducatur per N parallela rectæ Fs quæ oc- 
currat rectis IC, IH, et LO, in punctis x, z, et r; oe. 
currat recta FG rectis IC, IH, et HC, in a, b, et h. Quo- 
niam Nx eſt ad Nr ut Ga ad Gr, et Nr ad Nu ut sr a 
sb, erit Nx ad Nu (adeoque ma ad mb) ut Ga X sp al 
Gr * 586, i. e. in data ratione. Datur igitur punctun 
n, adeoque recta Im poſitione; & ſimiliter eſt punctun 
& ad politione datam. 


889. Corol. Chincidentibus punctis s et c, coincidit 
quoque punctum m cum puncto 6, Jungatur igitur 10 


quæ rectæ HC occurrat in p, & ducta CF occurrat red 


HI in E, tum juncta DE erit locus puncti K ubi dudtæ 
GL et FP ſe mutuo decuſſant. 


$ 90. Proe. XVIII. Sit pol rex quadrila- 
terum inſcriptum figuræ, cujus ſex anguli tan- 
gant lineam tertii ordinis ut in Prop. XVI. 


Ducantur rectæ curvam contingentes IC, CH, 


HI, in tribus punctis Q, P, L, que non ſint in 


eadem rea; jungatur 1G que tangent! CH 
occurrat 


dini 


— 


ee N= 
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occurrat in b, et HF quæ tangent! cr occurrat 


in E; erunt puncta p, K, E, in eadem recta 
linea, quæ quidem curvam in puncto K con- 


tingit. 


Supponamus enim rectas QFL et FKP moveri circa 
polum r, & rectas Lo et QKG circa polum o, puncta 
autem Q, L, et P, deferri in tangentibus r, LI et 
xc; tum punctum k movebitur in recta DE, per Co- 
rol, præcedens. Unde ft puncta Q, IL, r, ferantur 
in curva quæ has rectas Q, LI, & pc, in his punctis 
contingit, movebitur quoque in curva quam recta DE 


contingir. Sed per Prop. XV, fit puncta Q, I, P, 


ferantur in linea tertii ordinis propoſita, pundtum k 
movebitur in eadem, quam igitur recta DE contingit 
in K. 


{ 91. Corel. 1. Similiter fi rectæ Ar et as (quæ cur- 


vam contingunt in F et G) occurrant rectæ 1H (quæ 


curvam contingit in L) in punctis M et N; juncta M 
kcet tangentem AG in d, & juncta Q tangentem At 
ine; rea de tranſibit per x, & curvam in hoc puncto 


continget ; atque quatuor puncta p, d, e, E, erunt in 
eadem rectà linea. 


$ 92. Corol. 2. Ex duobus punctis curvæ quibuſcun- 
que c et B ducantur ad curvam quatuor contingentes 
binæ ex ſingulis, cq et ce ex puncto c, BL et BK ex 
puncto B, ſintque harum tangentium occurſus 1, E, E, 
et vp; tum ductæ LQ et EH ſe mutuo ſecabunt in puncto 
curve F; atque junctarum LP et ID occurſus erit in 
puncto curve G; tangentes autem ad puncta F et o ſe 
mutuo ſecabunt in puncto curvæ A quod eſt in eadem 
recta cum punctis c et B. 


93. Cerol. 3. Datis tribus punctis lineæ tertii or- 
linis quæ ſint in eadem rectà, & duabus tangentibus ex 
E e 2 horun 


+ 
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horum ſingulis ductis ad curvam poſitione datis, ſer 
puncta contactus determinantur per hanc propoſitionem. 
Sint A, B, c, tria curvæ puncta data in eadem recta, au 
et AN tangentes ex A, BMI, et BDE, tangentes ex z 
quæ prioribus occurrant in M, N, e, et d; ſintque cp 
et CE tangentes ex tertio puncto c ducte ; atque oc. 
currat CD ipſis BM, BD, AM, et AN, in E, D, þ, et 
c, & CE iiſdem in 1, kx, n et n. His poſitis, juncta y- 
ſecabit tangentem CI in puncto ue cus Q, Md ſecabit 
tangentem CD in puncto contactus p, 10 ſecabit tangen. 
tem AN in puncto contactus 6, EH tangentem ay 
in contactu Fr, h ſecabit tangentem BH in 1, & de. 
nique nc tangentem BE in k. Quamvis autem problema 
in hoc caſu determinatum ſit, ſolutiones tamen plutes 
admittit. Diverſe enim lineæ tertii ordinis, ſed nu- 
mero definite, per tria puncta a, 8, et c, duci poſſunt 
' contingentes ſex rectas poſitione datas Au, AN, Bu, 
BD, CD, et c. Occurrat enim Ne tangenti cD in 3, 
recta Md tangenti CE in 9, 1D tangenti AM in f, E 
tangenti AN in g, uc tangenti BM in i, et 25 tangenti 
BD in +; atque linea tertii ordinis quæ conditionibus 
propoſitis ſatisfacit continget rectas Cp et cz vel in? 
et Q, vel in p et g. Ea continget rectas Au et Ax 
vel in punctis F et G vel in F et g; rectas autem BM 
et Bo vel in L et k, vel in / et &. Conſtat igitur plures 
lineas tertii ordinis problematis conditionibus fatisfacere 
poſſe, ſed numero determinatas, adeoque problema elle 
determinatum &. 112 


8 94. Corol. 4. Datis duobus punctis linez tertil 
ordinis A et B, tangentibus quoque AM, AN, BM, BD 
poſitione datis cum tribus punctis contactus F, , et L, 
datur n K ubi recta BD curvam contingit. Si 


* Supple quæ deſunt in Sche mate. | 
| enim 


ä ao A a. ae od 
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enim ducantur rectæ Ne et LF, harum occurſu dabitur 
punctum Q, & ducta Qs ſecabit contingentem Bp in 
puncto contactus K. Datur quoque punctum P occur- 
ſus rectarum LG et Md, vel rectarum Md et yk; tres 
enim rectæ LG, Md, et Fk, neceſſario conveniunt in 
punto P. Sit MedN quadrilaterum quodvis, ſumatur 


punctum quodvis in diagonali we et r in diagonali 


4d, recta quævis QFL ex Q ducta ſecet latera Me et MN 


in F et L, ducta PL ſecet latus Nd in 6, jungatur s 
que latus de ſecet in k; atque puncta F, k, , erunt 


ſemper in eadem recta linea, per ſuperius oſtenſa. Unde 
conſtat problema non ideo fieri impoſſibile, quod opor- 
teat tres rectas LG, Md, et Fk, in eodem puncto con- 


yenire. 


lineæ tertii ordinis in eadem recta, ſintque tres 
rectæ curvam in his punctis contingentes ſibi 
mutuo parallelæ. In recta pr ſumatur punctum 


Pita ut 2PF fit medium harmonicum inter pD 


et ye; & ſi alia quævis recta per v ducta curve 
occurrat in 7, d, et e, erit ſemper 2p/ medium 
harmonicum inter yd et pe. Supponimus autem 
puncta d et e eſſe ad eaſdem partes puncti 2, 
punctum autem / eſſe ad contrarias. | 


Occurrant enim tangentes DK, EL, FM, rectæ df 

in punctis k, I, et M; eritque per Art. 9, hs 

8 

3 — (ſi recta tangenti- 
pe PM — . en 

bus parallela harmonice aas rectam PD ita ut PE 


lit ad EQ ut PD ad Da, & Qgq occurrat rectæ fd 
EC7 in 


$ 9c. Proe. XIX. Sint b, E, r, puncta Fig 


4 


— — 


n 


. 5 = ww 8 . 4 _ ' — . 2 
NT e en nn 
1 * = 4 7 &> * 
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in 7 = 2 wr (quoniam yg eft ad vx ut PQ ad 


PM 
PF, & ex 8 2PF = PQ, adeoque 2PM = yy) 
7 I I F Ea 


2pf eſt medium harmonicum inter pd et Pe. 


§ 96. Crol. 1. Jungantur pd et Ee quz conveniant 
in puncto v, junctæ v et xf erunt parallelæ; & pro- 
ducta ve donec occurrat rectæ fa in , erit pf Aby. 
Recta enim pp ſecatur harmonice in E et Q, ex hypo- 


theli, adeoque etiam recta pd ſecatur harmonice in 


e et r, per Art. 21, unde Pf = zr; cumque ſi 


rr = Zpq; ſequitur rectam Ey paraliclam eſſe harmo- 


nicali vx. 


J 97. Corol. 2. Similiter ſi ſumatur in recta nx pune- 
tum p ita ut 2pD fit æqualis medio harmonico inter pe 


et pr, & recta quævis ex p ducta curve occurrat in tri- 


bus punctis, erit ſegmentum hujus rectæ ex una parte 
puncti p ad curvam terminatum æquale dimidio medi 
harmonici inter duo ſegmenta eodem puncto 5 et curva 
ad alteras partes terminata. 


$ 98. Lama; Ex centro gravitatis trianguli ducatur 
recta quævis quæ tribus lateribus trianguli occurrat, & 
ſegmentum hujus rectæ centro gravitatis & uno trianguli 
latere terminatum erit dimidium medii harmonici inter 
fegmenta ejuſdem rectæ centro gravitatis & duobus aliis 
trianguli lateribus terminata. Sit Þ centrum gravitatis 
crianguli VTZ, occurrat recta FDE per p ducta Jate- 
ribus in F, D, E; fintque puncta p et E ad eaſdem 


* ES I I 
partes puncti P; eritque _ + Ducatur 


enim per punctum p, recta MPL wa v2 quæ 


6 mien 
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lateribus yr, ZT, occurrat in L et M, et rectæ VN 
parallelæ lateri ZT in N; cumque fit MP = PL, et 
7L = 2vL, ob ine triangula TLM, VLN, erit 
1M = 2LN, unde N = LP, et PN = 2PM, pro- 
inde ſi PD occurrat rectæ vx in k, erit (per Art. 21 


I I 2 I 
. 023) go i 


$99. PRop. XX. Contingant tres rectæ vr, 
vz, Tz, lineam tertii ordinis tranſeatque ea- 
dem recta linea per tres contactus & per p cen- 
trum gravitatis trianguli vrz; recta quævis 
per hoc centrum ducta curve occurrat in 
puncto c ex una parte & in ꝓunctis à et þ ex 
altera ejuſdem centri gravitatis parte, eritque 
avec medium harmonicum inter ſegmenta p 
et Pb, 


Occurrat enim recta pc lateribus trianguli vrz in 
f, d, et e; & rectæ v lateri Tz parallelæ in &; eritque 


1 2 l I 1 
2pf = PR, adeoque CEE 7 3 + 
5 1 5 
33 26 adeoque 2 = 80 —_ unde pc eſt 


dimidium medii harmonici inter —_ Pg et Pb, 


§ 100. PRop, XXI. Sit v punctum duplex 
in linea tertii ordinis, vr et vz rectæ curvam 
| in hoc puncto contingentes, quibus in T et 2 
| occurrat recta Tz curvam contingens in F ita ut 
FT = FZ: jungatur rv, in qua ſumatur Fe = 
zfv; & ſi recta quævis per p ductæ curve o0c- 
currat in tribus punctis a, &, c, quorum à et 5 
| | Ee 4 ſint 
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fint ad eaſdem partes puncti p, c ad partes con- 
trarias, erit ſemper apc medium harmonicum 


; 95 I 
inter ſegmenta ra et vb, ſeu — = — + — 


Cum enim biſecetur Tz in F, fitque ry = "rv, 
manifeſtum eſt punctum ? efle centrum gravitatis tri. 
anguli vrz; cumque fit punctum Þ in rea xy 
quæ per contactus tranſit, ſequitur propoſitio ex præ- 
cedente, 


§ 101. Corel, 1. Si jungatur rectæ va, vb, et pe, 
erit P quoque centrum gravitatis trianguli hiſce res 


contenti, ut et trianguli tribus rectis curvam in a, B, 


c, contingentibus comprehenſi ; ; & ſi ductæ va et vb 
occurrant -rethe Fe in m et n, erit ſemper Fm æqualis Fn. 


§ 102. Corol. 2. Recta per punctum duplex ducta 
parallela rectæ Fc harmonice ſecabit ipſam pa in + ita 
ut Pa crit ad a+ ut Ph ad PA; quæ vero ducitur a puncto 
ad x occurſum rectarum curvam in à et 6 contingen- 
tium parallela eſt recta cy figuram contingenti in c. 


$ 103. Corol. 3. Datis duobus punctis à et c ubi recta 
quævis ex P ducta curve occurrit, datur tertium 5; 
jungantur enim va et Fc quæ fibi mutuo occurrant in 
m; ſumatur Fn ex altera parte puncti F æqualis ipſi 
tm, et juncta vn ſecabit rectam pg in b, 


$ 104. Prop. XXII. Ducatur per punctum 
-quodvis v recta quæ dirigatur in plagam cru- 
rum infinitorum & occurrat curve in punctis 
a et c; ducatur per idem punctum recta quævis 
curvam ſecans in punctis p, E, r, quæque rectis 


curvam in à et c contingentibus occurrat in k 
| et 
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et u, atque afymptoto cruris infiniti in /; & fi 
puncta D, E, * 1, m, ſint ad eaſdem partes puncti 


— 8 1 ; 
e, punctum vero r ad contrarias, erit 7 = 


1 1 1 : 3 
EI, hs Ct” “1 
PD PE PF PA PM 


juſvis ſignum eſt mutandum quoties ſegmen- 
tum ad oppoſitas partes puncti r protenditur. 


Sequitur ex Theor. 1 Art. 9, eſt enim per hoc theo- 


1 S | I 1 1 = 
— — — — pra — += — — c 
"as PA e/ 9 m PD PE PF 


$ 105. Corol. 1. Si recta pp ducatur per concurſum 
tangentium a# et cm; & ſumatur pM æqualis medio 
harmonico inter rectas PD, PE, PF, ſecundum Art. 28 


1M 3 2 5 
— = 2 — —, adeoque 2PM erit medium * 
crit —7 2.5 = 7» adeoque 3PM har: 


monicum inter p/ et pf. Quod fi tangentes a4 et cm, 


concurrant in ipſo puncto M, aſymptotos quoque per Mx 
tranſibit. 


. F 106. Corel, 2. In caſu Prop. XIX, ubi tres contactus 
ſunt in eadem recta linea & tres tangentes parallelz, 
ſumatur punctum Þ ut in Propoſitione XIX, ſitque aps 
aſymptoto parallela, occurrant a4 et cm tangentes rectæ 


1 1 1 | 
11 t 7 — — — anti V 5 1 
PD in E et mn, eritque = _ + _ five P æqualis 


dimidio medii harmonici inter pi et pm. Quod ſi tan- 
gentes ak et cm concurrant in eodem puncto rectæ pp, 


. 8 1 ; 2 2 * i — 7 
erit p] = Zpþ:; vero in XIX = — 
rit I = zA; quoniam vero in Prop or gl 

I F 5 | 
+ —, erit Pa = pe. 
PF | 


10 8 107. 


Fig. 47. 
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_ F 107. Grol. 3. Idem dicendum eſt de caſu Prop. 
XX, ubi tres contactus p, E, r, ſunt in eadem reQ que 
tranſit per Þ centrum gravitatis trianguli vrz tangen- 
tibus contenti. Si autem altera rectarum curvam in 4 
vel e contingentium (poſita apc aſymptoto parallela) ſit 
rectæ py parallela, abibit E in infinitum, erit- 
que crus parabolicum. 


$ 108. Corel. 4. Iiſdem poſitis ac in Prop. XXI. Sit 


cp2 aſymptoto parallela, occurrant tangentes ak, cn, 
: | = - - : 2 1 * 1 ; 2 
rectæ vr in & et m, eritql . Unde ſi 


curva diametrum habet, cum hæc neceſſario tranſeat 
per punctum duplex v, & per punctum curve F ubi bi- 
fecatur tangens TFz, ſumatur ab verſus v, Fr = ry, 
ducatur cya aſymptoto parallela, & tangens a quæ dia- 


metro occurrat in 4, & ex altera parte puncti p ſumatur, 


ſuper rectam pv, PI = {e4, & recta per / duta-ordina- 
tim applicatis parallela erit aſymptotos curvæ. Si vero 
tangens a# ſit diametro parallela, erit crus curve gene- 
ris parabolici. Propoſi tio Newton: de ſegmentis rectæ 
cujuſvis tribus aſymptotis & curva terminatis facile ſe- 
quitur ex Art. 4, ut ab aliis olim oſtenſum eſt. 


8 109. Proy. XXIII. Ex puncto quovis v 


linez tertii ordinis ducantur duæ quævis rectæ 


DET, DAB, QUZ Curve OCCuUrrant in punctis, E, 1, 


et 4, B; ducantur tangentes Ak, BL, que rectæ 


DE occurrant in k et 1. Sit DG medium har- 


monicum inter ſegmenta px, D1, ad curvam 


terminata, atque px medium harmonicum inter 
ſegmenta pk, DL, ejuſdem rectæ tangentibus 
abſciſſa. Sit py medium geometricum inter 
| D 
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DG et DH, ducatur ve parallela tangent! DT, 
que occurrat rectæ Da in Q & fi circulus ejuſ- 
dem curvature cum linea tertii ordinus propo- 
fica in puncto p occurrat rectæ DE in R, erunt 
KG, et 2DR continue proportionales. 


Nam per Theor. II (Art. 15) eſt Wy = 


DV? X DR 
DE 8 DL DG ens DG X DH 


2HG X PR, adeoque HG ad Q ut qy ad 2DR, 

$ 110. Corol. 1. Sumatur igitur pr in recta DE tertia 
proportionalis rectis HG et 20, & perpendicularis rectæ 
DE ad punctum r ſecabit normalem tangenti DT ad 
punctum D in centro circuli oſculatorii five circuli ejuſ- 
dem curvaturæ cum linea propoſita, in puncto o. Si 
puncta E, I, Kk, L, ſint ad eaſdem partes ejuſdem puncti 
prout DH major eft vel minor quam DG, i. e. prout 
medium harmonicum inter ſegmenta PER, DL tangentibus 
abſciſſa majus eſt vel minus medio harmonico inter ſeg- 
menta DE, D1, ad curvam terminata. 


S 111. Corol. 2. Si angulus EDT biſecetur recta DA, 
erit Qy = pv, et 20 X DR = Dy? = DG Xx DHy 
—_—_ HG ad DG ut DH ad 2DR, 


§ 112. Corel. 3, Revolvatur recta Da circa polum p, 
manente recta DE, et HG, differentia mediorum har- 
monicorum DH et DG, augebitur vel minuetur in dupli- 


cata ratione rectæ vo. Quippe ob datam chordam cir- 


EL = | * ; 
cul; oſculatorii DR, manet quaAtitas * quæ æqualis 


eſt 2oR, | 
F 113. 


3) unde G = 
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$ 113. Corel. 4. Si tangentium Ak et BL altera, 
ut BL, fit rectæ DE parallela, ducantur Gx et kz 


parallelæ rectæ Dr curvam in p contingenti, que ipſi 
GX X KZ 


G X DK X DU 


AB occurrant in x, 2; eritque ws 


5 ? I 2 1 20K — DG 


»=- Dy Dx 0 DK „ 
GX X EKZ 


DR = 2DK — DG, & proinde erit ut 2DKkx — pg 


ad KE ita GX ad DR. Si tangens AK evadat quoque 
parallela rectæ DE (quod in his figuris contingere poteſt) 
erit DG ad Gx ut Gx ad 2DR; nam in hoc caſy 


ox* 2 2 
DG” X DR DG | 


x14. Corol. 5. Si rea DE fit aſymptoto parallela, 
adeoque curvæ occurrat in uno puncto E præter ipſum 
D, fitque ſimul tangens BL aſymptoto parallela, ducatur 
EY parallela tangenti DT que occurrat rectæ DA in v, 
. KE ad KZ ut EY ad DR *. 

| 

S275. Gre Þ. Si fit v punctum flexus contrari, 
coincidet pundtum h cum 6, evaneſcente linea ho, 
adeoque evadit DR infinite magna, i. e. curvatura minor 
eſt ad punctum flexus contrarii quam in circulo quan- 
tumvis magno; ut alibi quoque oſtendimus, tractatug 
de fluxionibus, Art. 378, 

5 116. Coral, 7. Sit v punctum duplex, pa aſymp- 
toto parallela, & occurrant rectæ vQ, Kz, tangenti 
DT parallelz rectæ DA in Q et 2, atque occurrat DV 
aſymptoto in L, ſitque DH medium harmonicum inter 
DK et DL, eritque 2DH — DG ad KZ ut DL ad DK, 

| 4Y 


* Supple figuram. 
atque 
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atque VH : HN: : VQ : DR. Si recta DA biſecet an- 
gulum TDV, erit DR : DV : : DH: 2VH. 


§ 117. Proy. XXIV. Sit p punctum quod- 
vis lineæ tertii ordinis, occurrat tangens ad Þ 
curve in 1, ſitque ps diameter circuli oſcula- 
torii, quæ curve occurrat in a et 3; unde 
rectæ due curvam contingentes ſecent DI in 
k et L; fit DH medium harmonicum inter DK 
et DL, & ſumatur dv ad DI ut ba ad differen- 
tiam rectarum 2D1 et DH; eritque variatio 
curvature inverſe et rectangulum sp X pv; 
& juncta vs, variatio radii curvature ut tan- 
gens anguli Dvs. 


Nam per Theor. III (Art. 17) variatio curvaturæ 


| I I I i I 2 I 
DS pr” * pb DI DS DH DI 
I 2DI — DH I . „ 2 
— X — 2 . Variatio autem radii oſ- 
DS DA X DI Ds X DV 


. be - 
culatorii eſt ut _ adeoque ut tangens anguli Dys, 


per Art. 18, parabola autem quz eandem habebit cur- 
vaturam & eandem variationem curvature cum linea 
propoſita, determinatur ut in Art. 19. 


§ 118. Corel, Si tangens BL fit tangenti ad p paral- 
lela, erit Dy ad DI ut DK ad IK; & ſi utraque tangen- 
tium AK, BL, fiat parallela ipſi DT, erit Dy = DI, adeo- 
que variatio curvature inverſe ut Ds x DI, Quod ſi in 
hoc caſu ſit DT parallela aſymptoto curve, evaneſcet 
variatio curvature. Quemadmodum igitur evaneſcit 
variatio curvature in verticibus axium ſectionum coni- 
| carum; 


Fig. 56. 


Fig. 57. 


Fig. 58, 


Fig. 59. 
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carum ; ea ſimiliter evaneſcit in verticibus diametrorum 
linearum tertii ordinis quæ ad rectos angulos * 


applicatas biſecant. 


Schol. Sunt autem alia plurima theoremata de tangen- 
tibus & curvatura linearum tertii ordinis. Sint, ex. gr. 
F et G duo puncta lineæ tertii ordinis unde tangentes 
ductæ concurrunt in curva in A. Producatur FG donec 
curvz occurrat in H, Sit TAC tangens ad punctum a, 
& conſtituatur angulus FAN = GAT ad contrarias partes 
rectarum FA, GA, ſecetque AN rectam FG inn. Et ſi 
eirculi oſculatorii occurrunt rectæ FG in 8 et ö, erit 63 
ad rbᷣ ut rectangulum NFH ad NGH, Sit enim puncta a 
ipſi a quamproximum, & puncta 7, g, h, ipſis F, G, h, 
quamproxima, eritque Ara: Ff: : GF : FB, Fof 
(= HGH) : HH:: FH: GH. HF) (= Greg): AGa:: 
bg : GF; unde Ara: AGa:: FH & 50: FB X GH:: 
GN : FN; unde FB: G:: NFH : NOGH. Sed de his 


ſatis. 
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CONCERNING THE | 
GENERAL PROPERTIES 
oF 


GEOMETRICAL LINES. 


Tranſlated from the Latin 


BY JOHN LAWSON, B. D. 


A 


Fm | CONCERNING, THE 
GENERAL PROPERTIES 


O F 


GEOMETRICAL LINES. 


KESSXONCERNING the lines of the ſecond 
C order, or the conic ſections, the ancient 
e and modern geometers have written very 
KP fully ; concerning the figures which are re- 
ferred to the ſuperior orders of lines, little has been 
delivered before NRWTON. That moſt illuſtrious man, 
in his tract concerning the Enumeration of Lines of the 
Third Order, has revived this ſubject, which had long 
lain neglected, and has ſhewn it to be worthy of the 
geometer's notice, For the general properties of theſe 
lines, which he has laid down, are ſo conſonant to the 
known properties of the conic ſections, that they ſeem 
to be conformable to the ſame law, and from his ex- 
ample many others have been ſince induced to make 
this ſubject their ſtudy, and have clearly comprehended 
and explained the analogy which there is between figures 
of ſuch very different kinds. The pains which they 
have been at in the illuſtration and further inveſtigation 
of theſe matters, have deſervedly met with applauſe, 
lince there is nothing in pure mathematics which can 
be called more beautiful, or that is more apt to delight 
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a mind deſirous of inveſtigating truth, than the agrees 
ment and harmony of different things, and the admira- 
ble connection of the ſucceeding with the preceding, 
where the more ſimple always * the way to thoſe 
which are more difficult. 

Moſt of the general properties of lines of the third 
order, delivered by Newton, relate to ſegments of pa- 
rallels and aſymptotes. Some other of their affections, 
of a different kind, I have briefly pointed out in my 
Treatiſe of Fluxions, lately publiſhed, Art. 324, and 
401. The famous Cotes formerly diſcovered a moſt 
beautiful property of geometrical lines, hitherto un- 
publiſhed, which has been communicated to me by the 
Rev. Dr. Robert Smith, maſter of Trinity College, 
Cambridge, a gentleman not leſs remarkable for his 
learning and works, than for his fidelity and regard 
for his friends. Whilſt I had theſe under conſidera- 
tion, ſome other general theorems offered themſelves ; 
which, as they ſeem to conduce to the augmentation 
and illuſtration of this difficult part of geometry, I have 
thought fit to throw together, and briefly expound and 
demonſtrate in order. 


„„ 
SECTION I. 
Of Geometrical Lines in general. 


C1. T INES of the ſecond order are defined by the 

ſection of a geometrical ſolid, viz, a cone, 
whence their properties are beſt derived by common 
geometry. But the nature of the figures which are 
| referred 


referred to the ſuperior orders of lines, is different. To 
define and draw out their properties, general equations 
muſt be applied, expreſſing the relation of the co- 
ordinates, Let x repreſent the abciſſa Ar, y the or- 
dinate PM of the figure PMH, and let a, 6, c, d, e, &c, 
denote any invariable coefficients; and having the 
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Fig. I. 


angle APM given, if the relation of the co-ordinates x 


and y be defined by an equation which, beſides the co- 
ordinates themſelves, involves only invariable coeffi- 
cients, the line FMH is called a geometrical one ; which 
indeed by ſome authors is called an algebraical line, 
by others a rational line. But the order of the line 
depends upon the higheſt index of x or y in the terms 
of the equation freed from fractions and ſurds, or upon 
the ſum of the indices of both in a term where that 
ſum is the greateſt, For the terms +*, xy, y* are e- 
qually referred to the ſecond order; the terms x*, x*y, 
x37, y* to the third. Therefore the equation y = ax + b, 
or y — a — 5 =o, is of the firſt order, and denotes a 
line or the locus of the firſt order, which indeed is always 
a right line. For let there be taken in the ordinate 
PM the right line px, ſo that PN be to Ar as + @ to 
unity; let Ap, parallel to pM, be made equal to + 3, 
and DM, drawn parallel to an, will be the locus to 
which the propoſed equation will anſwer. For pm N 
+ NM = (a Xx AP + AD) ax + 5. But if the equa- 
tion be of the form y = ax — b, or y = — ax + b, the 
right line Ap, or PN, is to be taken on the other fide 
of the abſciſſa ay; for the contrary ſituation of right 
lines anſwers to the contrary ſigns of the coefficients. 
If the affirmative values of x denote right lines drawn 
from a, the beginning of the abſciſſa, to the right hand, 
the negative values will denote right lines drawn from 
the ſame beginning to the left; and in like manner if 

F1-2 the 


Fig. 
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the affirmative values of y repreſent the ordinates con- 
ſtituted above the abſciſſa, the negative ones will denote 
the ordinates below the abſciſſa, drawn the oppoſite 
WAY. 

The general equation for a line of the ſecond order is 
of this form, 

yy — g + ex“ 
| */# 

and the he general equation for lines of the third order is 
„* -u PU * * + c A Te x fe . 
— ETI = 0 And by ſimilar equations geometri- 
cal lines of ſuperior orders are defined. | 


§ 2. A geometrical line may meet a right line in 
as many points as there are units in the number which 
denotes the order of the equation or line, and never in 
more, The number of times that any curve will meet 
its abſciſſa ay is determined by putting y = o, in 
which caſe there remains only the laſt term of the equa- 
tion into which y does not enter. For example, a line 
of the third order meets the abſciſſa Ap in three points, 
when the equation fx? — gx* + hx — & =o, has 
three rea] roots. In like manner in the general equa- 
tion of any order, the higheſt index of the abſciſſa » is 
equal to the number which denotes the order of the line, 
but never greater, and of courſe expreſſes the number of 
times that the curve will meet the abſciſſa or any other 
right line. But ſince one root of a cubic equation is 
always real, and that the ſame is true of an equation 
of the fifth or any odd order (becauſe every imaginary 
root has neceſſarily its fellow) it follows that a line 
of the third or any other odd order cuts any right line, 


not parallel to the aſymptote drawn in the ſame plane, 
| in 
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in one point at leaſt. But if the right line be parallel 
to the aſymptote, in this caſe it is commonly ſaid to 
meet the curve at an infinite diſtance. A line therefore 
of any odd order has neceſſarily two branches which 
may be produced in infnitum. But of a quadratic, or 
any other equation of an even number of roots, all the 
roots may be ſometimes i imaginary, therefore it may be 
that a riaht line drawn in the plane of a curve of an even 
order may never meet it. 


$ 3. An equation of the ſecond, or of any highet 
order is ſometimes compounded of ſo many ſimple ones, 
| freed from ſurds and fractions, multiplied into each 
other as often as the propoſed dimenſions of that equa- 
tion expreſs; in which caſe the figure FM is not curvi- 
linear, but is made up of ſo many right lines as are de- 
ſcribed by the ſimple equations chus determined, as in 
$1. In like manner if a cubic equation be compound- 
ed of two equations multiplied into each other, one of 
which is a quadratic and the other a ſimple one, the 
locus will not be a line of the third order, properly 
fo called, but a conic ſection joined with a right line. 
| Nov the properties which are generally demonſtrated 
of geometrical lines of higher orders are to be affirmed 
alſo of lines of inferior orders, if the numbers denoting 
their orders, taken together, make up the number 
which denotes the order of the ſaid ſuperior line, 
Thoſe which, for example, are generally demonſtrated 
of lines of the third order, are allo to be affirmed of 
three right lines drawn in the ſame plane, or of a conic 
ſection together with one right line deſcribed in the 
ſame plane. On the other hand, there can ſcarce any 
property of a line of an inferior order be aſſigned ſuffici- 
Ff 4 ently 
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ently general to which ſome affection of lines of ſupe. 
rior orders does not correſpond. But to derive theſs 
from thoſe, it is not every one that can take the pains, 
This doctrine in a great meaſure depends upon the pro- 
perties of general equations, which it is here only pro. 
per to mention, | 


I 4. In every equation the coefficient of the ſecond 
term is equal to the exceſs of the ſum of the affirmative 
roots above the ſum of the negative ones; and if that 
term be wanting, it is an indication that the ſums of 
the affirmative and negative roots, or the ſums of the 
ordinates conſtituted on different ſides of the abſciſſa, 
are equal, Let the general equation be for a line of | 


the order u, . —ax + N N + cx dx e 
ax ＋ 6b for) 
1 


* y — &c = o, ſuppoſe # = y — 


let be ſubſtituted its value u + 2 5 
transformed equation the ſecond term 41 will be 
wanting; as appears from the calculation, or from the 
doctrine of equations, every where delivered: and from 
hence it alſo appears, that by hypotheſis every value of 
| b 
1 is leſs than the correſponding value of by , 
from whence it follows that the ſum of the values of 2 


(whoſe number is 1) falls ſhort of the ſum of the values 
x +6 


3 and in the 


of y (whoſe ſum is ax + 5) by the difference — 


X* n = ax + 6, ſo that the firſt ſum vaniſhes, and the 
' ſecond term is wanting in the equation by which 2 is 
determined, or that the affirmative and negative values 
of 4 make equal ſums, If therefore yq be taken 


Ld 
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— . » ſo that qu may = u, right lines on both 


ſides the point Q, terminated at the curve, will make Fig. 3. 1 
the ſame ſum. Now the locus of the point Q is the 1 
right line BD which cuts the abſciſſa, produced beyond i 


its beginning A, in B, ſo that AB = _ and the ordi- i 


nate AD, parallel to pm, in D, ſo that Ap = = x B; 1 
2 Alt 


for if this right line meets the ordinate PM in the point 1 


; | 1 i 

Qs PQ will be to ps rt + x) as AD to AB, or 1 
„ 8 N - kg 

a to n; ſo that P = — as it ought to do. And "on 
from hence it appears, that a right line may always be 5 {| 


drawn which ſhall ſo cut any number of parallels, 
meeting a geometrical line in as many points as the 
dimenſions of the figure expreſs, that the ſum of the 
ſegments of every parallel, terminated at the curve on 
one ſide of the cutting line, may always be equal to 
the ſum of the ſegments of the fame on the other ſide 
the cutting line. Now it is manifeſt that a right line 
which cuts any two parallels in this manner is neceſſa- 


rily that which will cut all other parallels in the ſame 1 
manner. And from hence appears the truth of the 994 
| Newtonian theorem, in which is contained the general l $ 


property of geometrical lines, analogous to that well- 
known property of the conic ſections. For in theſe a 
right line which biſe&ts any two parallels, terminated 5 0 
at the ſection, is a diameter, and biſects all others pa- | 
rallel to theſe, and terminated at the ſection. And, in "Þ 
like manner a right line, which cuts any two parallels, j 
meeting a geometrical line in as many points as it has 
dimenſions, ſo that the ſum of the parts ſtanding on 

one 


Fig. 1. 
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one fide of the cutting line and terminated at the curve 
may be equal to the ſum of the parts of the ſame parallel 
ſtanding on the other fide of the cutting line terminated 


at the curve, will in the ſame manner cut all other "_ 


lines parallel to theſe, 


$ 5. In every equation the laſt term, or that into 
which the root y does not enter, is equal to the pro- 
duct of all the roots multiplied into each other; from 
whence we are led to another property of ' geometrical 
lines, not leſs general than that above. Let the right 


line pM meet a line of the third order in M, u and 


u, and it will be pM * pm Xx Pu = fx — g** + hs 
— +, Let the abſciſſa Ap cut the curve in the three 
points 1, k, L; and AI, AK, AL will be the values 
of the abſciſſa x, the ordinate being put o, in which 


caſe the general equation gives Fx — g x* + hx —þ 


= © for determining theſe values, as we ined in 


Art, 2. Therefore of the equation x = + 75 — 


= = © the three roots are Al, AK, AL; and ſo this 


equation is compounded of the three x — Al, & — atk 
* ex multiplied into each other; and e 7 + 


2 — 555 ED ARXE SAL = AP—I 


* 
* AP — AK X AP—AL = ty X KP * 1 7 


X PM X PM X Pu. Therefore the product of the or- 


dinates PM, Pm, Pu, terminated by the point ? and 


the curve, is to the product of the ſegments 17, Kb, 
LP, of the right line ar, terminated by the fame 
point and the curve, in the invariable ratio of the co- 

efficient 


DD, © 


ww wy © x [| »v 


Doe, 39 & 
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efficient / to unity. In like manner it is demonſtrated, 
that having given the angle APM, if the right lines Ap, 
pM, cut a geometrical line of any order in as many 
points as it has dimenſions, that the product of the ſeg- 
ments of the firſt, terminated by y and the curve, will 
always be to the product of the ſegments of the latter, 
terminated by the ſame point and the curve, in an inva- 
riable ratio. 


C 6. In the preceding article we have ſuppoſed, 
with Newton, that the right line ay cuts a line of the 
third order in three points 1, k, L; but that this fa- 
mous theorem may be rendered more general, let us 
ſuppoſe that the abſciſſa ay cuts the curve in only 
one point; and let that be A. Therefore becauſe y 
vaniſhes, let x vaniſh alſo, the laſt term of the equa- 
tion, in this. cafe, will be Tx — g + bs 2 


2 2 Ry + YA. 
e 3 407 (if aa be 


taken towards P equal 7 and at the point à be erected 


a perpendicular ab = 


EE —) = f X AP X 
ar. + ab* = VF X ar x br“; from whence, when 
PM X PM X Pw is equal to the laſt term Fx — gf 
+ hx, as in the preceding article, PM * Pm X Pu 
will be to ap x bÞ* in the conſtant ratio of the coeffi- 
cient F to unity. Now the value of the right line per- 
pendicular to ab is always real, as often as the right 
line AP cuts the curve in one point only; for in this 
caſe the roots of the quadratic equation Fx —g x 4- þ 
are neceſſarily imaginary, ſo that 4h is greater than 


gg; and the quantity V. 475. — 22 real, When there- 
fore 


Fig. 4. 


Fig. 5. 


? 
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fore any right line cuts a line of the third order in one 
point A only, the ſolid under the ordinates Pu, pn, Pa 


will be to the ſolid under the abſciſſa ae and the ſquare 


of the diſtance of the point p from a given point b in x 


_ conſtant ratio. Ab, being joined is to Aa, as radius 


to the coſine of the angle bay, as vV 4fb to g, and 


Ab = * - But the ſame point h always agrees to the | 


ſame right line Ap, whatever be the angle which is con. 
tained by the abſciſſa and ordinate, 


§ 7. Let the figure be a conic ſection, whoſe gener: 
equation is y - ax—bxy+ xx—dxe=o0x 
above; and if the roots of the equation cyx — dx Te 
be imaginary, the right line AP will not meet the ſec- 
tion. Now, in this caſe the quantity 4 ec always ex- 


ceeds dd; whence, when exx — dx Ke c X x — wh 
2c 


4e — _ (if Aa be taken = A and ab be erected 


perpendicular to the abſciſſa at a, ſo that ab = 
* 460 — 1 | 
e 


= X aP* x ab* c „ bp?, and PM 


X Pm = e — dx Þ+ e, then PM X Pm is to br“ as c 
to unity. Therefore in any conic ſection, if the right 
line Ap does not meet the ſection, the angle Apu being 


given, the rectangle contained under right lines ſtand- 
ing at the point þ and terminated at the curve, is to the 


ſquare of the diſtance of the point Þ from the given point 
b, in a conſtant ratio, which in a circle is that of equa- 
lity. Now it is manifeſt that the ſame method may be 
applied to a line of the fourth order which the abſciſſa 


cuts in two points only, or to a line of any order which 


the 


ga 0 
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the abſciſſa cuts in points leſs by two than the number 
which denotes the order of the figure. 


$ 8. This being premiſed, I proceed to explain the 
leſs obvious properties of geometrical lines almoſt in the 
fame order in which they occurred to me. Now I uſed 
the following lemma, derived from the doctrine of 
fluxions, and which I have demonſtrated in my treatiſe 
on that ſubject, lately publiſhed Art. 717; yet I have 
ſince obſerved that ſome of them may be demonſtrated 


by common * 


Lemma. If, of the quantities x, 5, z, 2, &c, flowing 
together, and alſo the quantities x, Y, z, v, &c; the 
product of the former be to the OY of the latter in 


any conſtant ratio, then < — Tx * = + 2 * &c 


WF ES = + &c; uid for brevity's 
x FT # + # 


fake I call thoſe quantities mutually reciprocal, when, 
being multiplied into each other, the product is unity, 


ſo — I call the reciprocal of x, and - of y. 


99. Theor, I. Let any right line, drawn through a 
given point, meet a geometrical line of any order in as 
many points as it has dimenſions; and let right lines, 
touching the figure in theſe points, cut off” from another 
right line, given in poſition and drawn through the ſame 
given point, as many ſegments terminated by this point; 
the reciprocals of theſe ſegments will always make-the fame 
ſum, if the ſegments lying on the contrary ſide of the wu 
point be WR with the contrary ſigns. |, 


5 | Let 
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Let Þ be the given point, Pa and Pa any two right 
lines drawn from p, of which both meet the curve in 
as many points A, B, c, and a, 5, c, &c, as it has 
dimenſions. Let the tangents AK, BL, CM, &c, and 
ak, bl, cm &c, cut off from the right line Ep, drawn 
through the point p, the ſegments PK, PL, pM, &e, 


and ph, Pl, Pm, e; I ſay that — RY 5 + 5 n 


| &c = — + — + — + &c ; and that this ſum al. 


ways remains the We the point P remaining, and the 
| right line PE being given in poſition, : 

For let us ſuppoſe the right lines arc, abc to he 
carried by motions parallel to themſelves, ſo that their 
concourſe P proceeds in the right line px given in poſi. 
tion; ſince AP X PB * CP X &c, is always to ap X 


be * c &c, in a conſtant ratio, by Art. 5, let ap re. 
preſent the fluxion of Ap, By the fluxion of Bp, and 


cp, EP, &c, the fluxions of the right lines cp, Ep, &c, 
reſpectively, that an uſeleſs e of ſ⸗ ſymbols 


may be avoided, then (by Art. 8) 4 3 — + — þ 4 


r = + = +2 —+ &c. But when the right 
line AP is e by a * parallel to itſelf, it is 
well-known that Ar, the fluxion of the right line ap, 
is to Ep, the fluxion of the right line xe, as Ap to 


the ſubtangent Px, and ſo = = 2. In like manner 
AP PK | 


pp. =P cp BE PRs xp bp = PE 
W m » n © x” 


(Þ 
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— = ad whence 2 — * £58 + & = — + | 


1 1 * 
2 + ee, and 7 * „, þþ 00- | 7 


+I . 


Things are ſo whenever the points k, I, M, &c, 
and 4, I, n, &c, are all on the ſame ſide of the point p, 
and ſo the fluxions of the right lines ay, BP, c, &c, 
ap, by, cp, &c, have all the ſame ſign. But if, other 
things remaining the ſame, ſome points M and fall 
on the contrary fide of P, then while the reſt of the 
ordinates AP, BP, &c, increaſe, the ordinates cp and 
cy are neceſſarily diminiſhed, and their fluxions are to 


be accounted ſubtractive, or negative; and ſo in this 
! I I . 
, in en" 
and in general, in collecting theſe ſums, the terms are 
to be affected with the ſame or contrary ſigns, as the 


ſegments fall on the ſame or contrary ſide of the given 
point P. 


§ 10. If a right line ye meets a curve in as many 
Pee Dy E, , oY as its dimenſions expreſs; the ſum 
75 * * — + &c, which we have ſhewn to be 
eat or . will be equal to the ſum or 
aggregate — + 77 * — + &c, i. e. to the ſum of 


the reeiprocals to Ge rene of the right line PE, 
given in poſition, and determined by the given point 
p and the curve; in which, if any ſegment be on the 


other fide of the point P, its reciprocal is to be ſub» 
tracted, 


7 2 $ It. 


448 General Properties of - 


Fig. 8. § 11. If the figure be a conic ſection, which the 
right line pE no where meets, let the point þ be 
found as in Art. 7, and eb joined, and at right angles 
to this let oa be drawn, cutting the right line px in a; 

I 


| 2 
— 4 — = Z—. For P * PB is Z 
then will K . 5 A to bp 


Þ — 202 

— by? 
whence (becauſe ay is to Er as AP tO PK, Br to 
EP as nr to PL, and by to EP as BP to 4) 


in a conſtant ratio, and ſo (by Art. JE _ - + = = 


1 I 2 
PK + BN. Pd 


| 5 12. In like manner if the right line Er meets a 
line of the third order in only one point p, let the 
point & be found, as in Art. 6, and let the right line 
bd, perpendicular to by, meet 'the right line EP in 4, 
and becauſe AP Xx BP X CP is to DP X bÞ* in a con- 

'2 + 
ſtant ratio (ibid.) — — — + = - += — 53 + 77 But 
if pb be „ to the _ line Ep, _ will 
vaniſh. | MT , 


Fig. 10. S 13. The aſymptotes of geometrical lines are deter- 
mined from the given direction of their infinite branches, 
or legs, by this propoſition ; for they may be conſidered 
as tangents to the legs produced in infinitum, Let the 
right line PA, parallel to the aſymptote, meet the 
curve in the points A, B, &c; and the right line PE 
cut the curve in p, E, 1, &c. Let pM be taken 


in this ſo that 75 may be equal to the exceſs by 


which 


. 
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wh the ſum 5 + _ + _ + &c exceeds the ſum 
2 3 = _ &c, and the aſymptote will paſs through 


M; 1 if theſe ſums be equal, the curve will be a pa- 
rabola, the aſymptote. going off in 1 


§ 14. To determine the curvature of geometrical 
lines by one general theorem, let DR be a circle 
which the right line px meets in D and R, and the right 
line PC in c and N; let the tangent CM cut the right 
line PD in M, and the right line DR remaining 
fixed, let us ſuppoſe the right line pc to be carried 
by a motion always parallel to itſelf till the points P, 
D, c, 1 and let the laſt value of the difference 


3 — be required. In the right line pN take 


PM 


the right line DR in v; let pq be drawn parallel 


to PN, and let y (parallel to a line touching the 
circle in p) cut DR in v. Therefore — — = 


| _y_ 
DM , CM* X PM 
(becauſe DM Xx MR = CM*) = —7 X 
PM X PD FM XPDPXMR 
V® X PM 
> 2 (ſince MR. 


7 P X MR X PM + P N MR X MB 

. MD, or CM*, is to PM* as u to pe“) 

| D X PM : 2 gu* 

PU? N MR X PM + gv* X PM* 888 PD“ X MR ＋ qo* K Pu 
whoſe laſt value, pM vaniſhing, and qv and pp co- 


inciding with Qy and Dy, is 3 And this is 
DV” X DR 
ufo the laſt value of the difference A if D 
PM PD 


G g | and 


any point 2, let 9 v, parallel to the tangent c, meet 


Fig. 11. 


% 


Fig. 12. 
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and c are in the are of any line of the ſame curvature 
with the circle R. 


* 


SF 15. Theor. II. From any point Þ of a geomeirical 
line let there be drawn any two right lines DE, Da, and 
Both of them cut it in as many points D, I, E, &c, and 
D, A, B, &c, as it has dimenſions ; let the tangents Ak, 
BL, &c, cut off” from the right line DE the ſegments vx, 
DL, Cc; let any right line qv, parallel to the tangent. 
DT, meet DA and DE in Q and v, and let Qn be 
10 DV as m to 1; moreover let there be taken in DE the 


right line DR ſuch that _ may be equal to the exceſs of 


3 8 11 1 1 1 
the ſum — + * + &c, above the fum g + 2 + 


&c; and a circle deſcribed upon the chord DR, touching 
the right line Dr will be the ofculatory circle, or of the 
fame curvature with the geometrical line propoſed, at the 
point D. 


For we car ""_ in nes Art. Io, (Fig. 6) 
that the ſum r + = . & = Ly 


+ — £ &c, and in the preceding Art. we have found 


the laſt value of the difference a —, when the 
| =o od 


5 3 v7 m 
points P, p and c coincide, to be == = 


DVI X DR DR 
if a circle of the ſame curvature with the geometrical 
line at the point p meets ha right line DE in R. 


From whence it follows that — — — will be = = — + 5 


+ e — * — — — hes or that the reciprocal 
| of 
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of * DR is equal to the exceſs by which the ſum 
mM : 


of the reciprocals of the ſegments terminated by the 
point D and the curve, ſurpaſſes the ſum of the reci- 
procals of the ſegments terminated by the ſame point 
and the tangents AK, BL, &c. But as often as this 
exceſs comes out negative, the chord DR is to be taken 
on the other fide of the point p, and the rule above de- 


ſcribed is always to be applied for diſtinguiſhing the 
ſigns of the terms. If the right line DA biſects the 


angle EDT, made by the right line DE and the tan- 
gent DT, the theorem becomes a little more ſimple, 


For in this caſe qQy = ov, * * 1 and 57 = the 

a 5 N 1 1 
exceſs by which + &c, exceeds ap 
+ Ke. 


$ 16. From the ſame principle follows a general 
theorem by which 'the variation of curvature is deter- 
mined, or the meaſure of the angle of contact contained 
by the curve and the oſculatory circle, in any geome- 
trical line; yet a brief explication of the variation of 
curvature muſt be premiſed, ſince this is not clearly 
deſcribed by authors. Every curve is bent from its 
tangent by its curvature, of which the meaſure is the 
ſame as of the angle of contact contained by the curve 
and tangent; and in like manner a curve is bent from 
its oſculatory circle by the variation of its curvature, 
of which variation the meaſure is the ſame as of the 
angle of contact contained by the curve and oſculatory 


circle. -Let the right line TE perpendicular to the F ig. 13. 


tangent DT meet the curve in E and the oſculatory 
circle in 7, and the variation of curvature will be 
G2 ultimately 


2 
8 — 


— = 


. ů — 2 — 
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ultimately as Er the ſubtenſe of the angle of contact 
Er, if DT be given; and fince, when the angle of 
contact E Dr is given, Er is ultimately as Dr, 28 
may be collected from Art. 369 of the Treatiſe of 
Fluxions; in general the variation of curvature will be 
ultimately as _—_— We uſe a circle for determining 
the curvature of other figures ; but to meaſure the ya- 
riation of curvature, which is nothing in a circle, a pa. 
rabola or ſome conic ſection is to be 1 ef Now as 
of the circles indefinite in number which may touch a 
given curve in a given point, one only is called ofcu- 
latory, which ſo cloſely touches the curve that no 
other can be drawn between this and the curve; in like 
manner of all parabolas which have the ſame curvature 
with the line propoſed at a given point (for theſe are 
alſo infinite in number) that only has the ſame varia. 
tion of curvature, which not only touches the arc of 
the curve and oſculates it, but preſſes ſo cloſe that no 
other parabolic arc can be drawn between them, all 
other parabolic ares paſſing either without or within 
both. By what method this parabola is to be deter- 
mined may be eaſily underſtood from what J have elſe- 
we more uy explained. 


Let DE be the arc of a curve, DT a tangent; TEK 
a right line perpendicular to the tangent, and let the 
| rectangle ET & TK be always equal to the ſquare of 
the tangent DT, and the curve SKF the locus of the 
point k, which meets the line ps perpendicular to 
the curve in s, and which touches the right line 3 
in s cutting the tangent TD in v. The right line 5s 
will be ths diameter of the oſculatory circle, and Ds 
being biſected in /, / will be the center of curvature ; 
1 now 


* 
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now v/ being joined, if the angle sp be made equal 
to the angle ſvD on the other ſide of the right line 
Ds, and the right line DN meet the oſculatory circle 
in N; then the parabola deſcribed with the diameter 


and parameter DN, and which touches the right line 


DT in p, will be that whoſe contact with the line 
propoſed in p will be the cloſeſt and moſt perfect or 


neareſt that can be deſcribed. But all other parabolas, 


deſcribed with any other chord of the ofculatory circle 
although deſcribed with the diameter and parameter, 
and touching the right line in Dp, have the ſame curva- 
ture in D with the line propoſed. The quality of 
curvature explained by Newton in a poſthumous work 


lately publiſhed, is rather a variation of the radius of 


curvature; for it is as the fluxion of the radius of cur- 
vature divided by the fluxion of the curve, or (if x de- 
notes the radius of the oſculatory circle and s the arc 


R | * ” 
of the curve) as —. Now the curvature is inverſely 
8 
as the radius R, and the variation of curvature as 


ae which is the meaſure of the angle of contact 


RRS 
contained between the curve and the oſculatory circle. 


Now of theſe the one is eaſily derived from the other. 
The variation of the radius of curvature in any curve 
DE is as the tangent of the angle Dvs or DV}, and 
in any parabola it is always as the tangent of the angle 
contained by a diameter paſſing through the point of 
contact and a right line perpendicular to the curve. 
Theſe things may be deduced oO the following gene- 


ral theorem, 
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$ 17. Theor. III. Let there be a point p given in 
any geometrical line, and let Ds, the diameter of the oſcula- 
tory circle, drawn through D, meet the curve in as many 


points D, A, B, &c, as it has dimenſions ; let DT be 


drawn touching the curve in D, and let it cut the curve in 
the points 1, &c, fewer by two, and meet the tangents ax, 
BL, c, in k, I, &c; and the variation of curva- 
ture, or the meaſure of the angle of contact made by the 
curve and the oſculatory circle, will be directiy as the exceſs 
by which the ſum of the reciprocals to the ſegments of the 


tangent pr, terminated by the point of contact D and the 


tangents AK, BL, &c, exceeds the ſum of the reciprocals ta 
the ſegments terminated by the ſame point and the curve, 


„ 9 . I 
and inverſely as the radius of curvature, i. e. as — & 


For let there be drawn p4 cutting the curve in e, i, 
&c, and the oſculatory circle in R; let the angle 4pT 
be very ſmall, and let the ſupplement of this to two 
right angles be biſected by the right line pab, which 
let meet the propoſed geometrical line in the points p, 
a, b, &c ; and let the tangents a#, öl, &c, when drawn, 
cut the right line p04 in the points &, I, &c. Then by 


; 3 I I 5 
the preceding propoſition 8 + thaw 
1 1 1 Re 

5 &c. From whence — „ 


I EET 3 

7 257 &c, Therefore the right lines 

Di and DE coinciding, or the angle DK vaniſhing, 
R 


CS I ] es 
„ will be ultimately equal . 8 


* 
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— &c, Let err be perpendicular to the tangent at 


, and meet the oſculatory circle in 7; and fince re 
* 3 . | Re 

is ultimately to Re as eT to De, ultimately 
DR X De 


re 1e X DS re DS FS 
DR Xx er DR X DT DT3 
ſure of the angle of contact rDe contained by the curve 


and ofculatory circle, or the variation of curvature, is as 


— 


re I I = I 
A, and therefore as — „ — — — —— &. 
DT DS Bl DK DLi : 


$ 18, Now the yariation of the radius of curvature, 


or the quality of it deſcribed by Newton, is moſt eaſily 


collected from the former, For $1, sk, s, &c, being 
joined, this variation of the oſculatory radius will be 
as the exceſs by which the ſum of the tangents of the 
angles DKS, DIS, &c, exceeds the ſum of the tangents 
of the angles Dis, &c. Now the curvature increaſes 
from the point D towards E, and the oſculatory radius 
is diminiſhed, as often as the arc Dx touches the oſcula- 


. b + i A 
tory circle DR internally, or when —_ 353 &c 
. K 
a | 
exceeds w_ + &c, and on the contrary the curvature 


from D towards e is diminiſhed, and the radius of the 
oſculatory circle is increaſed, as often as the arc pe of 
the curve touches the circular arc externally, or paſſes 
between the circle and tangent, therefore when DR 


is ultimately leſs than De, or when _ + &c excceds 
1 1 Eo 
Dr = br + &c. 


„ 9819. 


F ig. 


15. 
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§ 19. Let GY 18 0 DV be taken in the tangent 
DT ſo chat — = — —+ = 3 &c — Ke; let 


ſv be joined, let Tet Ps $i be made ml DV/, and 
the line DN meet the oſculatory circle in x; and a pa- 
rabola deſcribed with the diameter DN whoſe parameter 
is DN, and which touches the right line DT in p, will 
have the ſame variation of curvature with the propoſed 
geometrical line in the point 5. From the ſame prin. 
Ciples other theorems are alſo deduced, by which the va. 
riation of curvature in geometrical lines 1s in general 
determined, 


$ 20. That theſe theorems may be reduced into 2 
more geometrical form, ſome lemmas are to be pre- 
miſed, by which the doctrine of the harmonical divi. 
ſion of right lines is made more full and general. In 
any right line D1 having taken equal ſegments DF and 
FG, let there be drawn from any point v, which is not 
in the right line DI, three right lines vp, vr, vo, 
and a fourth vL parallel to DI, and theſe four right 
lines are, by De la Hire, called Harmonicals. But 
any right line which meets four harmonicals is cut by 
the ſame harmonically. Let the right line Dc meet 
the harmonicals yp, vr, vs, and vl in the points 
D, A, By c; and it will be Da to Dc as as to 
Bc. For through, the point A let there be drawn the 
line MAN parallel to Di, which meets the lines vp 
and vG in M and N; and becauſe of the equals DF 
and FG, MA and AN will be equal. Now pa is to 
DC as AM (or AN) to vc, and therefore as AB to 
BC. It is manifeſt that a right line, which is parallel 
to one of the harmonicals, is divided into equal ſeg- 

ments 
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ments by the remaining three. Let the line pr parallel 
to vr meet the remaining lines vo, vc, vp in B, k, 
and H; and it will be as vk to KB, ſo FG (or DF) to 
vr, and therefore as vk to KH, and conſequently 
BK = KH, 


8 21. Hence it follows, if any right line be cut 


harmonically by four right lines drawn from the ſame. 


point, that any right line which meets theſe four lines 
will alſo be cut harmonically by the ſame; but that 
that which is parallel to one of the four is divided into 
equal ſegments by the remaining three, Let Da be 
to DC as AB to BC, let va, vB, VC, and vp be joined; 
let the right lines MAN, DFG parallel to vc meet the 
lines vD, VA, and vB in M, A, , and p, r, G7 
and it will be MA to vc as DA to DC or AB to Be, 
and therefore as AN to vc; hence MA = AN, and 
DF = FG; and, by the preceding, any right line which 
meets VD, VA, VB, VC Will be harmonically cut by the 
ſame, 


8 22. From the point p let there be drawn two 
right lines pAc, Dac cutting the lines ya and ve in 


the points a, C and @, c; let Ac and ac joined meet 
each in Q, and vd drawn will cut the line pAc har- 
monically, or any other right line drawn from the point 
D to the ſame right lines. For let vq cut the line ac 


in B, and through the point Q let there be drawn the 


line M parallel to Dc, which meets the lines Da, va 
and VC in the points M, R, and N; and ſince MR is to 
MQ_ as DA to DC, and Md to 14N in the ſame ratio, 
RQ Will be to Q as Da to Dc. But R is to QN 


as AB to BS. Wherefore DA is to DC as AB to ec. 


This 


1 
Tl 
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is! 
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'This is the 20th Prop. of De la Hire's firſt Book of 
conic ſections. 


1 
\ 


§ 23. Let pA be to DC as AB to nc, and = 
DB 


will be the ſum or the ene * 55 and 55 ac- 


cording as the points A and c are on the ſame or 

contrary ſides of the point v. Firſt let the points a 

and c be on the ſame ſide of the point p, and ſince ya 

X BC = DC X AB, i. e. DA X DC — DB = Dc 

* DB — DA, or PA * DB — DC = DC * DA — DB, 

it will be 2DA X DC 8 X DB + DC X DB, and 
1 


2 
therefore int ve Nm + 58 Let now the points A and 


c be on the contrary ſides of the point D, and it will 

be either DA X DB — DC = DC * DB + DA, or 

DA X DB + DC = DC X DB — DA, and there- 
I 


fore — = — — 5 when the * B and c are 


DB DC 
I 


5 
on the ſame ſide of D, or — = — — — when the 
| DB DA DC a 


points A and B; are on the ſame ſide of the point p. If 

therefore, having given the point p and the right lines 

vr and vc in poſition, any right line be drawn 

through the point p meeting them in the points A and 

c, and in the ſame right line DB be Our taken 4 
I 


| 2 
that _ =XF = where the terms — — and — 


DA c 
are ſuppoſed to be affected with the ſame or e 
ſigns as the points A and C are on the ſame or con- 
trary ſides of the point p, the locus of the point B 


will be the harmonical vd which cuts the line DFG 
6 | | parallel 
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parallel to ve in G ſo that FG = DF; and which paſſes 
through the point Q where (Dac being drawn which 
meets the ſame right lines vr and ve in @ and c) Ac 
and ac being joined, croſs each other. 


$ 24. If in a right line DA, Db be always taken ſo 


that 27 = — Þ =; let Dr be drawn parallel to 


the line vc which meets vr in r, and DH parallel to 


the line vy which meets the line vc in h, and the dia- 
gonal HF being drawn will be the locus of the point 5; 


for by hypotheſis _ = 555 and DB = 20b; there- 


fore ſince vo is the locus of the point 3, the point 
þ will be in the right line Rr, if the points A and c 
are on the ſame _ of 25 point 5. But if it be ſup 


poſed that — = — = 5 —_ the ſame conſtruction will 


ſerve for ee . ket 5, if inſtead of the right 
line vc be ſubſtituted another vc parallel to vc at an 
equal diſtance from the point p, but on the contrary 
fide. 


§ 25. If from a given point p be drawn any right 
line pM which meets three lines given in poſition in 
the PR A, C, E L 885 DM be always taken ſo that 
1 
DM 
affected 8 3 e ſigns as often as the lines 
DA, DC, or DE are on the MY ſide of the point 
D); let it be ſuppoſed that — — 1 — —, and L 


DC 
will be in 4 line glven in poo by the preceding; 


= = — = — 3 — — (where the terms are to be 


and therefore when — = —_— _— the point will 


be 


Fig. 17. 


F ig. 18. 
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be in a line given in poſition, by the ſame. Now the 
compoſition of the problem is eaſily performed from 
what has been ſaid. Let va, vc and ve be three 


lines given in poſition, and let the parallelogram neyg 


be completed, by drawing DF and DH reſpectively 


parallel to ve and vr, and let vs meet the diagonal 


in v; then let the parallelogram pfvh be completed 
by drawing Df and Dh parallel to the lines vs and 
HF, which meet the lines yz and vk in the points 
Fand h; and the diagonal / will be the locus of the 
point M; _ it will be, avg i goes before, 
a | 

— — | — + —_ + — Another con. 
ſtruction is deduced from Art. 22. | 


§ 26, Let any right line drawn from the given point 
D meet right lines given in poſition in the points a, B, 


c, E, &c; and in this right line let there be taken — 


„ 
always = 5 i &c: the locus of 


the point M will always be in a right line given in po- 


ſition. It is demonſtrated i in the ſame manner as the 


preceding. 


$ 27. Theor. IV. About the given point v let the 


right line PD revolve which meets a geometrical line of any 


order in as many points D, E, I, &c, as it has dimenſions, 
and if in the ſame right line be always taken pM ſo that 
1 I I I | 
— — — — F &c, (where uppoſe the 
PM r en hs nv > ( we ſuppoſe 


ns of the terms to keep the rule repeatedly given) the locus 
of the point M will be @ right line. 


Por 
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For let there be drawn from the pole P any right line 
given in poſition PA, which let meet the curve in as 
many points A, B, c, &c, as it has dimenſions. Let there 
be alſo drawn the right lines Ak, BL, cx touching the 
curve in theſe points, which let meet pp in as many 


: . | I 
points k, I, N, &c; and by Art. 10, —_ F- Þ 


I & I 1 ; I 
he e 2 — 7 — — = &c. Whence — 
F X + 2" = 


Pr „. 

is equal to this ſum, and when the line pA is given in 
poſition, and the right lines Ak, BL, c, &c, remain 
fixed, whilſt the right line PD revolves about the pole 
p, the point M will be in a right line, by the preced- 
ing Article; which may be determined by what has 
been ſhewn above from the given tangents Ak, BL, 
&c. | 


$ 28. As the right line pm is a mean harmonical 


between the two lines PD and Px, when as Oh 
Ny Pm PD 


# „ 


+ 75 ; in like manner Pm may be called a mean har- 


monical between any right lines PD, PE, PI, &c, 


whoſe number is x, when 3 g ZE 
22 h ? Pm 3 PD ＋ 2 5 P 5 


xc. And if any right line drawn 8 a . point 
p cut a geometrical line in as many points as it has 
dimenſions, in which let Pm be always taken an har- 
monica] mean between all the ſegments of the drawn 
line terminated by the point and the curve, the point 


m will be in a right line. For — will = =, and 
PM PR 


therefore pm is to PM as n to unity; and ſince the 
point M is in a right line, by the preceding, the point 
m will 


— - 
— — 
pong | = 


— 


— — 
= — 


—— —-— —¼ — 


Fig. 19. 


for conic Wa given in Art. 1) = 
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m will alſo be in a right line. And this i us Cotes's his; 
rem, or nearly related to it. 


S 29. Let 4, b, c, d, &c, be the roots of an equa- 
tion of the order u, v its laſt term into which the 


ordinate or root y does not enter, P the coefficient of 


the laſt term but one, M the harmonical mean be. 
tween all the roots, or —==+7+=+5+ 


&c. Therefore ſince v is the product of all the roots 
a, b, c, &e, multiplied into each other, and p is the 


ſum of the products when all the roots, one excepted, 


V 


are multiplied into each other, p will = 2 + 7 +» 


+ - + &c = = and therefore M = =. So, if 
the * ” r quadratic, whoſe two roots are à and 


b, M will =. 285 (having et the general equation 


20XX —2 dx T 2e 
n 
In a cubic equation, whoſe three roots are a, b, c, M will 
= = 5 * (if there be aſſumed the general 
equation for lines of the third order there given) 
3fx* — 3g x* + 3hx . 
e * 


§ 30. Let any two lines pm and pu, drawn from 
the point P, meet à geometrical line in the points D, 
E, 1, &c, and d, e, i, &c; and let pm be an harmo- 
nical mean between the ſegments of the former termi- 
nated by the point Þ and the curve, and Py an harmo- 
nical mean between the like ſegments of the Jatter 
line; 


GEOMETRICAL LIN ES. 463 
line; let wm, being joined, meet the abſciſſa Ar in M, 


: nvæ . v 
then will pv = —— or PH is to Pm as r to. For 
V XxX 


Jet the abſciſſa cut the curve in as many points B, C, 
x, &c, as it has dimenſions ; and ſince the laſt term 
of the equation (i. e. v) is to BPH X CP Xx FP X &c, 
in a conſtant ratio, as we have ſhewn above (Art. 5) 


it will be (by Art. 8) — * eu Kc, 


cy» © 
| z I I I v 
and PH >> F cr F re © ee 


and PH 3 (becauſe the line P = =) = Pm 


V 
„ ==, In conic ſections it is PH to pm as ax — -b to 
v 


2c — 4; and in lines of the third order as cx x — ds 
+ eto 3fxx — 23 + h. | 


31. If a demonſtration of the preceding propoſi- 
tion be defired from principles purely algebraica), it 
may be had by help of the following Lemma. Let the 
abſciſla ap = x, the ordinate D = y, v the laſt term 
of the equation defining the geometrical line = Axz 
＋ Bu i cx"? + &c, Þ the coefficient of the 
laſt term but one = e = + ba"? + cx + &c, 
and let Q be the quantity which ariſes from multiply- 
ing every term of the quantity v into the index of x 
in this term, and dividing by x, i. e. let C = nav 
+u—I X BYTE + n—2 X c 0 ＋ &c, (which 


is the quantity which we call D. Let there be drawn 
Fx 
the 
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the ordinate Dp which makes any given angle App with 
the abſciſſa, and let the right lines pp, pp, and Pp 
be as the given ones , rand 4; let pp = u, ap = x, 
and let the propoſed equation be transformed into an, 
other expreſſing the relation between the ordinate 
and abſciſſa z; and ſince z = ap, the laſt term v of 
the new equation will be equal v, but p the co. . 
efficient of the laſt term but one, will be equal to 
Hh r | 

— 0 

4 1 ; 

For ſince yp (= ) is topp (=u) as I to r, y= 


Iu | 
23 but let rp be to pp (= u) as & to r, then vp 


= =, and ar = « =p t== © = Now 
theſe values being ſubſtituted for y and x in the pro- 
poſed equation of the geometrical line, there will come 
out an equation determining the relation of the co- 
ordinates z and 2. To determine the laſt term of this 
2 and the laſt but one px, it is ſufficient to ſubſtitute 
theſe values in the laſt v, and in the laſt but one xy, 
of the propoſed equation, and to collect the reſulting 
terms in which the ordinate 2 is either not found, or 
of one dimenſion only; for the ſum of- theſe gives 
pu, and of thoſe v. Let for x be ſubſtituted its value 


2 cn = in the quantity Vor Ax + Br". + cx=3 


1A 41 
—— 


r 


+ &c; and the reſulting terms az? = 


4 | y 8 n BYE A — ; 


ez”—3 ku 


* + &c, will alone ſerve for the purpoſe 


We 
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we are about. Then let be ſubſtituted for x the Tame 


; lu . : 
value, and for y its value 25 in the quantity py = 


27 —1 FD + &c xy; and the reſult- 
ing terms alone 42 —1 J. be? + 2993 + &c x 
= are to be retained, Let it be ſuppoſed now that 
Yr 


ofs 
8 


2 = x, and the ſum of the firſt be equal y = 


| 3 Þ/ | 3 
and of the latter the ſum — From whence it is 
manifeſt that the laſt term of the new equation v = , 


and the laſt but one pu = — X 1. 


$ 32. Let now Pm be an harmonical mean between 
the ſegments PD, PE, PI, &c, and Py an harmonical 
mean between the ſegments pd, Pe, Pi, &c, as in 
Art. 30, let wm, being joined, cut the abſciſſa in H; 
and let us ſuppoſe Pn to be parallel to the ordinate pp. 
Let us be drawn parallel to the abſciſſa, which let meet 
the right line Pm in 5; and ps will be to Pu as PD to 
pb or as 1 to r, and us topuas+tor. And ſince 

Ar. 


„ b AnticleY 2 
Pu = 7 (by the OR Article) = STEW ms 


1255! EO, 
will = pm = ps = ＋ * => = 70 


nv Of . - 
— — Now ms is to 54 as Pm to PH, I, e. 
NX Qk ; 

avQ# av 


* IEC FN 


as Pm to PH; and fo Q is to 


| TOS AV . 
p as Pm to PH, or PH = Pm X — or —_ Since 
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therefore the value of the right line pf does not de. 
pend upon the quantities I, & ander; but, theſe being 
changed, is always the ſame, the point w will be at a 
right line given in poſition, as we have otherwiſe ſhewn 
in Theor. 4. Moreover alſo the value of the line py 
is that which in Art. 29 we have determined by an. 
other method; and the right line H cuts all right 
lines drawn through P harmonically, according to the 
definition of harmonical ſection given in general in 
Art. 28. 


SECTION II. 


of Lines of the ſecond Order, or the Cont 
Sections. 


§ 33. ROM what has been demonſtrated in gene- 

ral concerning geometrical lines in the firſt 
ſection, the properties of lines of ſecond, third, and 
| ſuperior orders naturally low. What relate to the 
conic ſections are beſt derived from the properties of 
the circle, which figure is the baſe of the cone. But 
that the uſe of the preceding theorems may more clearly 
appear, and the analogy of the figures be illuſtrated, it 
will be worth while to deduce the properties of theſe 
alſo from what has been premiſed. Now the whole 
conic doctrine about diameters, and their ordinates (to 
which right lines touching the ſection at the vertices 
of the diameters are parallel) and about the ſegments 


of of parallels which meet any right 1 and about aſymp · 
| totes, 


<< — 1 i 20; 
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totes, flows very eaſily from what has been ſhewn in 
Art. 4 and 5. 


J 34. Let the right lines AB and Fo inſcribed in a 
conic ſection meet each other in the point p; let Ak, 
BI, FM, GN drawn touching the ſection meet PE, 
drawn through P in 25 points K, IL, M, N; and it 

I 


I . = 
will always be — * > 155 = 7 = (if the right 
! 


line pk meets the curve in points D and ) = 3 


T —_ But to the ſegments which are on the ſame 
tide of the point p the ſame ſigns are to be prefixed; 
and to thoſe which are on oppoſite ſides of p contrary 
figns are to be prefixed, Hence if DE be biſected in p, 
and from the point P be drawn any right line cutting 
the ſection in the points A and 3, from whence let 
be drawn the right lines Ax and BL touching the 
curve which cut DE in K and L; PK will always = 
pl. But if DE does not meet the ſection, and p be 
the point where the diameter which biſects right lines 
parallel to DE meats the ſame; in this caſe alſo PK 
will = PL. 


835. Let the right lines AB and FG inſcribed in 
a conic ſection meet in the paint 2; let right lines 
touching the ſection in the point A and F being 
drawn meet each other in E, and Px being joined 
will paſs through the concourſe of right lines which 
touch the ſection in the points B and 0. For if the 
line PK does not paſs through the concourſe of the 
lines touching the ſection in B and G, let it meet one 


. : . ; I 
of them in x, and the other in L; and ſince _ 


H h 2 


Fig. 20. 


Fig 21. 


2] 4 


Fig. 24» 


6 


and the points R, 2, Q, and p will be in the fame 
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I I 
. by th eceding, PL : 
PL Pk T PN e BY will = PN; 
and the points L and N coincide contrary to the hypo- 


theſis. 


§ 36. For the ſame reaſon it appears that the right 
lines 4G and BF meet each other in the point 7 of the 
right line LK; and therefore the points P, K, æ, L are 
in the ſame right line, Hence having three points of 
contact A, B, and F given, with two tangents ak and 
FE, the conic ſection is eaſily deſcribed. For let the 
right line KP revolve about the concourſe of the tan- 
cents Kk as a pole, which let meet the right lines az 
and FB in the points Pp and æ; and Ax, Ff being joined 
will, by their concourſe 6, deſcribe the conic ſection 
which will paſs through the three given points A, B, F, 
and touch the right lines AK and FK in the points A 
and F. | 


$ 37. The ſame things remaining, let the right 
lines AF and BG meet each other in the point p, the 
tangents AK and BL in R, and tangents FK and GL in 


right line; in like manner let the tangents ax and o 
meet in n; the tangents BR and Fk in ; and the 
points P, mn, un, p will be in the ſame right line. This 
is demonſtrated in the ſame manner as in Art. 35. 


§ 38. Hence having four points of contact A, B, F, 

G given, with one tangent AK, the concourſe of the 

right lines AB and FG, AF and BG, and of AG and Br 
will give the points p, p, and v; and Pp, Pr, pr being 

joined will cut the given tangent AK in three points 
n, K, and 15 from whence u, KF, RB being . 

WI 
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will touch the conic ſection in the given points 6, f 
and B. 


$ 39. Having four tangents RK, KQ, QL, LR given, 
and one point of contact Aa, the concourſe of the tan- 
cents RK and LQ, LR and Q will give the points 7: 
and 2. Let Lk and n be joined, and the concourſe 
of the right lines LK and RQ, LK and mn, RQ and mn, 
will give the points 2, P, p; but Pa, xA and pa being 
joined will cut the tangents RL, Q and Q.. in the points 
of contact B, G, and F. 


$ 40. Having given five points of contact a, B, r, 
6 and f, let GF and Gf being joined meet the line ap a 
in the points Þ and x; let Ar and A/ being joined meet | 
the line BG in p and x; and Pp, xx being joined will 
by their concourſe give the point ; from whence mA 
and mG being drawn will touch the conic ſection in a 
and ; and in like manner are determined the lines 
which will touch the curve in the remaining points B, , : 


and f, 


§ 41. Let there be five lines given touching a conic 
ſection, vk, K, QL, Lu, and av; the concourſe of the 
tangents vk and Lq will give the point ½; the con- 
courſe of the tangents K and Ly will give the point 
n; let be joined mn, LK, VL and my; the line LE 
will cut the. line mz in P; and the line Ly will cut 
mu in x; now PX being joined will cut the tangents 
vk and 4L in the points of contact 4 and B. And in 
like manner the remaining points of contact are deter- 
mined, | | — 


$ 42. Having three tangents Ak, Bk, and RL Pig. 2 5 
given, and two points of contact A and B, the thir 8. 25. 
| => 3 18 
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. is eaſily determined, by Art. 35. For let the tangent 
RL meet the others in R and I, and let AL and BR 
being joined croſs each other in , Kx being joined 
will cut the tangent RL in the third point of conta& 


; and the conic ſection may be deſcribed ag in 
Art. 36. 


Fig. 26. $ 43. Let there be given forir tangents K Q, gy, 
=* ** LR, and RE, with one point of contact hof the conic 
ſection which is not in any of the four tangents. Let 

be found the points P, p, and x, as in Art. 39. Let 

there be joined Pp, pb, and n; and let PZ, being 

drawn parallel to pp, meet the line RQ in 2; and let 

PZ be biſected in s; and ps being drawn will cut the 

line pp in E a point of the curve; or let PD meet the 

line Rin z, and (by Art. 23) let pp be cut harmoni- 

cally in z and E. Now Dr being drawn will cut pr 


being joined i in e, and Ex cut pp in 4, ſo that alſo theſe 
points a, e may be alſo in the curve. 


Fig. 27. $ 44. If from the point k be drawn two lines touch- 
n. 1. ing a conic ſection in a and B; from the point à let 
be drawn alſo two lines Ar, AG meeting the ſection in 
F and G; let BG being joined cut AF in P, and BF being 
Joined bak AG in mT; then will the points P, E, bein 

the ſame right line, by Art. 36. 


But this propoſition is more general. For if from 

n. 2. any point K be drawn two lines K Aa, KBb cutting the 
ſection in the points A, a, and B, b; and from the points 

A and à be drawn to the ſection the lines AF and 46; 

now let BF being joined cut aG in p, and 50 being 

drawn cut AF in æ; the points p, E, 7 will be in the 

ſame right line: which we have | in various ways other- 

wiſe 
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wiſe demonſtrated, from whence I formerly deduced an 
expeditious method of deſcribing a conic ſection through 
any five given points. Let a, a, B, b and F be the 
five given points, let the lines aa and Bb meet in k; 
let AF and BF be joined; let the line pK revolve about 
the pole Kk, and let it meet theſe lines in x and p; and 
ae, bs being drawn will, by their concourſe G, deſcribe 
the ſection, | | 


| $45. If v be a given point out of a conic ſection 
from whence any right line drawn to the ſection meets 


- * o T I 
it in D and E; and if = = = + —, N will be at 
PM PD 


a right line which meets the ſection in the points A and 
B, ſo that PA and pB being drawn, they will be tan- 
gents to the circle, ' But if the point p be the middle 


point of As within the ſection, and it be allo == 


7 
7⁴ N 5 
ab, drawn through P parallel to AB. Tangents at the 
points D and E always meet in the right line as, and 
tangents at the points d and e in the right line 46. 


—, the locus of the point m will be a right line 


$ 46. Let a right line DT touch a ſection in p, 
from whence let be drawn any two right lines DE and 
DA, which meet the ſection in E and a. Let pt 
meet in k the line AK which touches the ſection ; 
and let EN, KM drawn parallel to the tangent DT 
cut DA in N and M, let be taken in the line DE, 
DR to EN as KM to KE, and a circle of the ſame 
_ curvature with the ſection in p will paſs through R. 


y* 1 1 
2 eb — — — es 


For by Art. 15 it is — = 
| DV* X DR DE DK 
Hh 4 KE 


Fig. 28. 


— 


_—_/ 4 "—_— "> 
— —— 
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— - —́— ä — 2 — — 
— — 
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Fig. 30. 


n. 1. 


. 
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8 KE | DE X DK Qv* 
f KM X EN 
DV. 35 IM -:5DE 2: BN D8]-25 — But 


if the tangent AK was parallel to the line DE (i. e. if 
DE was an ordinate to the diameter paſſing through 


: l ö EN * 
the point A; then DR would = Dr» Or DR would 


be to DE as EN* to DE“; as I have elſewhere demon- 
ſtrated in Art. 373 of the Treatiſe of Fluxions, If in 


this caſe DE be a diameter, — and ſo DR, will be 


equal to the parameter of the diameter DE; as is well 
known. | | 


Pd 


$47. Let be drawn the right lines pr, Dx, of 
which let the firſt touch a conic ſection in p, and the 
latter meet it in E. Let DA be drawn which biſects 
the angle ED r and meets the ſection in A; let Ak be 
joined, which let meet in v the line Dy parallel to 
the line which touches the curve in A; and vx being 
drawn parallel to Da, it will cut DE in R where the 
oſculatory circle meets the line DE; and DR will be 
the diameter of curvature, if the angle EDT be a right 
one. For vR will be to Ap as ER to DE, and as 
DR to DEK; whence DR is to DK as DE to EE, 


and fo — = — — —_ as it ought, by Art, 15, 


Now if the tangent Ak be parallel to DE (in which 
caſe the tangents Ax and DT make equal angles 
with the line DA which is therefore perpendicular to 
the axis of the figure) the points R and E will co- 
incide, and the oſculatory circle will paſs through the 
point E. It follows alſo from what has been ſaid that 

the 
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the lines EK, DE, and ER are in geometrical pro- 
greſſion. 


$ 48. Let any right line DE meet a conic ſection 
in p and E, let tangents to the curve at D and E 
meet in the point v Let Dpoa be a diameter of the 
curve through p, and if the angle Dvr be conſtituted 
= EDO, DR (= 2Dr) will be a chord of the oſculatory 
circle, For let ax be drawn touching the ſection 
which meets DE in K, and the tangent Ev in 2; let EN 
be drawn parallel to the tangent Dy cutting DA in N; 
and fince DR is to KA as EN to EK; and Kz (= Zak) 
to EK as vp to BE, it will be as vp to DE fo 2 DR to 
EN; and fo the triangles pvr and EDN will be ſimilar, 
and the angle pvr equa] to the angle EDO. This. me- 
thod of determining the oſculatory circle I have demon- 
ſtrated in the "Treatiſe of Fluxions, Art. 375, but not fo 


ſhortly, ; 


$ 49. The variation of curvature, or the tangent of 


the angle of contact made by a conic ſection and the 


oſculatory circle, is directly as the tangent of the angle 
contained by the diameter which is drawn through the 
point of contact and perpendicular to the curve, and 
inverſely as the ſquare of the radius of curvature. For 
let DR be the diameter of curvature, and this varia- 
tion at the point D will be as - — — 
DR X DV 

ſo that, ſince Dy is to Dr as DE to EN, it will be as 

EN 

DE X DR 
ture 15 as the tangent of the angle EDo. But if the line 
Do meets the oſculatory circle in , a parabola de- 
ſcribed with the diameter and parameter Dx, and which 
__ touches 


» by Art. 17; 


But the variation of the radius of curya- 


Fig. 31. 


Fig. 22. 


Fig. 32. 
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touches the line DT in p, will be that whoſe contact 


with the ſection is the cloſeſt, by Art. 19. 


§ 50. The reſt remaining, let from the point y be 
drawn v touching the oſculatory circle in H; let R 
be joined, and fince the angle RD is the complement 
of the angle Drv to a right one, RDH will = pvr = 
EDO; and ſo the variation of the radius of curvature will 
be as the tangent of the angle RDH ; and the right lines 
DR and DH coinciding, that variation vaniſhes, 


ooeeoce once 


S E CEO IH, 
Concerning Lines of the Third Order. 


$ 51. E muſt treat more fully about lines of 

the third order or curves of the ſecond 
kind. Very many have handled the doctrine of conics, 
and in ſuch various methods as almoſt to cloy. But 
few have touched upon this part of univerſal geometry ; 
yet it will appear from what follows, as I hope, to be 


neither barren nor unpleaſant, fince beſides the pro- 


perties of theſe figures formerly delivered by Newton, 
there are many others not unworthy the attention of 
geometers. I have ſhewn above, that a right line may 
cut a line of the third order in three points, becauſe 
there are three roots of a cubic equation, which may 
all be real. Now a right line which cuts a line of the 
third order in two points, neceſſarily meets the ſame 


in ſome third point, or is parallel to the aſymptote of 
the 
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the curve, in which caſe it is ſaid to meet it at an in- 
finite diftance : for if two roots of a cubic equation 
are real, the third will neceſſarily be real. Hence a 
right line which touches a line- of the third . order, al- 
ways cuts it in ſome point, ſince the contact is to be 
looked upon as two coincident interſections. But a 
right line which touches the curve in the point of con- 
trary flexure, is at the ſame time to be eſteemed a ſe- 
cant. When two arcs of the curve meet each other, 
there is a double point formed, and a right line which 
touches either arc there, in the ſame point cuts the 
other. But any other right line drawn from the double 
point cuts the curve in one other point but not in 
more. | 


$ 52. ProPe. I. Let there be two parallels, 
each of which let cut a line of the third order 
in three points; a right line which ſo cuts 
both of the Parallels, that the ſum of the two 
parts of the parallel terminated at the curve on 
one {ide of the cutting line may be equal to 
the third part of the ſame terminated at the 
curve on the other ſide of the cutting line, 
will in like-manner cut all other right lines 
parallel to theſe which meet the curve in three 
points; by Art. 4. | 


{I 53. PRor. II. Let a right line given in 
poſition meet a line of the third order in three 
points; let any two parallels be drawn, both 
of which let cut the curve in as many points; 
and the ſolids contained under the ſegments of 

| the 
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the parallels terminated by the curve and ths 


line given in poſition, will be in the ſame ratio 
as the ſolids under the ſegments of this right 
line terminated by the parallels, by Art. 5. 


'Theſe two properties were formerly exhibited by 
Newton, 


$ 54. ProP, III. The reſt remaining as in 
the preceding poſition, let the right line given 
in poſition meet a line of the third order in 
one only point 4, and the ſolid contained un- 
der the ſegments PM, pm, Py of one parallel 
will always be to the ſolid under the ſegments 
px, pn, pv, of the other parallel, as the ſolid 
ap X by* contained under the ſegment ay and 
the ſquare of the diſtance hp of the point v 
from a certain point 4; to the ſolid ap x 59 
contained under the. ſegment ap and the ſquare 
of the diſtance of the point p do the ſame 
point b, by Art. 6. 


§ 56. Prop. Iv. \Feom any point p let be 
drawn a right line pp which may meet a L line 
of the third order in three points p, E, r, and 
any other right line pa which may cut the 
ſame in three points a, B, c. Let be drawn 
the tangents AK, BL, CM, which let meet 
PD in k, IL, and M; and the harmonical 
mean between the three lines Pk, PL, PM, 


coincides with the harmonical mean between 
the 
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the three lines pp, PE, pr, by Art. 10 and 
28. But if the right line pp meets the curve 
in; one only point o, let be found the point 
d, as in Art. 6, and the harmonical mean be- 
tween the three lines Pk, PL, PM, will be 
to the harmonical mean between the two right 
lines PD and 25a, in the ratio of 3 to 2, by 
Art. 12. 1 


$ 56. PRop. V. Let the right line pp re- 
vol ve about the pole p, let pu be always taken 
in pp equal to the harmonical mean be- 
tween the three lines PD, PE, and pr, and the 
locus of the point M will be a right line, by 
Art. 28. | 


And this is a property of theſe lines invented by 
Cotes. 


§ 57. PRop. VI. Let there be three points 
of a line of the third order in the ſame right 
line; let right lines touching the curve in 
theſe points be drawn, which may cut the 
ſame in three other points; theſe three points 
will alſo be in a right line. 


Let the right line Froh meet a line of the third 
order in the points F, G, and H. Let the lines Fa, 
GB, HC touching the curve in theſe points, cut the 
ſame in the points a, B, C; and theſe points will be 
in a right line, For let AB be joined, and this will 
paſs through c; for if it be poſlible, let it meet the 

| curve 
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curve in any other point M, the om HC n N, wy 


the ebe line FGH in p; and ſince — — + — + = 
PB PM 


I 


== 1 * —, by Prop. IV, em. 


PB 
which cannot be, eaſed the points N, B, and c coincide; 
Therefore the right line AB paſſes through c. 


§ 58. Corol. Hence if à, B, c be three points of 4 
line of the third order in the ſame right line, and ar 
and BG being drawn touch the curve in F and 6, and 
FG, being joined, cut the curve again in H, CH being 
joined, will touch the curve in H. For if a right line 


| ſhould touch the curve in H, which ſhould not cut it in 


c but in ſome other point, this point would be with the 
three others A, B, c, in the ſame right line which would 
therefore cut a line of the third order in four points. 
But this cannot be. I firſt hit upon this propoſition in 
a different way, but leſs expeditious, by deducing the 
ſame from Prop. IT. In like manner if the right line 
Af alſo touches the curve in f, and Gf being drawn, 
meets the curve in h, ch, being joined, will be a tangent 
at the points B. And if from the points a, B, c, of a 
line of the third order ſituated in the ſame right line, be 
drawn as many right lines touching the curve as can be 
drawn, there will always be three points of contact in 
the ſame right line. 


$ 59. PRor. VII. From any point of a line 
of the third order let be drawn two lines touch- 
ing the curve, and let the line joining the 
points of contact cut the curve in another 
point, the tangents to the curve at this other 
6 point 


7 — —7—ͤ— — — 
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point and at the firſt point will cut each in 
ſome point of the curve. | 


From the point A let be drawn lines touching the 


curve in F and o, let FG, being joined, cut the curve in 
H, and let theſe touch the fame in EH, the line gc which 
meets the curve in c, and Ac being drawn will be a 


tangent to the curve at a. It follows from the pre- 


ceding Corollary, for a and B coinciding, the line CA is 
a tangent at the point A. 


8 6o. Corel. 1. If from the point © of the curve be 
drawn two lines touching the ſame in A and , and 
from either point A tangents to the curve AF and AG be 


drawn, the line drawn through F and G the points of 


contact will paſs through the other point j. 


§ 61. Corol. 2. Let the line ac touch the curve in 
A, and cut it in c, and Jet Ar and cn touch the 
curve in F and H, and the line drawn through the 
points of contact cut it again in G, AG, being joined, 
will touch the curve in G, But if there be any other 
line drawn from c as ch touching the curve in Y; and 
he, ho, being joined, meet the curve in F and g, af 
and ag being drawn will be tangents at the points 7 
and g. | 


§ 62. Crol. 3. Let a be a point of contrary flexure, Fig. 38. 


from whence let Ar and aG being drawn touch the 
curve in F and , and let FG, being joined, cut the 
curve in E, and AH being drawn will touch the curve 
in H. For if the tangent at the point E ſhould meet 
the curve in any other paint different from A, the right 


line drawn from this point of meeting to the point of 


contrary 


Fig. 37. 


Fig. 37. 
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contrary flexure a would touch the curve in a, which 
cannot be. Now it is manifeſt that only three lines 
ean be drawn from the point of contrary flexure touch- 
ing the curve beſides that which both touches and cuts 
it in that ſame point, and that the three points of contact 
fall in the ſame right line. From the point of contrary 
flexure alone three right lines can be drawn to touch the 
curve that the three points of contact can be in the 
ſame right line. For let F, o, , be in the ſame right 
line, from which tangents being drawn; may meet in 
the ſame point of the curve a, which i is not the point of 
contrary flexure; let ae be drawn touching the curve 
in a, and which meets it in e, and en, being joined, will 
touch the curve in H, by this propolition ; ; and ſo the 
lines eh and an would touch the curve in the ſame point 
Hy which is abſurd, 


§ 63. Proe. VIII. From any point of a 
line of the third order let be drawn three lines 
touching the curve in three points; let a right 
line joining two of the points of contact meet 
the curve again, and a right line drawn from 
that point of meeting to the third point of 
contact will again cut the curve in a point 
where a right line to the firſt point will touch 
the curve. 


From the point A of a line of the third order let 
be drawn three lines AF, AG, and A, touching the 
curve in the three points r, o, and /; let the line 
Gf, which joins two of them, meet the curve again 
in x, and a line drawn from this point.to the third 


point of contact F cut the curve in g, then ag, being 
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joined, will touch the curve in g. For let there be 
drawn AC touching the curve in A and cutting it in 
e; and ſince the points G, N, and F are in the ſame 
right line, and the tangents at the points & and F paſs 
through A, it follows (by Prop. VII) that the tangent | 
at the point v paſſes through c. And ſince the points i 
F, NV, g are in a right line, but the tangents FA and | 
NC meet the curve in A and c, and ac is a tangent ö 
at the point a, the tangent at the point g will paſs | 


through A. 


$ 64. Corol. Hence if a curve be deſcribed, from 
three given points of contact where three lines drawn 
from the ſame point of the curve touch it, a fourth 
point of contact is found where a line drawn froſn the 
ſme point of the curve touches it. And from hence 
it is collected that only four lines can be drawn from 
the ſame point of the curye touching a line of the third 
order beſides that which touches it in that ſame point. 
For if lines might be drawn from the ſame point of the 
curve touching in five points, more lines indefinite in 
number might be drawn from the ſame point touching 
the curve; as is eaſily gathered from what goes before. Alt 
Now this Corollary we ſhall afterwards demonſtrate = 
more eaſily, See below, Art. 77. i 


$ 65. Prop. IN. Let three tangents to the Fig. 38. 
curve be drawn from a point of contrary flex- 
ure, and a right line joining the points of 
contact will cut harmonically any right line 
drawn from the point of contrary flexure and 
terminated by the curve. 


Let A be the point of contrary flexure, Ar, A6, 


AK tangents to the curve at the points r, o, and H. 
| ä Erom 


Fig. 39. 
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From the point A let be drawn any right line cutting 
the curve in B and c, and the right line FH in p; and 
it will be as PB to Pc, ſo BA to ac. For fince three 


tangents at the points Fs G, _ H meet in the ſame 


point A, by Prop. IV,- — IE — — 2 there- 


PC PA? 


I 


Ms 251 1. e. PA is an harmonical mean 
PB PC © PA 


between the two lines PB and pc terminated at the curve, 


Which is a property of lines of the third order of admi- 


rable ſimplicity. 


$ 66. Corel. 1. A line which cuts any two right 
lines drawn from a point of contrary flexure to the 
curve harmonically, will alſo cut any other two lines 
drawn from the point and terminated by ws curve har- 
monically. * | 


867. Cerol. 2. If a right line parallel to the aſymp- 
tote drawn through a point of contrary flexure meets 


1 * : . I 4 
the line FH in R and the curve in o, then es —, 
| 0 RA 


and ſo RA = 2R0. 


§ 68. PRor. X. A right line joining two 


points of contrary flexure, either paſſes through 
a 3d point of contrary flexure, or is in the ſame 
direction with an infinite leg of the curve. 


Let A and @ be two points of contrary flexure, let 
Aa joined meet the curve in a, @ will alſo be a point of 
contrary flexure, 'For if a tangent to the figure in the 
point @ ſhould meet the curve in any other point e, 4, 


a, , would be i in the ſame right line. But by hypo- 


* 


r 2 Rot A 
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theſis a, a, and a are in the ſame right line, which 
therefore would meet a line of the third order in four 
points, Let à be a point of contrary flexure, and let 
the line ao parallel to the aſymptote meet the curve in 
o, let od be drawn touching the curve in o, and cutting 
it in Q, AQ, being joined, will paſs through p where 
the curve cuts the aſymptote. 


$ 69. Prop. XI. Having drawn from a point 
of contrary flexure a the tangents to the curve 
Ar, AG, AH; and any two cutting it ABC, abc; 


| then 36 and cc, or Bc and 4c, will mutually | 
cut each other in the right line rx which joins 


the points of contact. 


For let the line Bb meet Fh in Q, and g; the ſame in 
P; let be joined QA and e; and ſince it is as AB to 
AC ſo ps to PC, by Prop. IX QA, Qs, O and q will 
be harmonicals, and ſo Ab will cut the line Q in c 
and FH in p, ſo that abisto Ac as pb to pe; and there- 
fore c will be a point of the curve by Prop. IX, from 
which it follows converſely that the lines Bb and Cc 
meet in the point Q of the line FH; and in like man- 
ner it is ſhewn that Bc and 5c meet each. in a point 7 of 


| the ſame line. 


C 70. Corel. 1. From any point Q of the line ra 
let be drawn to the curve the lines QB, Qc cutting it in 
the points B, 6, M and c, e, N; then cB, ch, MN, will 
meet in the point of contrary flexure A; Bc and 5c, 
Mc and Nb, Bb and Cc, NB and MC will meet in the 
line FH. = | 


$72. Crol. 2. Tangents at the points 3 and c 
meet in ſome point T of the line FH; and if from any 
itn point 


Fig. 38. 
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point T ſituated in xn be drawn tangents to the curve 
they will paſs through the point of contrary flexure, or 
meet in the line FH. 


9 72. Grel. 3. Having given the point of contrary 
flexure A, and the points B, c, ö, c, where two right 
lines drawn from it cut the curve, the right line FH is 
given in poſition ; for Bb and cc joined will by their 
concourſe give the point Q, and the concourſe of nc 
and bc joined will give 3, and qQ q joined is that which 
Joins the points of contact F, G, and H. Now theſe 
five points being given with other two M and m, a line 
of the third order is determined which paſſes through 
theſe ſeven points, A, B, c, b, c, M, m, and has its con- 


trary flexure in A. For from the points M and m are 


given the points N and u, where AM and am being 
drawn cut the curve, and from theſe nine conditions 
the line is determined. Now if three points M, m, 
and s were given; theſe would give three others v, 7, 
and 5; whence would be given eleven conditions to de- 
termine the figure, which are too many. In like man- 
ner having given the point of contrary flexure A with 
the points F, o, (and ſo the tangents ar and as) and 
the points M and n any whatever, the right line Fo is 
given, and ſo the points w and #, and the curve is deter- 
mined. | 


§ 73. Groll. 4. Let the lines HB, ne touch the 
curve in the points B and c, and cy joined will paſs 
through A, c and Fs will meet in a point of the 
curve v, and vH drawn will touch the curve in v. 
Now the tangent at the point of contrary flexure A is 


determined by drawing AN, which let pL parallel to 


AH meet in L, and by biſecting PL in x; for Ax, | 
being joined, will be the tangent at the point a, For 
| let 


fo 


TAB. VI. 
— ͤ — 
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let the tangent at A meet the line rh in 9; and it 
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6 I 2 bs 8 3 
Wil 9 . . — and ſo PS F 


1 I 1 a , 
— = — — — (becauſe ac is harmonically cut in 
„ PF 


Pp and B, and therefore va, vr, vr, and vo, are 
; * 2 3 3 
harmonicals) = 5 Therefore Pk is an harmonical 


mean between Ps and PH; whence if PL parallel to 
AH meets the lines av and As in x and I, PX 


will = XL. 


$ 74. Prop. XII. From a point of a line of 
the third order A let be drawn two lines touch- 
ing the curve in r and o, and let re joined 
meet the curve in n, and let a tangent at the 
point a cut the curve in u; let gu be 
joined, which let meet in L the line FLK pa- 
rallel to Aff, and let Fk be taken = 2; 
then RK being joined, any right line as 
drawn from A will be cut harmonically by the 
lines RK and HF in x, r, and by the curve 
in B, c; fo that NB. will be to Nc as ge 
to pc. 


For let AB meet the tangent Hu in T, and it will 


I I I 2 1 1 I 
PB PA PC PA PT PB PC 


= 77 + 77 (by conſtruction, and harmonically) = 


2 N i 
7 Whence it follows that the line xc is cut harmo- 


nically in the points B and p, or that nz is to NC as E 
to PC, = 


113 I 75. 


Fig. 41. 
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$ 75. Corel. 1. Hence if any two lines drawn from 
A are cut in N harmonically fo that pc be to ps as cw to 
BN; all lines drawn from A will in like manner be cut 
harmogically by the lines HF and Hk. 


§ 76. Grol. 2. If the curve has not a double point, 
and the right line RK cuts it in two points F and g, af 
and ag being drawn will be tangents to the curve in 
theſe points. For let the point B coincide with vn when 
d comes to F the concourſe of HK with the curve; 
and therefore when 77 = — = —, it will be 
— = —, and c coincides with , and the line 
drawn from A then touches the curve. On the other 
| fide, if the line A touches the curve, the line RR 
will paſs through f; for becauſe of ps, pc being 
equal in this caſe, the points B and c will coincide 
with Np 

* 

$ 77. Corol. 3. If the line RR meets the curve in 
only one point E, only two tangents can be drawn from 
the point A to the curve, viz. AF and Ad. Four tan- 
| gents at moſt can be drawn from any point of a line of 
the third order to the curve as AF, AG, Af, ag. For 
if any other tangent could be drawn from A as ap, the 
line Hk would paſs through the point 9, and four points 
of a line of the third order would be in the ſame right 


line, viz, E, J, g, o, which is abſurd. 


$ 78. PRor. XIII. If from a point of a line 
of the third order four tangents to the curve 
may be drawn, the lines joining the points of 
contact will always meet in ſome point of the 
8 curve, 
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curve, and any right line drawn from the firſt 
point will be cut harmonically by the curve 
and the lines joining two points of contact. 


Let A be a point of the curve, Ar, AG, A,, ag tan- 
gents in the points F, 6, f, g. Let be joined FG and 
fe, which let meet any right line apc (drawn from A 
and cutting the curve in Band c) in ? and N; and the 
line NC will be harmonically cut in B and Þ, fo that 
always NC is to NB as CP is to PB: this follows from 
Corol. 2. of the preceding. Now the lines FG and fg 
meet in the point of the curve H; and in like manner 
the lines FF and Gg meet in E, and Fg and of in R; and 
E and R will be points of the curve, by the ſame corol- 
lary. And this is the latter of the two properties of 
lines of the third order which I deſcribed in the Treatiſe 
of Fluxions, Art. 402. But if the line am touches the 
curve in A, and cuts it in x, ME, MR, MH, being joined, 
will touch the curve in the points E, R, H; and the con- 
courſe of the lines AE and HR, AR and HE, AH and RE 
will be alſo in the curve *. 


$ 79. Grol, Therefore ſince the lines RR, HB, HP, 
and HC are harmonicals; if the lines HB and ac meet 
the curve in h and c; the points A, 6, c, will be in the 
ſame right line. For let AB joined meet the curve in 
band c, and HF in p, and HK in u; and ſince c is to 
nub as pc to pb, it appears that e is in the line yc ; and 
reciprocally if c be in the line xc and b in the line ys, 
A, b, c, will be in the ſame right line. 


§ 80. Prop, XIV. Let a line of the third 
order have a double point o. From any point 


* Supply what is wanting in the Scheme, 
E's « A of 


Fig, 42. 
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A of the curve let be drawn two lines ar, and 
AG touching the curve in r and o; let c join- 
ed cut the curve in n;; let on be joined. Let 
any right line as, drawn from Aa, meet the 
curve in the points B and c, the line rc in p, 
and the line on in w; and the line we will 
be cut harmonically 1 in the points B and c, ſo 
that ÞB is to PC as BN tO NC. 


For let ao joined meet FG in þ and the tangent 
HL in f; and ſince o is a double point, it will be 
kts „„ I 2 
2 PP fa P. pA 7 
Therefore pA is cut harmonically in ? and o, fo that 
pt is to pA as to to OA, and Hp, Ht, Ho, and HA are 
harmonicals. Let = line PA r. the ee LH in 
I 


and fince £- — 41 — = — —, it will be 
TY 78 1 7 PB + PA PA ” — 

, I I 1 2 . 
L + PB PA * PN? q 5 


to NC AS PB to BN. 


§ 81. Corol. If the tangent H meets the line 02 
parallel to An in 2, and Gv be taken = 202, Hv 
drawn will paſs through the double point o, if the curve 
has ſuch a point. Or if the line Gra meets the lines 
AH and HR in a4 and r, let A and Ra croſs each other 


in n, then Hm joined will paſs through the double 
point o. 


$ 82. PRO. XV. From a point of a line 
of the third order let be drawn two tangents, 
and from any other point of the ſame let be 
drawn lines to the points of contg& cutting the 
curve 
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curve in two other points; tangents to theſe 
new points will meet the curve in the ſame 


point. 


From the point 4 let be drawn Ay and Fo, touching 
the curve in F and G. Let any point of the curve 
p be taken, let pr and rd be joined cutting the curve 
in the points K and I.; and the tangents at the points 
K and L will meet in ſome point of the curve B. 
Now the point B is determined, by drawing the line 
pc, which touches the curve in p, and cuts it in c; 


for if Ac be Joined, it will meet again the curve in the 


ran B. 

For ſince the points r, Kk, P, are in the ſame « right 
line, and tangents at the points F and p cut the curve in 
A and c; it follows that the tangent at the point Kk 
will paſs through 8. And becauſe Lo is a right line, 
the tangent at L will paſs alſo through B. 


§ 83. Corel. Therefore let A and B be any two 
points in a line of the third order; from both of them 
let be drawn four lines touching the curve in four other 
points, viz. AF, AG, Af, Ag; and BER, BL, BIA BY. 
Let Fk and GL, FL and GX, F/ and G4, Gl and Fx, 
meet each other in four points of the curve p, Q, 9, p3 
and if tangents be drawn to theſe four points, theſe 
will meet the curve and each other in the point c where 
the line AB cuts the curve. Whence if there be three 
points of a line of the third order in the ſame right line, 
and from each of them be drawn four lines touching 
the curve in four other points, a right line drawn 
through any two points of contact will always cut the 
eurve in ſome other point of contact; and four of 
theſe lines will always paſs through the lame point of 

_ 
EE. $ 84. 


Fig. 44- 


— - PR — 
1m mem men ent ren — 222 — aber or, re 


rr HD 


Fig. 43. 


490 Generat Properties of 


8 84. Prop. XVI. Let r and 6 be two 
points of a line of the third order ſo taken that 
FA and ca touching the curve in theſe points 


may meet in any point A of the curve. Let 


be taken in the curve any other point y, from 

which let be drawn to the points F and 6 the 
lines pr and pc, which may meet the curve in 

K and L; let FL and ok be joined, and their 

concourſe will be in the curve. Now the 

tangents at the points k and L will meet each 

other and the curve in ſome point of the curve 

B, and the tangents at the points r and & 
will meet in a point of the curve c, ſo that the 

three points 4, B, c, may be in the ſame right 

line. 


For let the ea the point Þ be drawn, which 
let meet the curve in c, and let Ac cut the ſame in 
B; and BK, BL being drawn will be tangents at the 
points K and I, by the preceding. Let the line Ir 
meet the curve in Q; and if the line GK does not 
paſs through Q, let it meet the curve in 9. There- 
fore, becauſe the three points L, r, Q, are in the 
ſame right line, but the tangents at L and F cut in 
B and A, it follows (by Prop. VII) that the tangent 

at the point 9 will paſs alſo through the point c. 
Therefore both lines cq, cg touch the curve, the 
firſt in Q, the latter in g, Therefore the points Q 
and ꝙ coincide, for if we put them different, it fol- 
tows from Prop. VIII. that more than four tangents 
might be drawn to the curve from the ſame point c. 
For let af and ag be tangents at F and g, and let 1f, 
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Ly drawn cut the curve in 27 and n; and Cm, Cr: 
will be tangents at m and 1. Wherefore we ſhould 
have five tangents drawn from c to the curve ce, cd, 
Cm, Cn, and cg; which is contrary to Corol. 3. 
Prop. XII. | | 


885. Corol. 1. The point 5 being given, and the 
points F and G taken any where, ſo that tangents at 


theſe points meet in the curve, the point Q is given, 
where FL and GK joined meet each other and the curve. 
And if from the point P any right line pm be drawn 
to meet the curve in N and M, and q, N joined cut 
it in m anden; the points p, u, and m, will be in the 
fame right line. For we have ſhewn that tangents at 
the points P and Q croſs each other in a point of the 


curve *. | 


$ 86. Corol. 2. If four points r, c, k, IL, be taken 
in a line of the third order, ſo that tangents at the 
points F end G meet in ſome point of the curve, and 
tangents at the points K and L meet alſo in ſome point 
of the curve, Fk and GL drawn will meet in a point of 
the curve, and FL and GK drawn will meet each other 
in a point of the curve. 


§ 87. PRop. XVII. Let r and 6 be two 
Points of a line of the third order, where, if 
lines be drawn touching the curve, theſe ſhall 
cut each other in ſome point of the curve. 
Let be taken four other points of the curve 1, 
k, f, g, ſo that Lr and ck drawn may meet 
in the curve, and FF and cg may meet in it 


Supply what is wanting in the Scheme, 
| alſo; 


Fig. 43. 
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| alſo; then x! and o drawn will cut each 
other in the curve, as alſo 1g and F when 
drawn, 


_ For tangents at the points f and g pots each other 
in the curve, by Prop. XIV. as alſo tangents at the 
oints K and 1, by the ſame, And therefore, by Corol. 
2. of the preceding, fL and kg meet in the curve, as 

alſo fk and gl. 


Fig. 45, 888. Lemma. Let there be three right lines given 
n. 1. in poſition 1c, IH, and ch; and three points r, 6, 
ss Which are in the ſame right line. Let any point & 
be taken in the line 1c, and let QF joined meet the 
line 18 in 1, and og joined meet HC in p; let rr 
be joined, let sL drawn meet FP and or in 4 and N; 
and & and N will be at right lines given in poſition, 
For let ix be joined, which let meet Gs in n, and 
through x let be drawn a parallel to Fs, which let 
meet the lines 1c, 1H, and Le in the points x, u, 
and 7; let the line FG meet the lines ic, Ih, and hc 
in the points a, 6, and 5. Becauſe wx is to Nr as 
Ga to GF, and Nr to Nu as spr to $6, it will be as 
Nx to Nu (and therefore ma to mb) as Ga X sr to 
GF * sb, i. e. in a given ratio. Therefore the point 
m is given, and ſo the right line Ix m is given in poſi- 
tion; and in like manner the point & is at a line given 
in poſition. F 


8 89. Corel. The e G and s coinciding, the 
point m will alſo coincide with the point 6. Therefore 
let 1G be joined and meet hne in Þ, and cr drawn and 
meet the line HI in E, the line DE joined will be 
the locus of the point Kk, —_ GL and pr croſs each 


other. 


N. 2. 


I 99. 
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90. PRoP. XVIII. Let por re be a qua- Fig. 46. 
drilateral inſcribed in a figure, whoſe fix angles 
touch a line of the third order, as in Prop. It 
XVI. Let lines 1c, ch, xr be drawn touch- Fl 
ing the curve in three points G, r, L, which 1 
are not in the ſame right line; let 10 joined 10 
meet the tangent cH in b, and HF meet the 4 
tangent ei in E; the points p, k, E, will be in 
the ſame right line, which will touch the curve 1 
in the point k. | 


For let us ſuppoſe the lines QFL and Fkr to be 
moved about the pole r, and the lines LG and Ek 
about the pole G, but the points Q, L, and r, to be 
carried along in the tangents Q, LI, and pc; then the 
point K will be carried in the line PE, by the preceding 
Corol. Whence, if the points Q, L, P, be carried in 
2 curve which touches theſe lines QI, LI, and pe, in 
theſe points, KI will alſo be carried in a curve which 
the line DE touches. But by Prop. XV. if the points 
Q, IL, P, be carried in the propoſed line of the third 
order, the point k will be carried in the ſame, which 
therefore the line DE touches in K. | 


§ 91. Coral. 1. In like manner if the lines AF and 
AG (which touch the curve in F and 6) meet the 
line in (which touches the curvg in L) in the points 
M and N; let Mp joined cut the tangent AG in 4, 
and QN joined the tangent AF in e, de will paſs 
through k, and touch the curve in that point; and 
the four points p, d, e, E, will be in the ſame right line, 


§ 92. Corel. 2. Let be drawn from any two points 


of the curve c and 8; four tangents two from each, c 
and 


N 
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and CP from the point c, BL and BK from the point , 
and let the interſections of theſe tangents be 1, E, E, 
and D; then LG and EH drawn will cut each other in 
a point of the curve F; and the concourſe of Lp and 
ID joined will be in a point of the curve G; but the 
tangents at the points F and G will cut each other in a 
point of the curve a, which will be in the fame right 
line with the points c and B. 


$ 93. Corel. 3. Having given * points of a Une 
of the third order which are in the ſame right line, and 
two tangents drawn from each of theſe to the curve be- 
ing given in poſition, the ſix points of contact are de- 
termined by this propoſition. Let A, B, c be the three 
given points of the curve in one right line, AM and Ax 
tangents from a, BMI and BDE tangents from B, which 
meet the former in N, N, e, and 4; and let op and ce 
be tangents from the third point c; and let cp meet 
EM, BD, AM, and AN, in H, D, h, and c, and CE the 
ſame in 1, E, u, and n. Theſe things ſuppoſed, Ne 
Joined will cut the tangent ct in the point of contact Q, 
Md will eut the tangent cp in the point of contact p, 
ID will cut the tangent Ax in the point of contact 6, 
EH the tangent Au in the point of contact r, mb will 
cut the tangent BH in L, and laſtly nc the tangent BE 
in k. Now though the problem in this caſe is deter- 

minate, yet it admits of ſeveral ſolutions. For different 
lines of the third order, but definite in number, may be 
drawn through the three points A, B, c, touching the 
fix right lines given in poſition Au, AN, BM, BD, CD, 
and CE. For let Ne meet the tangent cÞ in p, Md the 
tangent CE in , ID the tangent AM in f, EH the tan-- 
gent AN in g, uc the tangent BM in /, and mb the tan- 
gent BD in 4; and a line of the third order which ſatis- 
fies 


GEOMETRICAL Lings. 495 


fies the propoſed conditions will touch the lines cp and 
CE either in P and Q, or in p and g, That will touch 
the lines AM and AN either in the points F and o, or in f 
and g; but the lines BM and Bo either in Land k, or in 
and x. It appears therefore that ſeveral lines of the 
third order may ſatisfy the conditions of the problem, 
but determinate in number, and therefore the N is 
determinate *. 


IJ 94. Corel. 4. Having given two points A and 8 
of a line of the third order, alſo the tangents Au, Ax, 
EM, BD given in poſition, with three points of contact 
F, G, and L, the point K is given where the line BD 
touches the curve, For to it let be drawn the lines 
Ne and LF, by their concourſe the point Q will be 
given, and Q drawn will cut the tangent Bp in the 
point of contact K. P the point of concourſe of the 
lines LG and ud, or the lines Md and Fx, is alſo given; 
for the three lines LG, Md, and Fk neceſſarily meet in 
the point Pp. Let Med be any quadrilateral, let any 
point Q be taken in the diagonal Ne and Þ in the diago- 
nal Md, let any right line drawn from Q cut the ſides 

Me and MN in F and 1, let PL cut the ſide Nd in G, let 


Qs be joined, which let cut the ſide de in Kk; and the 


points F, Kk, P, will be always in the ſame right line, by 
what is ſhewn above. Whence it appears that the pro- 
blem does not become impoſſible, becauſe it is neceſſary 
that three right lines * Md, and FER muſt meet in the 
ſame point. 


$ 95. Prop. XIX. Let D, E, F, be points Fig, 47 


in a line of the third order in the ſame right 
line, and let there be three lines touching the 
curve in theſe points parallel to each other. In 


Supply is wanting in the Scheme. th 
+ 
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the line pr let be taken the point ? ſo that 
2PF may be an harmonical mean between pp 
and Px; and if any other right line drawn 
through y meets the curve in /, d, and e, 2f 
will always be an harmonical mean between pd 
and pe. But we ſuppoſe that the points d and 
e are on the ſame ſide the point r, but the 
point F on the contrary. 

For let the tangents DK, EL, FM, meet t the line df 
in the points k, IL, and M; and it will be by Art. . 
I I I I 1 1 


77 Pd Pro PM PK | 
Qq parallel to the tangents harmonically cut pp ſo that 


PE be to gs PD to DQ, and Q meet the line fd 
in 4) = — — — e Pg is to PM as PQ to PF, 


and by ba 2PF = PQ, and ſo 2pm = rg) = 


1 1 1 ö 5 2 
PM PM PF 74 


fore 277 is an en mean between _ and Pe. 


F 96. Corol. 1. Let Dd and xe joined meet in the 
point v, vd and F/ joined will be parallel; z and v 
being produced to meet the line fd in r, EF will = 
Zpr. For PD is cut harmonically in E and Q, by hy- 
potheſis, and therefore the line yd is alſo cut harmoni- 
cally in e and r, by Art. 21, whence pf = rr; and 
ſince PE A it follows that the line F/ is — 
to the harmonical v. 


8 97. Corel. 2. In like manner if be taken the point 

p in the line DF ſo that 2pp be equal to the harmo- 
nical mean between PE and pr, and any line drawn 
from p meet the curve in there points, the ſegment of 
this 
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this line on one ſide the point p terminated at toe curve 
will be equal to half the harmonical mean between the 
two ſegments on the other ſide the ſame point p termi- 
nated by it and the curve. | 


$ 98. Lemma. From the center of gravity of a tri- 
angle let be drawn any right line which meets the three 
fides of the triangle, and the ſegment of this line termi- 
nated by the center of gravity and one ſide of the triangle 
will be half an harmonica] mean between the ſegments 
of the ſame line terminated by the center of gravity and 
the two other ſides of the triangle. Let p be the center 
of gravity of the triangle vTz, let the line FDE drawn 
through y meet the ſides in F, D, E; and let the points 
D and E be on the ſame fide of the point p; it will be 
— = — + —, For let be drawn through the 
PF PE 
point Þ the line MI parallel to the fide vz which may 
meet the ſides vr, zT, in L and M and the line vN pa- 
rallel to 2 in N; and ſince M = PL, and TL = 2vL, 
becauſe of the ſimilar triangles TLM, VIV, LM will 
= 2LN, whence LN = LP, and PN = 2PM, therefore 

if PD meet the line vx in EK, it will be (by Art. 21 


F 
and r PR rr 


$ 99. PRor. XX. Let three lines vr, vz, 
72, touch a line of the third order, and let the 
ſame right line paſs through the three points 
of contact and the center of gravity of the tri- 
angle VTZ ; let any right line drawn through 
this center meet the curve in c on one fide and 
in a and þ on the other fide of the center of gra- 
vity, and 2pc will be an harmonical mean be- 


tween the ſegments pa and pb. 
K * | For 


Fig. 48, 


Fig. 49. 
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For let re meet the ſides of the triangle in /, d, and 
e, and the line vx parallel to Tz in &; and 2pf will = 
2 1 


V 


pF Pk Pd pe 

_ + * and therefore — = _ + = whence Pc is 
half the harmonical mean between pa and pb. 

§ 100. Pop. XXI. Let v be a double point 
in a line of the third order, vr and vz lines 
touching the curve in that point, to which let 
the line Tz touching the curve in F ſo meet in 
T and 2 that FT = Fz; let rv be joined, in 
which let be taken ry r] and if any right 
line drawn through » meet the curve in three 
points a, 6, c, of which a and 6 are on the ſame 
ſide of the point p, c on the contrary, 2c will 
always be an wh ang mean between the 


1 1 
ſe ments pa and 85 a I kb; 
S Pc Pa * Pb 


For ſince Tz is biſected in r, and ye = Iv, it is 


| manifeſt that the point p is the center of gravity of the 


triangle vTz ; and fince the point p is in the line xy 
which paſſes through the points of contact, the propoti- 
tion follows from the preceding. 
$ 101. Corel. 1. If the lines va, vb, and xc be 
joined, P will alſo be the center of gravity of the triangle 
contained by them; as alſo of the triangle contained by 
three lines touching the curve in a, b,c; and if va and 
vb meet the line Fc in m and u, Fm will be always equal 
to Fn. 
§ 102. Corel. 2. A line drawn through the double 
point parallel to Fc will cut pa harmonically in 4, ſo that 
Pa will be to a# as pb to i; but the line which is drawn 
from to x the concourſe of the tangents at à and 0 is 
parallel to the line cy touching the figure in c. 
4. § 103, 
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$ 103. Crol. 3. Two points @ and c being given 
where any line drawn from p meets the curve, the third 


b is alſo given; for let be joined va and rc which meet 


each other in m; let be taken on the other fide F the 
line Fz equal to m, and vn Joined will cut the line pa 


in 6. 


S 104. PRoy. XXII. Let be drawn through 
any point v in the direction of the infinite legs a 
line to meet the curve in à and c; and through 
the ſame point any line cutting the curve in the 
points D, E, r, and which may meet the lines 
touching the curving in 4 and c, in & and mn, and 
the aſymptote of the infinite leg in J; and if the 


points D, E, 4, n, I, are on the ſame fide of P, 


. 1 . I 
but the point F on the contrary, 1t will be 77 = 


I I I I I 3 
— + — — — — 2 — —, Where the ſign 
PD PE PF PR Pin 


of every term is to be changed as often as the 
ſegment goes off to the oppoſite ſide of p. 
This follows from 1 I Art. ; for by that 


I 
theorem — + +5 RT ar on = 


§ 105. Corel. 1. If the line pp be drawn through 
the concourſe of the tangents 34 and cm; and pm 
be taken equal to an harmonical mean between the 
lines PD, PE, PF, according to Art, 28 it will be 
1 —ũ 
Pl 7 
mean between p/ and 254. But if the tangents a# and 
em meet in the point M itſelf, the aſymptote will alſo 


pals through M. | 
3 $ 106, 


_ — and ſo zpM will be the harmonical 


Fig. 51. 


Fig. 47. 


Fig. 49. 


Fig. 52. 
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§ 106. Corel. 2. In the caſe of Prop. XIX, where 


three points of contact are in the ſame right line, and 
the three tangents parallel, let be taken the point v as 
in Prop. XIX, and let apc be parallel to the aſymptote, 
let the N ak yu cm meet the line Pp in hand m, 


and it will be = = += 2 or Pl equal to half the 


harmonical mean RR _ 6 Pm. But if the tan- 
gents aA and cm meet in the ſame point of the 525 PD, 


PI will = 5PÞ#; but becauſe, in Prop. XIX, => _ 77 
. PW —y 


+ — Pa will = Pc. | 
Pe | 
$ 107. Coral, 3. The ſame is to be ſaid of the caſe 


in Prop. XX, where three points of contact p, E, F, are 
in the ſame right line which paſſes through Þ the center 


of gravity of the triangle vTz contained by the tangents. 


But if one of the lines touching the curve in à or c (ſup- 
poling apc parallel to the aſymptote) be parallel to the 
line Dr, the aſymptote will go off in infinitum, a and the 
leg will be parabolical. 

$ 108. Corol. 4. The ſame things ſuppoſed as in 
Prop. X XI, let ca be parallel to the aſymptote, let the 
tangents ak, cm meet the line vr in & and m, and it will 


e Whence if the curve has a dia- 
74 yp& rm 
meter, ſince this neceſſarily paſſes through the double 
point v, from the point of the curve F where the tangent 
TFZ is biſected let be taken from F towards v, FP Av, 
Jet cra be drawn parallel to the aſymptote, and the tan- 
gent a which may meet the diameter in &, and on the 
other ſide the point P let be taken upon the line pv, 
yl fl, and a line drawn through / parallel to the or- 
alnates will be the aſymptote to the curve. But if the 


tangent ak be parallel to the diameter, the leg of the 


Curve 


2 


<'% 


GEOMETRICAL LINES. gol 


curve will be of the parabolic kind. Newton's propoſi- 
tion about the ſegments of any right line terminated by 
three aſymptotes and the curve eaſily follows from Art. 
4, as has before been ſhewn by others. 

$ 109. PRO. XXIII. From any point p of 
a line of the third order let be drawn any two 
lines DEI, DAB, which let meet the curve in x, 
1, and a, B; let the tangents Ak, BL be drawn, 
which let meet the line DE in k and I. Let po 
be an harmonical mean between the ſegments 
DE, DI, terminated at the curve, and Dn an 
harmonical mean between the ſegments Dx, 
' DL, of the ſame line cut off by the tangents, 
Let dv be a geometrical mean between Ds and 
PA, let be drawn ve parallel to the tangent 
DT, Which let meet the line pa in &; and if a 
circle of the ſame curvature with the propoſed 
line of the third order in p meets the line px in 
R, HG, Qy, and 2DR will be continual propor- 


tionals. 


_ | 
For by Theor. II Art. 1 3 

* 0 5) DV* r =. 

1 1 5 2 2D — 250 

51 DK Dh De pn Ye un 


—— (becauſe py* = DG Xx DH;) whence Qy* = 


2HG X DR, and ſo HG is to Qs as QM to 2DR. 

§ 110. Corol. 1. Let therefore be taken pr in the 
line DE a third proportional to the lines h and 2, 
and a perpendicular to the line DE at the point 7 will cut 
a perpendicular to the tangent DT at the point ↄ in the 
center of the oſculatory circle or the circle of the ſame 
curvature with the propoſed line, in the point o. If the 


points E, I, K, L be on the ſame fide of the point p, the 
| point 


| Fig. 53. 


— 


—— — x 4 
tra 1 
27 F 


7 . On WE II en wry rene 


Fig. 54. 
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point r is to be taken on the ſame or contrary fide of 
the ſame point as DH is greater or leſs than DG, i. e. as 
an harmonical mean between the ſegments DE, DL cut 
off by the tangents is greater or leſs than an harmonical 
mean between the ſegments DE, Pi, terminated by the 
curve, 


§ 111. Corol. 2. If the angle EDT be biſected * the 
line DPA, Oy will = Dy, and 2HG Xx DR = DVL = p 
X DH, and fo HG is to DG as DH {0 2DR, 


§ 112. Corel. 3. Let the line p revolve about the 
pole p, the line DE remaining, and HG, the difference 
of the harmonical means DEH and DG, will be increaſed 
or diminiſhed in the duplicate ratio of the line va. For 
as much as, becauſe DR the chord of the oſculatory 


vr 
circle being given, there remains the * 
HG 


which is equal to 2DR. 

§ 113. Coro] 4. If of the tangents Ak, BL one of 
them as BL be parallel to the line DE, let be drawn 
Gx and Ez parallel to DT touching the curve in 
D, which let meet AB in x and 2; and it will be 


GX X EZ SS + ! 133 1 
vo = Dx X pt DE 5 1 DK 
2D% — DG GX X KZ | 
= —————, and fo -———— = 2DK — bo, and 
DG XD DR 


therefore it will be as 2DK — DG to RZ ſo Gx to 
DR. If the tangent AK alſo comes out parallel to the 
line DE (which in theſe figures may happen) it will 
be as DG to GX as GX to 2DR : for in this caſe 
* 2 | | 
— = —, and fo 6x* = DG X 2DR., 
DG X DR DG : 

§ 114. Corol. 5. If the line DE be parallel to the 
aſymptote, and ſo meets the curve in one point E beſides 
p, and at the ſame time the tangent BL be parallel to the 


205 mptote, let xy be drawn parallel to the tangent DT, 
which 
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which let meet the line DA in Y, and it will be as KE to 
KZ ſo EY to DR *. 
$ 5. Corol. 6. If p be a point of contrary flexure, 


the point H will coincide with o, and the line HG va- 


niſhing, and ſo DR comes out infinitely great, i. e. the 
curvature at a point of contrary flexure is leſs than in 


any circle however great; as I have elſewhere ſhewn, | 


in the Treatiſe of Fluxions, Art. 378. 


$ 116. Corol. 7. Let v be a double point, Da pa- 
rallel to the aſymptote, and let the lines vd, kz, pa- 
rallel to the tangent DT meet the line pA in Q and 2, 
and let DV meet the aſymptote in L, and let DH be an 
harmonical mean between DK and DL, and it will be as 
2DH — DG to kz ſo DL to DK, and vH: HN: : vg: 
DR. If the line DA biſects the _ TDV, it will be 
DR : DV: ; DH: 2VH. | 


$ 117. PRoP. XXIV. Let Þ be any point 
of the third order, Jet the tangent at Þ meet the 
curve in 1, and let ps be the diameter of the 
oſculatory circle, which let meet the curve in 
A and B; from whence let lines drawn touch- 
ing the curve cut oi in K and L; let pH be an 
harmonical mean between pk and pr, and let 
be taken pv to DI as DH to the difference of the 
lines 2D1 and p; the variation of curvature 
will be inverſely as the rectangle 8D Xx pv; 
and vs being joined, the variation of the radius 
of curvature as the tangent of the angle pys. 


For by Theor. III (Art. 17) the variation of curva- 


I 2 
ture is as . K == Lr vr = OX = = 


DL DI DS DH DI 


* Supply the figure, 


Fig. 55. 


Fig. 56. 


Fig. 57. 


Fig. 58. 


Fig. 59. 
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83 u e DI ee, e variation of 


the oſculatory radius is as =, and ſo as the tangent of the 
angle pvs, by Att. 18, Now the parabola which will 


have the ſame curvature and the ſame variation of curva- 
ture with the line propoſed, is determined as in Art. 19. 


§ 118. Corol. If the tangent BL be parallel to the tan- 
gent at p, it will be as Dy to DI ſo pk to IK; and if 


both the tangents Ak, BL be parallel to pr, Dy will 
Pl, and the variation of curvature inverſely as DS X DJ. 


But if in this caſe DT be parallel to the aſymptote of the 
curve, the variation of curvature will vaniſh. There- 
fore as the variation of curvature will vaniſh in the ver- 
tices of the axes of conic ſections; ſo it will in like man- 
ner vaniſh in the vertices of the diameters of lines of the 
third order which biſect their ordinates at right angles. 


| Schal. Now there are many other theorems about the 
tangents and curvature of lines of the third order. Let, 


for example, F and G be two points of a line of the third 


order, from whence tangents drawn meet the curve in A. 


Let Fo be produced till it meet the curve in B. Let 
TAC be a tangent at A, and let be conſtituted the angle 
FAN = OA on the contrary ſide of FA, GA, and let an 
cut FG in v. And if the oſculatory circles meet the lines 
FG in B and 5, GB will be to rb as the rectangle vH to 
NGH. For let the point @ be very near to A, and the 
points /, g, b, very near to r, o, E, and it will be Ara 


FSF: : G: FB, Fof (= HGh) : HFh: : FH : O. 


HFH (Fg): AGa : : G: GF; whence Arg: AGa:: 
FH X bG: FB X GH : : GN : FN; whence FB; Gb: : 
NFH : NOH. But enough on this ſubiect. 
i, RE. 
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